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Mathematics is the foundation of engineering and scientific
disciplines, providing essential tools and concepts for problem-solving
and analysis. This textbook provides a comprehensive guide to advanced
mathematical concepts, covering functions with several variables, vector
calculus, differential equations, transforms, and series.

OVERVIEW

This textbook provides a comprehensive guide to advanced mathematics for
engineering, focusing on essential topics such as functions with several
variables, vector calculus, differential equations, and transforms. You will
learn the theory and practice of these mathematical concepts, which are
crucial for solving complex engineering problems.

You will learn the essentials of advanced mathematics, such as how to solve
differential equations, perform vector calculus, and apply transforms like
Laplace and Fourier. You will also learn how to use these mathematical tools
to model and analyze engineering systems. You will apply your skills to
create various projects such as analyzing dynamic systems, optimizing
control processes, and solving real-world engineering problems. This
textbook is suitable for anyone who wants to learn how to use advanced
mathematics in a practical and innovative way.

In the second part of this textbook, you will learn advanced techniques and
applications that extend the capabilities of these mathematical concepts,
such as solving partial differential equations, using Z transforms for discrete
systems, and applying Fourier series in signal processing.
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FISA Preparation

2.2.1 Directional derivatives,
Line integral and Green’s Theorem.

1. Find the directional derivative Duf(x, y)if
f(x,y) = x> — 3xy + 4y?
- Tt
and u is the unit vector given by angle 6 = 3 What is Duf(1, 2)?
1,2) » x=1, y=2
f(x,y) = x3 — 3xy + 4y?
f, = 3x% — 3y = 3(1)% — 3(2) = -3

f, = —3x+ 8y=—3(1)+ 8(2) = 13
Vx,y) =fi+f£,j =[3x 2 — 3y li+[-3x+ 8ylj
V(1,2) =[-3 ]i+[13]j = —3i + 13j
w31
u = icos jsin® =icos 151116—21 >
Duf(x,y) = V(x,y) X u
ixi=jxj=kxk=1 ixj=ixk=jxk=0
Duf(x,y) = [fxi + fyj] X [icosB + jsin @] = [fx cos 0 + f,, sin 9]
V3,1
Duf(x,y) = [—3i + 13j] X 7i +Ej
1 3v3 13 13-3V3
Duf(x,y) = [-3 X? +[13X—]=—T+7=T=3.902

2. Find the directional derivative of the function
fxy) = x>y — 4y
at the point (2, —1) in the direction of the vectorv = 21 + 5.
2,-1) > x=2, y=-1
f(xy) = x>y — 4y
f, = 3xy3 = 3(2)(-1)3 =—
f, = 3x2y2— 4= 3(2)*(-1)>2— 4=38
V(x,y) = fi +f,j = [ 3xy3]i + [3x%y? — 4]j
v(12) = [— li+[8]j=—6i+8)
u= Lc056+151n0

v=21+15
vl =+(2)% + (5) —\/_
v 20+5 2 5j 5

G=— =
T vt s v
Duf(x,y) = V(x,y) Xu
ixi=jxj=kxk=1 ixj=ixk=jxk=0
Duf(x,y) = [fxi + fyj] X [u]



Duf(x,y) = [—6i + 8j] X [—L+—]

DuiGey) = [~6x ]+ [3x o] =~ T4 2= 22 INE g 1ogacones

3. Find the directional derivative of

f(x,y) = \/xy

at P(2, 8)in the direction of Q(5, 4).

f(x,y) = \/__(xy)z_x% 5 = Vxy
o] - A ] - o - o

2
N
2()1 Z(X};; ﬁy— %\/%
=x2|y2 3 == ——1_@ - _ Vx
[(xy)] [xy] X [y] \/—[Y] (Y) ) 2(y)%
r
1]
Vx o1 |x
f, = mzz ;

P(2, 8)in the direction of Q(5, 4)
QG4 - Q5,4 = (5i+ 4)
P(2,8) - P(2,8) = (2i + 8j)
PQ=0—-P=(5i+ 4 — (2i+ 8)) =5i+ 4j—2i — 8 = (5i — 2i) + (4j — 8j)
=(B-2)i+((4—- 8)j=3i—4j
PQ = 3i—4j
|PQ| =Va2 +b2=(3)2+(4)? =5
3i-4j _3i 4 3 4.

5 5 5 5 5/

U=

Duf(x,y) = V(x,y) X u
iXxi=jxj=kxk=1 iIXj=ixXxk=jxk=20



Duf(x,y) = [fi + f,j] x [u]

Duf(x,y) = l—+—l [51——]]
5

outte) = [ + [ x - fﬁl - - B

10]\F_[5]\/’ 10?“\[ 03[ 04\[
Duf(x,y)=%\/g—§\/§=o.3\/§—o.4\[§

P(2,8) » - x =2, y =

8 2
Duf(28)——jj——f—03j:—04j;

Duf(2,8) = = = 0.4

4. Find the directional derivative of

fx,y,z) = xy?z3
atP(2,1,1) in the direction of Q(0,—3,5)

P(2,1,1) » x =2, y=1, z=1
f(x,y,z) = xy?z3
f, = y*z® = (DA)® =1
f, = 2xyz® = 2(2)(1D(1)* =4
f, = 3xy?z?2 =3Q)(1D?*(1)3* =6
V(x,y,z) =fi+f yJ + 1k
V2, 1,1) =[1]i+ [4]lj+[6]j =1i+4j +6j

P(2,1,1) in the direction of Q(0,—3,5)
P(2,1,1) - P(2,1,1) = (2i + 1j + 1K)

Q(0,-3,5) - Q(0,-3,5) = (0i — 3j + 5k)
PQ=0Q—P=(0i—3j+5k) — (2i+ 1j + 1k) = 0i — 3j + 5k — 2i — 1j — 1k
=0i—2)+(-3j— 1))+ Gk —1k) = (0—2)i+ (-3 — 1)j + (5 - 1)k
= (=2)i+ (—4)j + (D)k = —2i — 4j + 4k

PQ = —2i + —4j + 4k

[PQ| =va2 + b2 =(-2)* + (-2 + (92 =6
L_T2i-4jvak 2 4 4k 2 44 12 2
= 6 "% 66 ' 78 T8 3073/ 13




Duf(x,y,z) = V(x,y,z) X u
ixi=jxj=kxk=1 ixj=ixk=jxk=0
Duf(x,y,z) = [fyi + f,j + f,j] % [u]

2 2
Duf(x,y,z) = [1i + 4j + 6j] X [——l—§j+ k]

ot =[x 2 o2 o] =] o[-

Duf(x,y,z) =1

5. Find the directions in which the directional derivative of
f(x,y) = x* + xy3
at the point (2, 1)has the value 2.

Duf(x,y) = 2
2,1) > x=2, y=1
fix,y) = x* + xy3
f, =2x+y>=22)+ (1)3>=5
f, = 3xy* = 3(2)(1)* =6
V(x,y) = fi + £,/ = [2x + y*]i + [3xy?]j
v(z, 1)—[ li+[6]j =5i+6j
u=1icosf +jsinf =?
Duf(x,y) = V(x,y) Xu
ixi=jxj=kxk=1 ixj=ixk=jxk=0
Duf(x,y) = [fxi + fyj] X [icosB + jsinf] = [fx cos 0 + f,, sin 9]

Duf(x,y) = 2
Duf(x,y) = V(x,y) X U
2=V(2,1) xU

2=[5i+6j]xu

2 _[5i+6 ]
[5i + 6j]  [5i+ 6]]

2 2 [5i-6j]
[5i + 6j]  [5i + 6] [5i — 6]
2[5i — 6/] 2[5i — 6]]

u=

~[(5i % 5i) — (5i x 6)) + (5i X 6)) — (6] X 6;)] _ (5i x 5i) — (6] X 6))
2(5i—6j] _ 2[(5i—6j] _ 2[5i—6j] 2[5i—6j] 2[5~ 6j]

~ Gz - (6))2 —(5)2+(6)2 (6)2—(52 36-—25 11
10i —12j 10 12
T e—— _l — —

11 11" 11’

10\* /12\* 2v61
( ) +<H) = == = 1420045396



12
T 1211 12
§ = tan~! —i—(l) — tan~? [_HTO — tan~? [_E = tan~1(=1.2) = — 0.8760580506

10 12 261

U=—i——j = T e—J0.876 — 1 4010876

x axis & y axis
6 = —0.8760580506

6.Use line integral for the contour integral
§(3x2 + xy)dx + (6x3 + 3y?)dy
where C is a triangle with vertices (0, 0), (2, 2), (1, 2).

A(0,0),B(2,2),C(1,2)
A(0,0) = (x1,y1) 2 %1 =0, y1=0
B(2,2) = (x2,y2) = %, = 2, y, =2
C(1,2) = (x3,y3) > x3 =1, y3 =2

(A - B) vertices (0,0)(2,2)
m = Y2~ V1 _ 2-0
X, —x; 2-—0
tangent line
y =y =mx —x;) Or y—y2 =mx —x3)

=1

y—0=1(x—-0) y—2=1(x—2)
y—0=x-0 y—2=x—2
y=Xx y=x—2+2=x

(A - C) vertices (0,0)(1,2)
moYa=y 270
x3—x; 1-—0
tangent line
Yy —y1=m(x —x;) Or y—ys =m(x —x3)

y—0=2(x—-0) y—2=2(x-1)
y—0=2x—-0 y—2=2x—-2
y = 2x y=2x—-2+2=2x

(B = C) vertices (2,2)(1,2)



mz)’3‘)’2=2—2=
X3—x, 1-—2
tangent line
y—yz =m(x —x3) Or y —y3 =m(x —x3)

y—2=0(x-2) y—2=0(x—-1)
y=2 y=2

now, let's start with the work
%(3x2 + xy)dx + (6x3 + 3y?)dy
(A — B) vertices (0,0)(2,2)

y=x
dx = dy
f(3x2 + xy)dx + (6x3 + 3y?)dy
f(sz + xx)dx + (6x3 + 3x%)dx or j(Syz + yy)dy + (6y3
+3y?)dy
j(sz + x2)dx + (6x3 + 3x?)dx j(Syz + y?)dy + (6y3
+3y?)dy
f(4x2)dx + (6x3 + 3x%)dx j(4y2)dy + (6y3 + 3y?)dy
f(4x2 + 6x3 + 3x2) dx f(4y2 + 6y3 +3y3) dy
f(7x2 + 6x3) dx f(7y2 + 6y3) dy

let's try with the line between (A — C)
j£(3x2 + xy)dx + (6x3 + 3y?)dy
(C — A) vertices (1,2)(0,0)
y = 2x x = %y
derivative both side

1
dy = 2dx dx = Edy
J(3x2 + xy)dx + (6x3 + 3y?)dy

J(3x2 + xy)dx + (6x3 + 3y?)dy Or J(sz + xy)dx + (6x3
+3y?)dy
j(3x2 + 2xx)dx + 2[6x3

+ 3(2x)?]dx .[ [3 (%y)z + (%y) yl %dy + I6 (%y>3 + 3yzl dy



f(sz + 2x%)dx + 2[6x3 + 6x2]dx
+ 3y2] dy
f(sz)dx + [12x3 + 12x2]dx
f[sz + 12x3 + 12x?] dx

f[le3 + 17x?%] dx

[Breblio-r
1Y T2V | Tg”

5 2 6 3 2
Hﬁ]yd”[gy +3y]dy
5 6
— a2 — A3 2
f[By +tgY +3y]dy

[
8}’ 8)’ y

the last one
(B — C) vertices (2,2)(1,2)
y =2
dy = 0dx

f(3x2 + xy)dx + (6x3 + 3y?)dy
f(sz + 2x)dx + 0(6x3 + 3x%)dx

f(3x2 + 2x) dx

bounde
Y2

b= [ varer

13/1

1
f (3x? + 2x)dx
2

dx - (B,A)
midfielder
1<x<?2)

47

endpoint
dy - (C,4)
(2 >y>0)

[Ereiro’
, 83’ 83’ y

dx - (A,B)

starting point
0 <x<2)

2
f (7x? + 6x3)dx
0



2 0 1
29 6
jg =f (7x? + 6x3)dx +f (—y2 +—y3) dy+f (3x2 + 2x)dx
0 2 2

8 8

A(0,0),B(2,2),C(1,2)
A(0,0) = (x1,y1) > %, =0, y1=0
B(ZJZ)Z(xZ'yZ)_)xZZZJ YZZZ
C(1,2) = (x3,y3) > x3 =1, y3 =2

(A — B) vertices (0,0)(2,2)
x1 = O, yl == O
xz == 2, yz = 2

contour integral

Xy 2
SE =j Vdx =f Vdx
X1 0
j(7x2 + 6x3) dx

2
j (7x? + 6x3)dx
0
2 128

2
f 7x?dx + f 6x3dx = —
0 0 3

(C — A) vertices (1,2)(0,0)
x, =0, y1 =0
x3 =1, Y3 =2
contour integral

Y1 0
f=j de=f Vdy
V3 2
j‘<29 2_|_6 3>d

8)’ 8)’ y

j‘o(29 2_|_6 3)d
, 83’ 83’ y

°29 2, +f°6 2y, - 38
28yx 28yx_

(B = C) vertices (2,2)(1,2)
X1 = 1 X3 = 2
contour integral

X1 1
f=f de=J Vdx
X3 2
f(3x2+2x)dx

1
f (3x% + 2x)dx
2



1 1
f 3x?dx + f 2xdx = —10
2

2

Last step:
2 0 29 6 1
j‘g = .[ (7x? + 6x3)dx +f (—y2 + —y3> dy +f (3x? + 2x)dx
0 2 \8 8 2
% _128 38
== - -

3€=20

7.1f the region C is represented by the parallelogram with vertices (0, 0), (1, 0), (3,2), (2, 2),
use the line integral to evaluate

% = (4x? + y¥) dx + (2x? — y?)dy
A(0,0),B(1,0),C(3,2),D(2,2)

Parallelogram = 2 Triangl

A(0,0),B(1,0),C(3,2),D(2,2)
A(0,0) = (x1,y1) = %, =0, y1=0
B(1,0) = (x2,y2) = x, =1, y. =0
C(S;Z) = (x31y3) - X3 = 3' V3 = 2
D(2,2) = (x3,y3) = x3 = 2, y3 =2

(A - B) vertices (0,0)(1,0)

y2—y1 _0-0

X,—x; 1—0
tangent line

m =

y=y1=mx —x) Or  y=y,=mx—x;)
y—0=0(x—0) y—0=0(x—1)
y—0=0(x) y—0=0
y=0 y=

(B - C) vertices (1,0)(3,2)

Ys—=Y2 2-0

X3—x, 3—1
tangent line

Yy —y2 =m(x —x3) or Yy —y3 =m(x — x3)

m =

y—0=-1(x—-1) y—2=-1(x—-3)
y—0=1—x y—2=3—x
y=1-—x y=1-—x

(C — D) vertices (3,2)(2,2)



mz)’4_)’3=2—2=
X4 —X3 2-—3
tangent line
y —y3 =m(x —x3) Or Y —Ya=m(x —x4)

y—2=0(x-3) y—2=0(x—-2)
y=2 y=2

(D — A) vertices (2,2)(0,0)
Ya—y1 0-—2
Xy—x, 0—2
tangent line
Y~ Ya =m(x —x,) Or y— ¥y =mx —x)

m =

y—2=1(x—2) y—0=1(x—0)
y—2=x—2 y—0=x
y=x y=x
Parallelogram:
2«<x<3
=2

(D « C) vertices (2,2)(3,2)

y=Xx 1->x-3
0--x--2
(D = A) vertices (2,2)(0,0)
(B -
C) vertices (1,0)(3,2)
y=1-—x
(A-B 0)

y=0
0-x-1

(0,0)(1,0)
y=20
dy = Odx
ff;(4x2 +yHdx + 2x%2 —y?) dy intervals 0->x—1

1 1 4
f (4x?) dx = f 4x%dx = -

0 0 3
(2,2)(3,2)
y=2
dy = 0dx
f(élxz + y3)dx + (2x% — y?) dy intervals 2<x«3

2 3 88
j (4x% + y2)dx + 2x2 —y?) dy = .[ (4x? + 2%)dx = -

3 2



(2,2)(0,0)

y=x

dy = dx

f(élxz + y3)dx + 2x% —y?) dy intervals 25x-0

0 0
f (4x2 + x¥)dx + (2x? — x?) dx = f 6x%dx = —16
2 2

(1,0)(3,2)
y=1—x
dy = —dx

¢(4x2 + y3)dx + 2x% —y?) dy intervals 1-x-3

3 3
f (4x?*+ (1 —x)H)dx — (2x* — (1 —x)?) dx = f 6x%dx = 52

%- 88 16+4+52—8
=-3 3 =

8. Apply Green’s theorem to evaluate
jg(4x2 + y3)dx + 2x* —y?) dy
dy where C is represented by the parallelogram with vertices (0, 0), (1, 1), (0, 1), (—1,0)

Parallelogram = 2 Triangl

A(0,0),B(1,1),€(0,1),D(-1,0)
A(0,0) = (x1,y1) 2 %, =0, y1=0
B(1,1) = (x2,¥2) 2 x2 =1, y2=1
€(0,1) = (x3,¥3) > x3 =0, y3 =1

D(—1,0)=(x3,y3)—>x3=—1, y3=0

(A - B) vertices (0,0)(1,1)



y2—=y1 _1-0

X, —x; 1—0

tangent line

y —y1=m(x —x;) Or y—yz =m(x —x3)

m =

y—0=1(x—-0) y—1=1(x-1)
y—0=x y—1=x-1
y=x y=x

(B — C) vertices (1,1)(0,1)
_¥3—Yy, 1-1_
Cx3—x, 0—1
tangent line
Yy —y2 =m(x —x3) Or Yy —y3 =m(x —x3)

y—1=0(x—-1) y—1=0(x—-0)
y—1=0 y—1=0
y=1 y=1

(C — D) vertices (0,1)(—1,0)
_Ya—ys 0-1
Xy —x3 —1-0
tangent line
y =¥z =mx —x3) Or Y = Yo =mx —xy)

y—1=1(x—-0) y—=0=1(x+1)
y—1=x y—0=x+1
y=1+x y=x+1
(D — A) vertices (—1,0)(0,0)
Ya—y1 0-0
m= = =0

X, —x; 0-—1
tangent line
Y = ya =m(x —x,) Or y—y1=mx —x)

y—0=0(x+1) y—0=0(x—-0)
y—0=0 y—0=
y=0 y=
Parallelogram:
y=1

(B - C) vertices(1,1)(0,1)

y=1+x
(C —» D) vertices(0,1)(—1,0
(A-
B) vertices (0,0)(1,1)




<
Il
=

(D — A) vertices (—1,0)(0,0)
y=0

»
»

—

N / SOUSTRACTION / U
D-A-B — D->C-B

8. Apply Green’s theorem to evaluate

f(sz +y3dx + 2x —y?) dy
dy where C is represented by the parallelogram with vertices (0, 0), (1, 1), (0, 1), (—1,0)

f(sz +y3dx + 2x —y?) dy

vo |@x* +yh) (2x—y?)
dx dy

= —[2x%2 + y?]ldy + [2x — y?]dx = —[2y] + [2] = =2y + 2

X2 U 1 V)
f =f f Vdxdy =f f Vdxdy
X n -1Jn

dey=j[—2y+2]dy=[—y2+2y]=N

jﬂu= j_ol(N)dx + Ll(N)dx - f_ol(x)dx - fol(x)dx

1 0

Jnu= jo [—y? + 2y]ldx +j0 [—y?% + 2y]dx —f

-1 -1

1

[—y? + 2y]dx —J [—y? + 2yldx
0

0
j «(D,A)-y=0
[—y* + 2y] = [-(0)* + 2(0)] = [0]

j <AB)->y=x
[—y? + 2y] = [-(x)* 4+ 2(x)] = [—x* + 2x]

f B C)>y=1
0
[—y? 4 2y] = [~(1)2 + 2(D)] = [1]



0
f < D)-»y=x+1
1

[—y? + 2y] = [—(x+1_)2+2(x+1)] =[-(x+ D(x+ 1)+ 2x + 2]
=[-(x?+2x+ 1) + 2x + 2]
=[-x?—2x—1+4+2x+2] =[-x?+1]

[ "= (0,4) + (4,B) — (B,C) — (C,D)

green's theorem
X1 rU 1 ,U
%:‘[ f dedyzf j Vdxdy
X3 n -1JN

integrate

X1 U 1 U
ﬁng f dedyzf f Vdxdy
x3 YN -1JN
dey=j[2x+4y]dy= [2xy + 2y?] =X

jnu= j_ol(N)ldx + Ll(N)dx - f_:l(x)dx - j:(&)dx

U 0
f =f [—2y + 4x]dx +f [—2y + 4x]dx —f
n -1 0 -1
convertion

ju= (D,A) + (A,B) — (B,C) —(C,D)

n

1
[—2y + 4x]dx — f [—2y + 4x]dx
0

1

JU=J0[O]dx + jl[—x2 + 2x]dx — fo[l]dx —J [—x? + 1]dx
n 0

-1 0 -1

0+2 1 2— 1
3 3
V]
dexdyz—l
N

X2 U 1 V] 1
j£=j J dedy=J f dedy=J —1dx =-2
x3 In -1/n -1

3

9.Use Green’s theorem to em to evaluate

% 6xydx + x%dy



where C is the region boundedby y =2 —x?andy = x

f6xydx+x2dy
2
V= 6;3 g = —[6xy]ldy + [x?]dx = —6x + 2x = —4x
y=2_x2 y=X
x=2-x" > x24x—2=0
~b VPP —dac _—(1) + {2~ 4D(2) -2 m=1
2a - 2(D X1= -2, x,=
YZ=2—x2 Vi1 =X

X2 Y2 1 2-x2
o Fraane] f Canee
X1 YY1 —2Yx
2

j - (—4x) dy = [—8x + 4x3 + 4x?]
bounde:
[—4xy] = —4x[(2 — x?) — (x)] = —4x[2 — x? — x] = —8x + 4x3 + 4x?
1
f (—8x + 4x3 + 4x?)dx =9
- bounde:
[——x +—x +:x ] [—4x2 +4x4+§x3]
= {-41? - - S 210 - 21}
- {—4[1 4] 41— 16]+=[1+ 8]} - {—4[—3] +[~15] + g [9]}

36
=[12—15+?]=9

X2 Y2 1 2-x2
f =f f Vdxdy =f f (—4x) dxdy
X1 YY1 -2Jx
2

2—X
j (—4x) dy = [—8x + 4x3 + 4x?]
X

Wl —

1
J (—8x + 4x3 +4x%)dx =9
1 r2-x2
jg =f f (—4x)dxdy =9
-27x

10. Verify Green’s theorem for the line integral
f(x2 —2y3)dx + (x? + y?)dy
dy where C is a triangular contour with vertices (0, 0), (4, 2), (2, 2),



jg(xz —2y3)dx + (x? + y*)dy

2 _ 9,2 2 4 12
V= |(x dxzy ) ;_yy )| = —[x? — 2y2]dy + [x* + y?*]dx

V= —[—4y] + [2x] = 2x + 4y

,0),(4.2),(2,2)

A(0,0) = (x4,y1) > x, =0, y1=0
B(4,2)=(x2,y2)—>x2=4, y2:2
C(2,2) = (x3,y3) = x3 =2, Y3 =2

(A — B) vertices (0,0)(4,2)
m=3’2_3’1=2_0=1
X,—x; 4-0 2
tangent line

y—y1 =m(x —x;) Or Y=y, =m(x —x3)

1 1
y=0=7(x-0) y-2=50(x-4
0=1 2=1x-2
y-0=5( y-2=3x
1 1
y=5x y=3x

(B — C) vertices (4,2)(2,2)
y3—yz_2—2_0
X3 —X, 2—4
tangent line
y-y2=mx—x)  Or  y—y;=mlx—x)
y—2=0x—-4) y—2=0(x-2)
y—2=0 y—2=0
y=2 y=2

m =

(C - A) vertices (2,2)(0,0)
y3—=y1 0—-2
X3—%, 0—2
tangent line
y =y =m(x —xq) Or y—y3 =m(x —x3)

m=

y—2=1(x—-2) y—0=1(x—-0)
y—2=X-2 y = 1(x)
y=x y=x
bounde

2 2
dex y=2 dey =0
4 2

(C,B) « dx
midfielder



2 <x<4)

0 <x<2) “«

endpoint
dy — (C,4)
(2 >y>0)

/
0 X
dey y=x dey
2 2

—_

dx - (A,B)
starting point
(0 <x<4)

1 4 2*
tangent line y=3x J Vdx j Vdy
0 0

—

(C,A)+ (C,B)
y=x tangentline y=2
0 <x<2) dx 2 <x<4)
x+2
tangent line add U

tangent line y = %x
/‘KV (0 <x<4)
X3 V] 4 V]
jng f dedyzf f Vdxdy
x1 Yy 0 -y

deyzf[2x+4y]dy= [2xy + 2y?] =X

fOZ(N)dx -I;f:(N)dx — f:(xzdx

[2x + 4y]dx — f [2x + 4y]dx
0

JZ[Zx + 4yldx + j
0

2

J:‘—(A,B) Sy = %x
[2xy + 2y?] = [2x (%x) + 2 (%x)zl = [xz +%x2] = sz]

4
f(—(C,B)—)y:Z
2



[2xy + 2y?%] = [2x(2) + 2(2)?] = [4x + 8]

f «(C,A)-»y=x
0
[2xy + 2y?%] = [2x(x) + 2(x)?] = [2x? + 2x?] = [4x?]

‘(}g =(C,A) +(C,B)—(4,B)

green's theorem
X3 U 4 Fx+2
jng f dedyzf f Vdxdy
x1 Yy 0 %x

integrate

X3 U 4 ~U
’f}g =j J Vdxdy =] j Vdxdy
x1 Yy 0 Yy

1

deyzf[2x+4y]dy= [2xy + 2y?] =X

fZ(N)dx + f4(N)dx — f4(N)dx
0 2 0

4 4

[2xy + 2y?]dx — f [2xy + 2y?]dx

2
f [2xy + 2y?%]dx + f
0 2 0

convertion

foz(yzx)dx+f:(y= Z)dx—j; (yz%x)dx

j:[4x2]dx + f4[4x + 8ldx — j: Exz] dx

2

4

32+40 32—56
3 3



2.2.2. First Order Dif ferential Equation

3. Solve the following differential equation:
d
(a) = sin t% + (cost)y = sin?(t)

. dy 5
= smt—x + costy = sin“(t)
cost  sin®(t)

_sintdy
~ sintdx sinty_ sint
dy_l_cost -
=—+——y =sin
- dx sint”
sint 1 cost
tan g = cotl = —— = —
cost tant sint
(@) =2 + cot ()y = sint
a)=—+co = sin
dx y

First Order Dif ferential Equations
y' + POy =Q(t)
§= el P(Dat

yu = fﬂ X Q(t)dt

, _dy
y_dx

( —dy+ t(t)y = sint
a)_dx cot (t)y = sin

P(t) = cot(t) Q(t) =sint
p = efcotar — ghnsint — ojpy ¢

ysint = fsintXSintdt = fsinz(t)dt

cos(a — b) =cosacosbh + sinasinb [1]
cos(a+ a) =cosacosb —sinasinb [2]
cos(a —b) —cos(a+ a) = cosacosh + sinasinb —cosacosb + sinasinb
—[2]
cos(a —b) —cos(a+ a) =sinasinb + sinasinb
cos(a—b) —cos(a+a) = 2sinasinb
_ _ [cos(a — b) — cos(a + b)]
sinasinb = >
we get a double angles

whena =b
_ _ [cos(a — a) — cos(a + a)]
sinasina = 5
n [cos(0) — cos(2a)]
sin“(a) =

sin2(a) = [1- cc;s(Za)]
sin?(6) = [1- cc2)5(2t)]

[1 — cos(2a)]

[1 — cos(2t)]

N
N| RPN =

[1]



1 1
ysint = fsin t Xsintdt = fsinz(t)dt = ff [1 - cos(2t)]dt = Ej[l — cos(2t)]dt

ysint = % f [1]dt —% f [cos(20)]dt = %[t] rm(ml +C _% t] - —[sm(Zt)] +C

ysint = =[t] — % [sin(2t)] + C

N RN =

sint_7lt] — g [sin20)] + C
. . Siilt B . sint
S ltl =z [sin@O]+ ¢ 5[t] _z[sin(Zt)] N C _1[t] 1[sin(2)] N C

sint " sint sint sint 2sint 4 sint sint
1t 1sin(2t) C

y_zsint 4 sint sint

y

y:

sin(2t) = 2sintcost
sin(a — b) =cosasinb — sina cos b [1]
sin(a + a) =cosasinb + sina cos b [2]
double angles a = b
sin(a — a) =cosasina —sinacosa [1]
sin(0) =0

sin(a + a) =cosasina + sina cos a [2]
sin(2a) =2sinacosa

1t 1sin(2t) C
= — + —
sint 4 sint sint
1[2sintcost | C
4 sint sint
t 2[cost] C
- + —
nt 4 sint sint
t 1[cost] C
n

<

<2

Il
N =
wn
P

|

|

N RPN RS | o)
o~

<
Il

si

: + —
t 2 sint sint

<
I

si

csct = —— sect =
sint ~ cost tant cott
sint 1 cost

tan g = -
cost tant sint

1t 1[cost ] C

=s——=5 +
Y 2sint 2 sint sint

1
y =Etcsct—5cot9+(]csct

1 1
y =§tcsct—5cot9 + Ccsct



dy V1 +t2
b) = t*—+3ty =
V1 + t2
tidy ot Tz
T t2dt 2y t2
dy 1 vi+tz 1
dt t t2 t2
_dy 1 _\/1+1:2
Todt Y T T

First Order Dif ferential Equations

dy _
ax + P(t)y = Q(t)

U= el P(D)dt
yi = fu x Q(t)dt

_dy+31 _V1+1¢?
Tac Y T T
1 V14 t?
P(t)=3; Q(t) = "
0= eIB%dt — er%dt = g3Int — ,In(®® = (t)3 = ¢3
V1+t¢2 V1 +¢2 1
yt3=ft3>< " dtzf - dtzf?\/1+t2dt
du
1+t)=u 2tdt = udu dt:Z_t
t
2tdt = u —=v
J(@+t?)
1 1 du 1 1 1 1 1
—V1+t2dt= [ —Vus—=—-X— du =-— du =5— 2d
ft + ftﬁZt t th\/Eu thf\/ﬂu 2t2f(u) v
3
1 (u)2
2
1 ()E 2 2 2 1
_ w? 3 [3
—FTXZ-FC th(u) +C—§ﬁ(U) +C——(U) +C =— 3¢2 us+C
2 3
1
3t2\/ +C—— [1+2P+C=03 JIL+e2][1+ 22+ C
1+t
=[ ] [1+t?2]+C

3t2



‘lﬁ+ﬁ]m” et R
[3t2]m+[]m+c

1 1+t2 1+t2
=37 [1+ 2]+ \/1+t2+C ]+‘/[3 ]+C
_\/1+t2+\/1+t2
~ o 3¢2 3
t3_\/1+t2+\/1+t2
TS 3
V1i4+t2 V14¢?
AT 3 tC
=i t3
Vi+t2 V1+t? Vi+t2 V142
T3z T3 t0 3 L3 +C_\/1+t21+\/1+t21+C
Y= t3 -3 t3 t3  3t2 3 3 ¢33
_\/1+t2+\/1+t2+C_\/1+t2+\/1+t2+Ct_3
TS 3t3 3 3¢5 3t3
e T
= + + Ct
3 3
_t-5m+t-3m+a_3_vl+t2+vl+t2+c
Y=T3 3 G 363 13

4. In the circuit shown in Figure 1, a battery supplies a constant voltage of 40V, the
inductance is 2H, the resistance is 10€2, and I(0) = 0.

E = VTl + VL
d
E=1(t)1R: + 1L, al(th

d
40 = 101I(t 2—I(t
.0 (), + Ix ()1

—101t +2dlt
— =< (O + 510

d

d

First Order Dif ferential Equations

dy
—+ POy = Q)
u= el P(Dat

yi = fu X Q()dt



y =1(t),

d
——[(D) +51(t); = 20

P(t) =5 Q(t) = 20
u= el5dt — o5t
et 20
yeSt = f e5t x 20dt = 20 f eStdt = 20 l?l +C= ?[eSt] +C =4[e’]+C
=4e>t +C
yeS5t = 4e5t + ¢
et 4edt +C

Vo5t o5t
o5t 4651: c
Y o5t o5t T

— 44O =4t e
Y= e5t €

y=I1(t); =4+ Ce™5¢

(@) I(t); =4+ Ce™>t

initial conditions
1(0)=0 t=0

[(t); =4+ Ce™5¢
0=4+Ce D =44+Ce®=4+C
C=-4
I(t); =4+ Ce™t
I(t), =4 —4e™ %t

(b) Find the current after 0.1 seconds. 1(0.1); =?
1(t); = 4 — 4e~5¢
1(0.1), =?
t=0.1
1(0.1), = 4 — 4e~>0D = 1573877361

1(0.1); = 1.573877361A4

5. In the circuit shown in Figure 1,
a generator supplies a voltage of E(t) = 20 sin(40t) volts, the inductance is 0.5H, the
resistance is 5Q2, and 1(0) = 2A.
(@) Find 1(t)
(b) Find the current after 0.1 seconds.
(c) Use a graphing device to draw the graph of the current function.

E=Vr+V,



d
E = I(t)lRl + Ll a](t)l

d
20sin 40t = 51(t); + 0.5—1(t);
20 40t = 51t +0.5d”
05 S 40t = ol (0 + G 1(Ds

d
40in 40t = 101(t); +——1(0);
d
405in 40t = ——1(6); + 101(t),

d
—-1(D)1 +101(8); = 40sin 40¢

First Order Dif ferential Equations
dy

—+P(HY = Q®

§= el P(Dat

yu = fu X Q(t)dt
y=1(t);

d
E’(t)l + 10I(t), = 40sin40t
P(t) =10 Q(t) = 40sin 40t

#:efwdt = plot

a0t _ p—jaot
yellt = j e10 x 40 sin 40t dt = 40J e1%[sin 40t]dt = 40[ el0t l—l dt

2j
— %j[emteﬂm _ elOte—j40t]dt — %J[elotﬂ"wt — eIOt—j‘l-Of]dt
Jj J
10t+j40t 10t—j40t
— Qj[810t+j40t _ elOt—j40t]dt = Q e _¢ '
j Jj |10+j40 10— j40

2 [ol0t+j40t  ,10t—j40t ;
T2 18 |7

pl0t+j40t  ,10t—j40t o 10t+j40t o 10t—ja0t
=2 - +C=2|——-|—-2|———|+C

j—4  j+4 j—4 j+4
. , 8+2j . —2j ,
=3 [e10t+540t] - [e106-/40t] 4 ¢ = — ‘1"7 J [erot+i40t] — - J [e10t-/40t] 4 ¢
= S frsrgron) - BT Y frng ] 4 ¢
8+ 2j] . [8—2j], _.
— 10t jaot] _ ,10t j40t
) e 2'—17 [e ] 8e 2—. 17 [e ]+ C
— _plOot|_—_ _] j40t] _ ,10t [_ _ _]] —j40t
¢ [17+17 7] = e |7 = g |l + ¢

_ _plot [%] [e/0¢] — et [5_17 [e/0¢] — etot [%] [e=740t] + g10¢ [5_17] [e=%0t] + C



81, 81. 2. . 2i1.
_ _plot [17] [e/0t] _86,10t [17] [e~740t] — g0t [%7] [e/40¢] 4 et [17] [e=%0t] + ¢
. » i1 . »
_ _ 10t jaot jaot] _ 10t jaot _ _—jaot
e Lﬂ] [e/40t + e7/40t] — ¢ 2[17].[8 e /40 + ¢
. . ] ] . o
_ _plot [17] [8140t te ]40t] _ plot [17] []_] [6140t e ]40t] ny,

8 . . 21r11 . .
_ 10t [ 8] g0t o —jaoe] o 10e [ 2| [2] a0t _ ,—jaot
e [17][6’ +e ) e [17][],][8 e /40t 4 ¢

8 2
= —el0t [ﬁ] [2 cos 40t] + e10¢ [ﬁ] [2sin40t] + C
= —el0t [17]16cos 40t] + 10t [17] L[;m 40t] + C
yellt = —gl10t ;%_Z; [cos 40t] + :?47: [sin40t] + C
yellt = —g10t | -17- [cos 40t] + e10t __ﬁ__ [sin40t] + C
plot  —el0t }? [cos 40t] + e10t 117 [sin40t] + C
Yotor ~ - PET A
—el0t [%] [cos 40t] + e10t [%] [sin 40t] + C
y= elOt
4
10t 10t [ 2 ] e
[17] cos 40t] N e [17] [sin 40¢t] C
o 10 o 10t o 10t
10t 10t
[ 1ot [cos 40t] + [17] Tor [sin 40t] + 1o
C
) , [17] co; 40t] + 1L17] sin 40t3} STo
y = —ﬁ[cos40t] + ﬁ[51n40t] + STt = 7708 40t + ﬁsm 40t + Ce™
y=1(t)

4 16 .
(a) I(t), = sm40t ﬁcos40t+Ce 1ot

1(0) =
I1(t); =7
initial conditions
1(0) =2 t=0

I(t), = * i 40t 16 40t + Ce~10t
(), = 17sm 17 cos e

1(0), = isin 40(0) — Ecos 40(0) + Ce~10(®
117 17

4 16
= — R (0)
2 17 sin(0) 1%7 cos(0) + Ce
= —(O) — —7cos(0) + C(1)

2=(0)—ﬁ(1)+c



2=——
17 +C
C=2+ 16 50
St T17 17
- 50
17
I(t =2 40t Lo 40t + Ce™ ™"
(), = L7 sin - cos e
I(6); = = sin 40t — -2 cos 40t + —0 e =10t
(), = 7 sin T Cos e
(b) Find the current after 0.1 seconds. 1(0.1); =?
I1(t), = * i 40t 16 40t+50 -10t
(t)1 = g7sin T Cos e
1(0.1); = isin 40(0.1) — Ecos 40(0.1) + 5_06—10(0.1)
101); = —=sin(4) — 2 cos(4) + m o=
(0.1), = 1731n( ) T Cos e
101); = —=sin(4) — 2 cos(4) + m o=
(0.1); = 7= sin(4) — - cos e

1(0.1), = 0.15952783234

1(0.1), = 0.15954

(c) Use a graphing device to draw the graph of the current function.

Oups! I'm not going to do it,don’t even ask why?



2.2.3 Second order differential equation

yp; = y particular integral
Ycr = Y complementary function (extra function)
y = general solution

Y =Ypr +Ycr

1. Consider the following differential equation:
y" — 8y’ + 16y = t%e*" + 9cos(4t)
(a)Find the complementary solution of the equation.

y" — 8y’ + 16y = t%e*" + 9cos(4t)
y[D? — 8D + 16] = t%e*" + 9 cos(4t)
y=0
[D? — 8D + 16] =0
V_—bivbk—yu__—08)1J0492—4mx1@ .
B 2a B 2(1)
[D? — 8D + 16] = [D — 4][D — 4] = [D — 4]?

when V=m; =m, ypr = (At + B)e™

DZ = D1 = 4
ypr = (At + B)e*

(b)Find the particular solution of the equation.
Y =Ypr +Ycr

y" — 8y’ + 16y = t%e*" + 9cos(4t)
y particular table:
t?e*t = (At? + Bt + C)e**
cos(4t) = A cos(4t) + B sin(4t)

2.Consider the non homogeneous second order linear equation of the form

Y'+2y +y =g
(a)Find yc(t), the solution of its corresponding homogeneous equation.

y'+2y'+y=9@)

y[D? + 2D + 1] = g(t)
y=0

[D?+2D+ 1] =0

—b+Vb? —4ac  —(2) +/(2)? - 4(1)(1)
V= = -

2a 2(1)
[D?+2D+ 1] =[D +1][D + 1] = [D + 1]?

when V=m; =m, ypr = (At + B)e™



ypr = (At + B)e™*

For each part (b)through (d), find the particular solution of the following equations:
(b)) y"+2y'+y=-etsint
©y"+2y +y=2te’t
(d)y"+ 2y +y=—6t%et cos2t

(b) y"+2y'+y=-e"tsint
ypr = (At + B)e™*
Y =Ypr +Ycr
y[D? + 2D+ 1] = e tsint

y particular table:
e tsint = [Acos(t) + Bsin(t)]e™*

Derivative
y =e tsint = [Acos(t) + Bsin(t)]e™*
y = [A cos(t) + Bsin(t)]e™t
y = [Ae"t cos(t) + B e tsin(t)]
uv =u'v+uv’

y' = {[A cos(t) + Bsin(t)]e t}
y' = [Acos(t) + Bsin(t)]'e”t + [A cos(t) + B sin(t)][e~t]’
y' = [—Asin(t) + B cos(t)]e™t — [A cos(t) + Bsin(t)]e~*

y' = —Asin(t)e™t + B cos(t)e™t — Acos(t)e™t — Bsin(t)e™*

y" = {[—Asin(t) + B cos(t)]e”t — [A cos(t) + Bsin(t)]e ¢}

[—Asin(t) + B cos(t)]e™t = [—Asin(t) + B cos(t)]'e™t + [—A sin(t) + B cos(t)][e"t]
= [-Acos(t) — Bsin (t)]e™t — [-Asin(t) + B cos(t)][e "]
= —[A cos(t) + Bsin (t)][e"t] + [A sin(t) — B cos(t)][e ]
= [Asin(t) — B cos(t)][e~*] — [A cos(t) + Bsin (t)][e™"]

—[A cos(t) + B sin(t)]e™t = —[A cos(t) + Bsin(t)]'e™t — [A cos(t) + B sin(t)][e”t]
= [Asin(t) — Bcos(t)]et + [A cos(t) + B sin(t)][e¢]

y" = {[—Asin(t) + B cos(t)]e”t — [A cos(t) + Bsin(t)]e t}"”
y'" = [Asin(t) — B cos(t)][e ] — [A cos(t) + Bsin (t)][e*] + [Asin(t) — Bcos(t)]e™*
+ [A cos(t) + B sin(t)][e~¢]
y'" = [Asin(t) — B cos(t)][e~!] + [4sin(t) — Bcos(t)]e™t
y"" = 2[Asin(t) — B cos(t)][e ] = 2[Asin(t) — B cos(t)]e™*
y'" = 2Asin(t)e "t — 2B cos(t)e™*

y'" = 2Asin(t)e"t — 2B cos(t)e*

y' = —Asin(t)e™t + B cos(t)e™t — Acos(t)e™t — Bsin(t)e™*
y = Acos(t)e”t + Bsin(t)e™*

retour
y'+2y' +y=etsint



[2A4 sin(t)e™t — 2B cos(t)e™ ]
+ 2[—Asin(t)e t + B cos(t)e™t — Acos(t)et — Bsin(t)e™ ]
+ [Acos(t)e~t + Bsin(t)e ] = e~ tsint

2Asin(t)et — 2B cos(t)e™t — 24 sin(t)et + 2B cos(t)e™t — 24 cos(t)e™*
— 2Bsin(t)e ™t + Acos(t)e™t + Bsin(t)e™t = e~ tsint
—Acos(t)e™t — Bsin(t)e™t = e tsint
—Bsin(t)et = e tsint - B=-1
—Acos(t)e’t =0 - A=0

replaced the values iny
y = Acos(t)e™t + Bsin(t)e ™t = 0cos(t)e™t —sin(t)e™t = —sin(t)e™t
Yer = —sin(t)e™*
Y =Ypr t Ycr
yp; = (At + B)e™t

y = (At + B)e ™t —sin(t)e™*

(©)y"+2y +y=2te’t
yp; = (At + B)e™t
y[D? + 2D + 1] = 2te™t
yp; = (At + B)e™t
Y =Yp1 t Ycr
y[D? +2D + 1] = 2te™t

y particular table:
2te”t = [ACt + BCtle ™t = Ce t(At + B)

Derivative
y = Ce '(At + B)

y = Ce (At + B)
y = CAte™t + CBe™t
uv =u'v+uv’

y' = [Ce (At + B)]' = C[(At + B)e~ ]
y' =C[(At + B)' et — (At + B)(e™%)]
y' = C[Ae™t + (At + B)e™!]

y' = CAe " + CAte™t + CBe™t

y" = Cl[Ae ™t + (At + B)e™ ]
[Ae~t] = —Ae™t
uv =u'v+uv’
[(At + B)e™t]' = [Ae " + (At + B)e ]
y" = C[Ae '+ (At + B)e™']' = —CAe t + CAe™t + C(At + B)e™*
y"=C(At + B)e™t



y" = CAte t + CBe™t

y' = C[Ae™" + (At + B)e™ ]
y" =C(At+B)e™*
y =C(At+ B)e™t
Or
y' = CAe " + CAte™t + CBe™*
y" = CAte™* + CBe™*
y = CAte™ + CBe™*

y'+ 2y +y=2te’t
[CAte™t + CBe '] + 2[CAe™t + CAte ' + CBe™t] + [CAte™ + CBe™t] = 2te”t
CAte '+ CBe ™t + 2CAe "t + 2CAte ™t + 2CBe™t + CAte™t 4+ CBe™t = 2te™t
2CAe~t + 4CAte t + 4CBe™t = 2te™t
[2CA + 4CBle ™t + 4CAte™" = 2te™*

4CAte™" = 2te™t —>4CA =2 - CA =

[2CA + 4CBle™t = 2tet - [2CA+4CB] =0 - [1+4CB]=0 - 4CB
=-1

N| =

CB !
- = ——
4

replaced the values iny

1 1 1 1
=CA -t B “t=_tet [—— t— _tet —_pt
y = CAte™" + CBe Zte + 2 e Zte 4e

Yer = Ete_t —Ze_t
Y =Yp1 + Ycr
ypr = (At + B)e™*

1 1 1 1
y = (At + B)e‘t + Ete‘t — Ze_t = /ite‘t + Ble—t + Ete—t _ Ze_t
y= Ate " + Be ' + Ete_t — Ze‘t

(d)y"+ 2y +y = —6t%et cos 2t
yp; = (At + B)e™t
y[D? + 2D + 1] = —6t2et cos 2t
Y =Ypr tYcr

y particular table:
—6t2%et cos 2t = [At? + Bt + C][A cos(3t) + B sin(3t)]et



2.2.4 Laplace transform

2.2.4 Laplace transform

1If {12y = 2“ oy find L{e* f(51)}
2. In the electric circuit shown below
E = 500 sin 10t
Ry =109
Ry =100
L=1H
C=0.01F
ls
e il
S~ s
»
R1 Cl R2

L1

o

If the charge on the capacitor and the currents 11 and 12 are zero at t = 0, find
the charge on the capacitor at time t > 0

E=V, +V, +V,
0=", Vl
I(t), _I(t)z =1,
E == Vrl + VLl + ]/Cl
E=1(t),R, +L B fl dt
dx C
500 sin 10t = 101(t)1+1d (B, | 1 jl dt
dx 0.01) ¢
500 sin 10t = 101(¢), + ; o 100jlc dt
di(t),

L{500 sin 10t} =L {101(1:)1 P + 100 f[l(t)1 — 1(t),] dt}

100
500 [ ] = 10I(s); + sI(s); + —~ [1(s); — 1(s),]

+ 102



200 [—SZ T 102] = 10sI(s)y + s*1(s)1 + 100[1(s)y = (5]
5000s
[EET;‘I65]== 10sI(s); + s*I(s)y + 100I(s); — 100I(s)
5000s ,
[m] = [10s + s“ + 100]I(s); — 100I(s),
5000s ,
[m] = [s% + 10s + 100]I(s), — 100I(s),

0="¥, -V,
1
1
0= 101(t)2 —m Ic dt
()=:un(oz-100j1¢dt

0=10I(t), — 100}[1(1:)1 —I1(t),] dt
1{0} = L{lOI(t)z ~100 j [1(6)y — 1(6),] dt}

100
0 =10I(s), — T[I(S)1 —1(s);]
0 = 10sI(s), — 100[I(s); — I(s),]
0 = 10slI(s), — 100I(s); + 100I(s),
0 =[10s + 100]I(s), — 100I(s),
0 =—100I(s); +[10s + 100]I(s),
0 =—10[10]I(s); + 10[s + 10]I(s),

O _[10J1(s), + [s + 10]1(s),

[10]
0 =—10I(s), + [s + 10]I(s),
0 =10I(s); — [s+ 10]I(s),
0 =10I(s); — [s+ 10]I(s),

5000s
{[— = [Sz + 10s + 100]1(5)1 - 1001(5)2

s? 4+ 102}
0 =10I(s); — [s+ 10]I(s),
o |[s? +10s +100]  —100
10 —[s + 10]
V= —[s? + 10s + 100][s + 10] + 10 x 100
V= —[s3 + 10s% + 10s? + 100s + 100s + 1000] + 1000




V= —[s3+ 20s? + 200s + 1000] + 1000
V= —s3 —20s%? — 200s — 1000 + 1000
V= —s3—20s% — 200s
V= —s[s? + 20s + 200]

[ 5000s ] 100
Vi, = |ls% + 102
0 —[s +10]
B [ 5000s ] <[5+ 10] = 5000s[s + 10]] y 5000[s + 10]
CON PR TR T szv10z | 2 + 107
[s2 + 10s + 100] [ >000s ]
V= S > s2 4+ 102
10 0
v - 10x[50005]— ><[50000]
= 2+ 102 [sZ+ 102
o« |2900[s + 10]] [5000[5 + 10]]
Is) _ Y _ s2+102 | _ | s?+10?
L7 v T —s[s2+420s+200] [s2+ 20s + 200]
5000[s + 10]
I(S)l = 2 2 2
[s% + 10%][s% + 20s + 200]
_ 5000s + 50000
~ [s% 4+ 10%][s2 + 20s + 200]
5000s

~ N 50000
~ [s2 4 102][s%2 + 20s + 200]  [s2 + 102][s2 + 20s + 200]

_ x[ 50000 ] [ 50000 ]
Is), = Ve = Pz 107l 571102
27V —s[s2+420s+200] [s?+ 20s + 200]
~ 50000
[s? + 102][s? + 20s + 200]
I(s)c =1(s)1 —I(s),
/ _ 5000s N 50000
(8)c = [s?2 + 10%][s? + 20s + 200] ~ [s? + 10%][s? + 20s + 200]
50000
[s?2 + 102%][s? + 20s + 200]
5000s
I(s)¢c =

[s?2 + 102%][s? + 20s + 200]
now, the laplace forms of the Current in the capacitor is:

|



5000s

1) = 17 107][s2 + 205 + 200]
the inverse of 1(s). will be I(t),
the partial fractions:

5000s
I(s)c =

[s?2 + 102%][s? + 20s + 200]

[s?2 +10%] = [s? +100] = [s? + 0s +100] =0
~b+Vb? —4ac 0+V0—4x100

= +10j
2a 2 =
51 —_ _10]
SZ == +10]
a’ + b%? = (a + bj)(a — bj) a’ +b%? = (a+b)?>—2ab a? + b?
= (a—Db)?+ 2ab

[s + 10j] = [s? + 100] = [s? + 0s + 100] = [s + 10j][s — 10/]
= [(s) + (10)][(s) — (10/)]
= [(s)(s) + (s)(10§) — (s)(10j) — (10/)(10)]
= [(s)? — (10))?] = [s? + 100] = [s? + 10?]

[s? +20s +200] = 0
—b +Vb% —4ac  —20+V20% -4 x 200

= —10 £ 10j
2a 2 e
Sl - _10 - 10_]
s, = —10 + 10j
a’ + b%? = (a + bj)(a — bj) a’ +b%? = (a+b)?>—2ab a? + b?
= (a—Db)?+ 2ab

[s + 10 + 10/] = [s? + 20s + 200] = [s + 10 — 10/][s + 10 + 10/]
= [(s + 10) — 10/][(s + 10) + 10/]
= [(s + 10)(s + 10) + (s + 10)(10j) — (s + 10)(10j) — (10/)(10/)]
=[(s + 10)(s + 10) — (10/)(10/)]=[(s + 10)* — (10;)*]
=[(s+10)? + (10)?] = [(s + 10)? + 100]

5000s

I =
(8)e = 571 T077[s2 + 205 + 200]
_ As+B N Cs+D
~ [s2+4102]  [s2 + 20s + 200]

Pt =P1tD2




As+ B Cs+D

Pt =152+ 107] T [sZ + 205 + 200]
Partial I
B 5000s B As+ B _ As+ B
PL= 152 1102]  [s2+10%] [s + 10/][s — 10/]
A B As+ B

P10 T 5=10]  [52 +107]
5000s = A[s — 10j] + B[s + 10;]
when s = —10j we get 5000(—10j)
= A[(—10j) — 10/] + B[(=10j) + 10/]
5000(—10j) = A[—10j — 10/] + B[—10j + 10/]
~50000j = A[—20j] + B[0]
—50000j = —20jA
50000 = 20A
A = 2500

5000s = A[s — 10/] + B[s + 10/]
when s = 10j we get 5000(10j) = A[(10j) — 10j] + B[(10j) + 10j]
5000(105) = A[10j — 10/] + B[10j + 10/]
50000/ = A[0] + B[20j]
50000/ = 20/B

50000 = 20B
B = 2500
_ 5000s  As+B As + B
PL= 1521 102]  [s2+10%] [s + 10/][s — 10/]
A B 2500 2500
P1 = —+ - = —+ ;
[s+10j] [s—10j] [s+10j] [s—10j]
As+B _ 2500s + 2500 _ 2500s 2500

P = [s2 +102]  [s2+4+102]  [s2+ 102] T [s2 + 102]

Lt a . s
sinat = —— cosat = ——
5%+ a? 52+ a? .
1 a s—
bt bt & bt
= e’'sinat = e’ cosat =
s—b (s —b)? + a? (s —b)? +a?

the inverse laplace of p,

2500s 250(10)

p1 = 2 2 + 2 2
[s2 +102]  [s? + 107]

or

= 200 20 _ 5500 et 4 2500 et
L= 510/ s = 10] ¢ ¢

p; = 2500[e/10t + ¢=/10] = 1250 cos 10t

= 2500 cos 10t + 250sin 10t




Partial 11

_ 5000s _ Cs+D _ Cs+D
P2 = 1521 205 + 200] _ [s2 + 205 + 200] _ [s + 10 — 10/][s + 10 + 10/]
C D Cs+D

P2 = 5510 - 10]] * [s + 10+ 10j]  [(s + 10)2 + (10)2]

5000s = C[s + 10+ 10j] + D[s + 10 — 10/]
whens = —-10+ 10 we get
5000(—10 + 10j)
= C[(—10 + 10j) + 10 + 10j] + D[(—=10 + 10j) + 10 — 10/]
50000(j —1) =C[—-10+ 10j + 10 + 10j] + D[—10 + 10j + 10 — 10J]
50000(j — 1) = C[20j] + D[O0]
50000(j — 1) = [20f]|C

500000 — 1) _
20 B
G—-1 j 1 1 .
C = 2500 x =2500><]—_—]—_]=2500x[1—]—_]=2500><[1+]]

C = 2500[1 + j]

5000s = C[s + 10 + 10j| + D[s + 10 — 10j]
whens = =10 —10] we get
5000(—10 — 10j)
= C[(—10 — 10j) + 10 + 10j] + D[(—10 — 10j) + 10 — 10/]
—50000(j + 1) = C[-10 — 10j + 10 + 10j] + D[—10 — 10j + 10 — 10j]
—50000(j + 1) = C[0] + D[—20j]
—50000(j + 1) = [-20/]D

50000/ + 1) _
20 B
G+1) i 1 1 _
D = 2500 X = 2500 x [}+1—,] = 2500 x [1+]—,] = 2500 x [1 -]
D = 2500[1 — ]
_ 5000s _ Cs+D B Cs+D
P2 = [s2 + 20s + 200]  [s2 + 20s + 200] [s+ 10 — 10/][s + 10 + 10j]
C D Cs+D

P2 = 10— 10] ' s+ 10+ 10]  [(s + 10)2 + (10)7]

Cs+D _ 2500[1 + j]s + 2500[1 —j]

PTG 1002+ (02 T [(s + 10)Z + (10)7]




2500[1 + j]s 2500[1 — j]

P2 = G5+ 10)2+ (10)7] T [ + 10)2 + (10)7]
C D _2500[1+j]  2500[1 ]

P2 =5 710-10]] | 5+10+10j] [+10—10j] ' [s+ 10+ 10/]

inat _t t >
sinat = cosat =
) s?+a? s?+a? .
a s—
bt bt & bt
e’t = e’tsinat = et cosat =
s—b (s —b)? + a? (s —b)? +a?

s T
[1+j]=2<Z=2e]4

the inverse laplace of p,

_ 2500[1+]s 2500[1 — ]
P2 = (s ¥ 10)2 + (10)?] * [(s + 10)2 + (10)2]
2500[1 + j]s 250[1 — j] x [10]

[(s+10)%2 + (10)?] [(s+10)% + (10)?]
p, = 2500[1 + jle 1% cos 10t + 250[1 — j]e % sin 10t

TT Tt
p; = 2500 |2€”3 | 71 cos 10¢ + 250 |2e /% | 1% sin 10t
TT TT
p, = 5000 [e’Z] e 1% cos 10t + 500 [e_JZ] e % sin 10t
p, = 5000[e/*5"|e 1% cos 10t + 500[e/*>"|e~1% sin 10¢
Or

2500[1 + j] 2500[1 — ]

P2 = 153710 - 107] " [s + 10 + 10/]
2500[1 + f] 2500[1 — ]

+
[s + (10 —10/)] * [s + (10 + 10))]
p2 = 2500[1 + jle=(107100t 4 2500[1 — jle~(10+100¢

p, = 2500 [Zej%] e~(10-100¢ | 2500 [2e‘f%] o—(10+10))t
= 2500 [Zej%] [e-(10-100)¢] 4 2500 [Ze—f%] [e=(10+10)¢]
= 2500 [Zej%] [e~106+10jt] 4 2500 [Ze‘f%] [e~10c-10jt]
= 2500 [Zej%] [e=10te10/t] 4 2500 [Ze_j%] [e=10te—10)t]

= 5000 [ej%] [e=10te10/t] 4 5000 [e—f%] [e=10te—10it]
= 5000[e1] [e/3¢107¢] 4 5000[e 1] [e e 10
= 5000[e~"%] [ef%“oft] +5000[e 1] [e—f%—loﬁ]

= 5000[e~1%"] -e](%“(’t)] +5000[e~1%¢] [e—j(%+10t)-




= 5000[¢™10¢] {[ +10t] [ Z,10¢) ]}

= 5000[e~10t] {e]( T+10t) 4o (4+10t)}

s
= 2500[e™17%] {cos (Z + 10t)} = 2500[e~1%¢]{cos(45° + 10t)}
= 2500[e~1%¢]{cos(45° + 10t)}

cos(a+ b) =cosa X cosbh —sina X sinb
cos (45° 4+ 10t) =cos(45°) X cos(10t) — sin(45°) X sin(10t)

cos (% + 10t) = CcosS (Z) X cos(10t) — sin (4) X sin(10t)

n V2 V2
cos (Z+ 10t) =7 X cos(10t) — > X sin(10t)

p, = 2500[e 1% ]{cos(45° + 10t)}

V2
p, = 2500[e‘10t]{ -

X cos(10t) — \/ZE X sin(lOt)}

P, = 2500[8_10t]{ \/7?] X cos(lOt)} - 2500[e‘10t]{ \/75

X sin(lOt)}

p, = 2500 [\/7?] [e=1%]{cos(10¢t)} — 2500 [\/_] ~108{sin(10t)}

p, = 1250[V2][e~1°*]{cos(10t)} — 1250[V2][e~'°]{sin(10t)}
p, = 1768[e™1%]{cos(10t)} — 1768[e 1% ]{sin(10t)}
p, = 1768[e~1%] cos(10t) — 1768[e 1] sin(10t)

p, = 1768[e 1% ][cos(10t) — sin(10¢t)]

p1 = 2500 cos 10t + 250 sin 10¢
p, = 1768[e~1%] cos(10t) — 1768[e 1] sin(10t)

Pt = D1 T D2
p; = 2500 cos 10t + 250 sin 10t + 1768[e1%¢][cos(10t) — sin(10t)]



the current in the capacitor
I(t), = 2500 cos 10t + 250sin 10t + 1768[e~1%][sin(10t) — cos(10t)]
I(t), = 2500 cos 10t + 250 sin 10t + 1768[e~1%] cos(10t)
— 1768[e~1%] sin(10t)
the charge in the capacitor

dq(t)
dx I(t)¢

a( = [ 10 de
q(t) = j[zsoo cos 10t + 250 sin 10t
+ 1768[e%][cos(10t) — sin(10¢)]] dt
q(t) = j[ZSOO cos 10t + 250sin 10t + 1768[e~1%] cos(10t)
— 1768[e~1%] sin(10t)] dt
q(t) = f 2500 cos 10t dt + j 250sin 10t dt — j 1768[e~1%] sin(10t) dt

+j1768[e‘1°t] cos(10t) dt
q(t) = 2500fcos 10t dt + ZSOJsin 10t dt — 1768][6_10t] sin(10t) dt

+ 1768J[e‘1°t] cos(10t) dt

1 .
j cos 10t dt = 10 [sin 10¢t]
1
f sin 10t = ~10 [cos 10t]
1
j[e‘mt ] sin(10t) dt = ~50¢ ~10t[5in(10t) + cos(10t)]
1
f ~10t] cos (10t) dt = 20° ~10t[5in(10t) — cos(10t)]

q(t) = ZSOOfcos 10t dt + 250fsin 10t dt — 1768][e‘1°t] sin(10t) dt

+ 1768[[6'1“] cos(10t) dt



2500 250 1768
[sin 10t] — T [cos 10t] + —— e 1% [sin(10t) + cos(10t)]

q(t) =

10 20
1768
— ———e~10[sin(10t) — cos(10t)]
20 4472
q(t) = 250[sin 10t] — 25[cos 10¢] + ?e‘lot[sin(lot) + cos(10t)]
442
- e 10 [sin(10t) — cos(10t)]

q(t) = 250[sin 10t] — 25[cos 10t] + 88.4 e 1% [sin(10t) + cos(10t)]
— 88.4 e~ 19¢[sin(10t) — cos(10¢t)]
q(t) = 250[sin 10t] — 25[cos 10t] + 88.4 e~ 1% [sin(10¢)]
+88.4 e 1%[cos(10t)] — 88.4 e~ 1%[sin(10t)] — 88.4 e 1% [— cos(10t)]
q(t) = 250[sin 10t] — 25[cos 10t] + 88.4 e~ 1% [sin(10¢)]
+88.4 e 19 cos(10t)] — 88.4 e~ 19¢[sin(10t)] + 88.4 e 1%[cos(10t)]

884
q(t) = 250[sin 10t] — 25[cos 10t] — —= e 1% [cos(10t)]
q(t) = 250[sin 10t] — 25[cos 10t] — 176.8 e 1% [cos(10t)]

q(t) = —[cos(10t)][25 + 176.8 e~1°t] + 250[sin 10t]
q(t) = —[25+ 176.8 e 1%][cos(10t)] + 250[sin 10¢]

q(t) = 250[sin10t] — [25 + 176.8 e 1°%t][cos(10¢t)]



2.2.5 Fourier series

3. Consider the Fourier series (of period 10) representing
4. Consider the periodic square wave x(t)shown in figure 2 below:
(a)Determine the complex exponential Fourier series of x(t).
(b)Determine the trigonometric Fourier series of x(t)

Figure 2: Periodic square wave

(a)Determine the complex exponential Fourier series of x(t).

x(x) = Cy + Z C, el®t
n=1

T
1(z _
C, :Tfo(t) e Inotge
T, T
Gy =~ 70x(t) e‘i““tdtzlfToA e‘l'““’tdt+ifO 0 e inetde
T, s To Jo To)To
_Zn_Zn
=P T,
1 (2 100 12
C,=— | Aemotgr 4+ — | e notgr = — j Aeinotgy
To Jo Ty ! To Jy
T _in2n Ty
¢, =2 3 ot g - A7 _ A eT o0 4 [e T g0
"Il € T S | T T, S0 | T, S
— 2_1-[)(&
Ale "2 — g0
==
A [e™inm — 1 A . A . .
— — —inr _ 1] = —inm _ 1] = —inw _ q
To| —jw l ST, ] 2m, [ I=—zzle ]
Ty 'O
= 2 lcos(nm) - jsin(nm) — 1] = ——[cos(nm) — 1] = j - [cos(nm) — 1]
= —j277,' cos(nm ]Sln nrm = o cos(nm _]277,' cos(nm

c =i (-1)2 -1
T
_L(7 g
CO_?_[_Zx(t) t
T T,
o[ xoar = [Faar ek [ o
o= ) n* " Ty ), Ty )T
2 2
Ty
¢, == [*aat+~
P ToJ_To

Ti
Code=t[Faa
Ty Jy



To
c A dt A [To] A
° T0 B T0 T, 2

x(x) =Cy + Z C,el®t
o n=1

A A .
x(x) =+ EJE [(-1)% —1] e/t

n=1
(b)Determine the trigonometric Fourier series of x(t)
(o]

nmt . nmt
f(t) =ay+ z (an COS == + b, sm—)
n=1

T
T
2 (2
ag = ?f_zx(t) dt
2
2 (2 () dt = jAdt+2 0Odt
=T Zx - To )
_271_27r
=P T,
0
=— Adt — Odt—— Adt
=7 ) +T0 j
24 (2 T,
ao—_ 1dt— [ ] A
TO 0 O
ClO—
_aO_A
avg =— =
T
2 (2
a, = Tj_zx(t) cos(nwt) dt
2
2
a"=7j x(t)cos(nwt)dt——j Acos(noot)dt+—J 0 cos(nwt) dt
3
_271_27r
=T,
T T,
2 (2 2nm d—2 ?A 2nm p 2 00 2nm p
an—Tf_gx(t)cos(T—O)t t—T—OL cos(T0>t t+T—0 cos(T—0>t t
2nm
T
A (7 (onm A Sm(To)t_ A [, (2nm
an—T—O ; COS(T_())t TO Zﬂ _Zn_ﬂ.'T [Sll’l(—o)t]
Ty To °°
A [ (Znn)t] A [ (Znn)t ) (Znn)t] A [ (Znn>To in(0)
= 2 sin T S sin T sin T o sin )2 sin



= i [sin (Zn_n) %] = 2‘:1;71 [sin(nm)] = —i [0]=0

2nm T, 2nm
0
T
b = 2 (2 _ p
n = Tf_zx(t) sin(nwt) dt
T
2 (2 _ 2 (2 2 (°
b, = —J. x(t) sin(nwt) dt = —f Asin(nwt) dt + —f 0 sin(nwt) dt
T)r To )y To ) To
_2m  2m
TP,
T To
2 (2 ~/2nm 2 (2 2nm 2 (° 2nm
b, =7f_gx(t)sm<—0)tdt =T—0 Asm( To )tdt+T—0 Osm< T, )tdt
2nm
T
A (Z  (2nm A COS(TO)t A 2nm
b, = — sin (—) tdt =— = — [cos (—) t]
To Jo 0 T, 2nm 2nm T,
£ ey 0
To To '©
_ A [ (Znn) t] _ A [ (2nn>t (Znn) t]
= —5—|cos - = —5—|cos T, cos T,
A [ (Znn) Ty (O)]
= —5—|cos T, cos
= o eos () 2~ 1| = ~ 5 leos(om) — 1] = 5 [(~1)" ~ 1]
e °°\r, )2 T opg ST - 2mn
b, = ——[(—-1D" -
(G DL}
= nmt nmt
f(t) =ag+ Z (an cos—+ b, sin—)
T T
o n=1
A nmt
— (=1 — 1] sin —
fO =4+ E fan© - 5—[(=1)" — 1] sin "]
n=1 -
©=4+ Y -5 (D"~ 1]sin "]
Fo = 2nm St T
n=1
Verification
to convert the exponential Fourier Series back to trigonometric form.
C,, =2
1 o an _jbn
Cn (a" jbn) {an +jb, = 2C,
Cn= _(an + jbn)
aO =A
Ay A
=573



2.2.6 Fourier transform

1. Consider a periodic function defined by:

2 —-3<t<-2
f() =4{-1 —2<t<?2
2 2<t<3

h(t + 6) = h(t)
(a)Determine the Laplace transform of h(t).
(b)Determine the average value of h(t).
(c)Find the exponential Fourier series expansion of h(t).
(d)Determine the Fourier transform of h(t).
(e)Sketch the spectrum of h(t)(Fourier transform of h(t))for n = {+2,+1,0}

(a)Determine the Laplace transform of h(t).

-2 2 3
f 2eStdt +f —le stdt +J 2e7Stdt
-3 2

-2

h(t) = f —e:tf(t)dt

— e_St
Laplace transform does not have a negative bounded, you need to shiftitatt > 0

2 4 3
f(t) =f —le~st dt+f 2dt+f —le stdt
0 2 2

2 4 3
= —f ~Stdt + Zj e stdt — J e Stdt
—stl

e—Zs 1 ze—4s 2e 2s N e—3s —-2s
s S S s s s
1 2e™% 2725 73
s S s s
O = 735 —1—2e 4 4 2e72%
B s
| "Stf(t)dt e735 —1—2e 4 42725
e
h( ) - e—st 1 _Se—st
B 35 _ 1 — 28‘45 + 28‘25 1 B 35 —1—2e % 4 2e72%
B S % 1—e-st s[1 — e~st]
h(O = 735 —1—2e 4 4 2e72%
N s —se St

(b)Determine the average value of h(t).
_G_0_,
Wit 27



2 (b
Co = T f_ph(t)dt

2 -2 2 3
o= 2|[ "2 [Care o] <o
6 -3 -2 2

(c)Find the exponential Fourier series expansion of h(t).

2 3
e ]nwtdtl

-2
o0 =3 [C2ean [ ea [
2

2

I f_ze jnot ge — f e J"“’tdt+2f3e‘f”wfdtl

e~ Jnwt e~ Jnwt e—jzna)t
2|5 - l-mwl |5
1 e]2na) — pJ3nw e~ J2nw _ gj2nw e~ J3nw _ p—j2nw
B s o A |

B 1 , ejan _ ej3na) ejan _ e—jan , e—j3nw _ e—jan
6 jnw jnw jnw

1 el2nw _ gjinw sin(2nw) [e~/3n® _ g—j2nw
=-{-2 -2 -2
6{ [ Jjnw l I nw l | jnw l}
1 eJ2nw _ pj3nw 4 o—j3nw _ ,-j2nw] sin(2nw)
(-] o |-2[*)
1 e—j3nw _ ej3na) + ejZna) _ e—jan' sin(an)
==-{-2 - 2|——
-] o |-2[*)
1 e—j3nw _ ej3nw ejan _ e—jan sin(an)
) —2 —2
sl -2 -
1 ej3nw _ e—j3nw ejan _ e—jan sin(Zna))
3 e e ] e e B |
1 ) 2sin(3nw) ) 2sin(2nw) ) sin(2nw)
6 nw nw nw
2 5 sin(3nw) 5 [sin(2nw)| [sin(2nw)
6 nw | nw | nw
1 ) sin(3na)) 5 [sin(2nw)] [sin(2nw)
L nw B,
1 sm(3na)) 1 5 [sin(2nw) | 1 ([sin(2nw)
B 3 3 nw 3 nw

3nw

_ { sin(3nw) } {lsin(an)l} __{ sin(2nw) }

3nw 2nw 2nw

sm(3nw) 12 sin(2nw)]) 12 ([sin(2nw)
H a2 )

2
51n(3nw) 2 5 sin(2nw) 2 ([sin(2nw)
SR R C  |  ere

= [2 sinc(3nw)] — g [sinc(2nw)] — % [sinc(2nw)]



2 4
= [2 sinc(3nw)] + [— =- 5] [sinc(2nw)]

= [2sinc(3nw)] + [—2][sinc(2nw)]
= 2 sinc(3nw) — 2 sinc(2nw)
= 2[sinc(3nw) — sinc(2nw)]

h(t) = 2 sinc(3nw) — 2 sinc(2nw)

(d)Determine the Fourier transform of h(t).

-2 2 3
h(t) =f Ze_j“’tdt+f —le_j“’tdt+f 2e7Jotqt
-3 -2

2

-2 ) 2 ] 3 )
= zf g~Jwt dt—f e‘f“’tdt—i-Zf e Jotdt
-3

-2 2

e—jwt e—jwt e—jwt

EnbenAEn

_, eij_ej3w e—ij_eij o e—j3w_e—j2w
- —jw —jw —jo

, ej2w _ pj3w ej20 _ p—j2w , e J3w _ p—Jj2w
N jw jw jw

) [612(» _ ej3a) + e—j3a) _ e—ijl leJZa) _ e—ijl

jw jw
_ eJ20 _ g—j2w _ gj3w 4 p—j3w _ [2sin(2w)
jw w
., pJ20 _ p=j2w , —eJ30 4 o—J3w 2sin(Qw)
- jw jw w
pJ20 _ p—j2w] [pJ30w _ p—Jj3w] 2 sin(2w)
= -2|——m [ +2 - -
jw | i jw ] w
2sinQw)] _ [2sin(3 2 sin(2
_ _2[ (2w) o sin(3w) 3 sin(Zw)
w | W | W
sin(2w)] [sin(Bw [sin(2w
w | | w | W
sin(3w sin(2w
_ 4[ ( )l B 6[ ( )l
w w

= 4[sinc(3w)] — 6[sinc(2w)]
= 4 sinc(3w) — 6 sinc(2w)

h(t) = 4 sinc(3w) — 6 sinc(2w)



(e)Sketch the spectrum of h(t)(Fourier transform of h(t))for n = {+2,+1,0}
h(t) = 4 sinc(3w) — 6 sinc(2w)
n = {+2,+1,0}
_ 21 m
YT T3

. n . T ) ) 2
h(t) = 4 sinc (3 §) — 6sinc (2 §) = 4 sinc(m) — 6 sinc (§2n>
h(t) = 4 sinc(3nw) — 6 sinc(2nw) = 4 sinc(nm) — 6 sinc <§ nn)

h(t) = 4 sinc[(n)m] — 6 sinc [(n) gn]
n = {+2,+1,0}
2 2
F{h(t)} = 4 sinc[(—2)m] — 6 sinc [(—2) 3 n] + 4 sinc[(2)m] — 6 sinc [(2) 3 n]
+ 4 sinc[(—1) ]
. 2 ] . : 2 . , 2
—6sinc [(—1) 3 n_ + 4 sinc[(1)m] — 6 sinc [(1) En] + 4 sinc[(0)m] — 6 sinc [(0) 3 n]
F{h(t)} = 4 sinc[—2m] — 6 sinc [—%n] + 4 sinc[2m] — 6 sinc E n] + 4 sinc[—m]

[ 2 2
—6sinc |— §n] + 4 sinc[m] — 6 sinc [§ n] + 4 sinc(0) — 6 sinc(0)

4 2 2
F{h(t)} = 0—6sinc[—§n]+O—0—0—6sinc[—§n] +0—6sinc[§n]+0—0

F{h(t)} = —65inc [—%n] — 6sinc [—gn] — 6sinc En]

. [ 4 . 2 . [2
sin —§n] sin [—gn] sin [gn]
F{h(t)} = -6 7 -6 5 -6 5
—§T[ —§77.' gT[
sin [—%n] sin [—%n] sin [% n]
F{h(t)} =6 +6 -6
4 2 2
37 37 37
i 3 VI 3 3 3 43
—q 2 _ o 2 2 _ 2 2 _ 2 15 2
F{h(t)}—6é 6z 6z _6§ 12Z _64_71 122_7T
3@ 3T 37 37 37 3 3
V3 3 V3 3
=6—X-—— 12— X —
2 41 2 2T
_ 33 ,3V3_18V3 36¥3_9V3 93 _9V3-36v3 _ 27V3
8w Amr  8m A 41 T 41 - 41
= —3.721470044
273



2.Consider a continuous — time LTI (Linear time invariant)system described by:
dy(t) d?x(t) dx(t)
2———y(v) = - — 2x(t
. YO=Tge T~ EO

Using the Fourier transform, find the output y(t) if the input x(t) = et u(t)

dy(t) _d%x(D) dx(b)
i??_yw_-dgégdﬁgfﬂﬂ
y(t B Zx(t _dx(D)
F{ZT_Y“)}‘ F{ 2 Tdx ZX“)}

{2(w)y(w) — y(0)} = {(w)*x(w) — (j0)x(w) — 2x(w)}
y(@)[2(w) — 1] = x(0)[(jw)? = (jw) — 2]
[w)? = (jw) — 2]

=g -

x(t) = e tut) = e @ u(t) »a=1

1
x(w) = F{x()} = Fe™ u(®)} =

_)
a+jw 1+jw

sy L G =G0 =2 1

2Gw) — 1 1+jw
S=jw
_s2—s5—2 1 s?—s—-2  [s=2][s+1] [s—2]
Y = T X s T s b+ UG+ 25— 1]
S 2
) = o T T s =1
_s—=2 2 s-2 2s — 22 2s—-1-3  2s—1 3
V) = o T T2 s =1 22s—1]  22s—1]  2[zs—1 25 —1]
1 3
~ 2 2[2s—-1]
3 +r s t 3 13 1 1.3 1
2 2[2s—-1] 2 4251 ) 45_1_2 45_1_2 4[s —0.5]
=
(@) =525 =0s]
1 et 3 1 Yy a3 1
y© = F (@) =F {2 4[5—0.5]}_ {2} £ {4[5—0.5]}
1 3 (1 1 3 e
y(t)=§F {1}—ZF {m}=§6(t)—ze u(—t)

1 3
y(® =580~ Zeo-*‘tu(—t)



3. Calculate the Fourier transform of the windowed cosine function

f () = cos(w,t) [u (t + ;) —u (t Bl ;)]

T T
cos(w,t), —3 <t< 5

ejwot + e_jwot
2

T T
2 (w,t) e /@tqt = 2
pCos(wot) e =

2 2

T
l e jotgr = %sz[ef“’Ot + e~ J@ot] gm0t gt
T T
_ l.fz [ej(oote—ja)t _l_ e—j(;)ote—ja)t] dt — l.l-z [ej(;)ot—ja)t + e—jmot—jwt] dt
2).T 2)_T
2 2

T T

= lfz [e(jwot—jwt) + e(—jwot—jwt)] dt = lfz [ej(wo—w)t + e—j(wo+w)t] dt
2).T 2). T
2 2

T2 (@o— @) | jlwp t @) 2|0, — @) (e, + @)

. T . T . T . T
1|/ (@o—w)7 _ pmilwo—w)y  mjlwotw)y _ ,j(wotw)y

1 l ellwo—w)t  o—jlwo+w)t l 1 Iej(wo—w)t e~ J(wotw)t

2 j(wo — w) j(wo + w)

1 ej(wo—w)g _ e—j(mo—w)g ej(wo+w)§_e—j(wo+w)§
=5 . + .

2 j(wo — w) j(wo + w)

sin(w, — w)% sin(w, + w)% sin(w, — a))% sin(w, + w)%

@o—@ | (ot@ | @ —w) | (0, tw

sin(w, — w)g % sin(w, + w)g T sin(w, — a))g T sin(w, + a))g
— + —
2

@y — @) +§ @yt 2

T T
= Esmc(wo —w) 0 + Esmc(u)o + w) >

(RSN

(0o~ @) 2 (0t @)y

T T T
C, = 5 sinc(w, — w) 5 + sinc(w, + w) 5



4. Find the Fourier transform of the shifted form of the windowed cosine function
g(t) = cos(w,t) [u(t) —u(t —T)]
g(t) = cos(w,t) [u(t —0) —u(t —T)]
g(t) = cos(w,t), 0<t<T
T . T ejooot_l_e—jwot ] 1T . . .
f cos(w,t) e /tdt = f I l e jotdt = —f [e/@ot 4 7 @ot] eIt qt
0 0 2 2 Jo
1

T T
— %f [ejwote—jwt + e—jwote—jwt] dt = _f [ejwot—jwt + e—jwot—jwt] dt
0 0

2
1 I el@o-w)t  H—jlwotw)t

107 . ,
=— | [e/(@o-w)t 4 p=j(wotw)t] gt = —|- + —
Z'I;)[ ] ](wo_w) —](0)0+a))

2
el (@o=w)T _ gj(wo=-w)0  o—j(wo+w)T _ e—j(mo+w)ol

Jj(0, — @) B j(0, + )

1 ej((l)o_w)t e_j((l)o+w)t 1
L'(wo —®) jlw,+w]| El

T2
1 ej(wo—w)T —e0 e—j(wo+a))T —e0 1 ej(u)o—a))T -1 e—j(u)o+w)T -1
‘El jwo—w)  j(w, +w) l‘il j@o—w)  jw, +w)
1 [jsin(wo — w)T + cos(w, —w)T—1 cos(w, + w)T — jcos(w, + w)T — 1]
2 j(wo —(x)) j(wo+w)
1 [jsin(wo — w)T + cos(w, — w)T — 1] 1 Icos(wo + w)T — j cos(w, + w)T — 1]
2 j(wy, —w) 2 j(w, + w)
_1j [jsin(ooo — w)T + cos(w, — w)T — 1] 1j Icos(wo + w)T — jsin(w, + )T — 1]
Zj j(“)o—w) Zj j(wo‘l'w)
_ 1|=sin(w, — w)T + jcos(w, — )T —j| 1[jcos(w, + w)T + sin(w, + w)T —j
) —(w, —w) 2 —(w, + w)
1[sin(w, — )T jcos(w, — w)T N j l
2 ((Do - (1)) (“)o - (‘)) ((1)0 - w)
1| sin(w, + w)T jcos(w, + w)T j
2 (W, + w) (w, + w) (W, + w)
cos? @ +sin?0 =1
cos?60 =1 —sin?0
cosf =+/1—sin?0
Y _AY Y
X% \xZ2 X
c 1 Tsin( )T j\/l—sinz(ooo—w)T_l_ j
= —|Tsinc(w, — w)T —
" 2 ? (('00 - w) (('00 - w)
1 jy1—=sin?(w, + )T j
—=|-Tsi + )T —
2 sinc(wo + ) (w, + w) (w, + w)
1 1—sin?(w, — )T j
= rs W — i
Cn, 3 sinc(w, — w) ]\/ (o0 —w)? + o — o)



1 1 —sin?2(w, + 0)T '
- —Tsinc(wo+a))T—f\] 0 ) -

5 ((,00 + w)? ((l)o + 0))
1 1 sin?(w, — w)T J
Co ==|Tsi —w)T = N
n=3 sinc(w, w) ]\/((00 — w)? (w, — w)? (0, — w)
1 1 sin?(w, + 0)T J
—_|=Tsi T—j -
5 [~ Tsinc(w, + @) ]\/(wo T w)? (wo + )2 (0o + )

| _ 1 . J__
Cn = E Tsln(,‘(ooo — a))T —]\]m - smc2((oo - (U)T + ((Do — w)
1 . . 1 in 2 —j
-3 —Tsinc(w, + w)T — j [T sinc?(w, + w)T + (o0 T ©)
1., 1 inc? S
Cn = E [TSlTlC ((,oo — a))T + m — Sinc ((Do - G))T - ((JL)O — w)
1 ) 1_ inc? - !
-5 [—Tsmc (wo + )T + (@0 T 0)? — sinc*(w, + w)T — (0, + w)z]
- 1 1 1 11
C, = = sinc (wo — w)T + o —a)? 5 sinc (wo — )T — 2(on—a)
T . ) 1 1 1 . 2 1 1_
+ = sine (wo + w)T — YT + 5 sine (wo + w)T + 20, + @)?
- 11 1 11
C, = Esmc (wy — )T + E—((x)o — )2 — ESlTlC (wy — w)T — E((Do — o)
T . ) 1 1 1 . 2 1 1
N R Tovern e S R U Trwe 2

1 T 1
C, = Esincz(ooo —w)T — Esincz(ooo —w)T + Esincz(ooo + w)T + Esincz(ooo + w)T

T . 2 T . 2 1. 2 o 2
Cn =7 sinc (0o — W)T + = sinc?(w, + W)T — = sinc?(w, — W)T + = sinc?(w, + w)T

2 2 2
1
Cn =5 [sinc?(w, — )T + sinc? (wo + W)T] + 5 [sinc? (W, + )T = sinc?(w, — )T}

T 1
Cn _ E [SinCZ((Do o a))T + SinCz((x)o + (U)T] + E [SiTlCZ(UOo + a))T — Sincz((l)o - O!))T]



5. Calculate the Fourier transform of the windowed sine function
f(t) =sin(2t) [u(t + 1) —u(t — 1)]

f@®) =sin(2t), —-1<t<1
1 ' 1 [gi2t _ g-j2t ' 1 (1 _ '
f sin(2t) e™/*tdt = f [—l e J@tdt = —.f [e/2t — /2] emJwtqt
-1 -1 2j 2j)_4
1 (! . , ] ) 1 (! _ ' _ '
= — [e—]wteJZt _ e—]wte—JZt] dt = — [e—ja)t+]2t _ e—ja)t—]zt] dt
2jJ_4 2j ),
1 1 . . . ) 1 1 ) .
=— [e(—lwtﬂzﬂ - e(—Jwt—JZt)] dt = _f [ej(—cu+2)t _ e—](w+2)t] dt
2jJ 4 2j ),
1 [ej(—w+2)t e~ J(w+2)t 1 Iej(—a)+2)t e~ J(w+2)t
=53 - =571 + -
2jj(m0+2) —jlw+2)] 2j[jC-w) jlw+2)

1 [e/(2-w) _ g=jC-w) p-jlw+2) _ pj(w+2)
+
[ Jj2 - ) J(w+2) l

2
1 [e/(2-w) _ g=jC-w) pjlw+2) _ o—j(w+2)
_27[ jC-w)  jw+2) l
_1[ef@ @) —emJ@mw) - pjlerD) _ om(@¥] 1 [sin(2 — w)  sin(w + 2)
Tl j2Q-w) j2(w + 2) Jjl C-w) (w+2)

| =

[sinc(2 — w) — sinc(w + 2)]

~

C, = —j[sinc(2 — w) — sinc(w + 2)]



2.2.7 7. — transform

1.Using Z
— transform, solve the following difference equation with the given initial conditions:

y[k] — 3ylk — 1] = x[K] with x[k] = 4u[k], y[—1] = 1.
ylk] = 3ylk — 1] = x[k]
Z{yl[k] — 3ylk — 1]} = Z{ x[k]}

Z transform Table:
y[K] = ylz]
Y[k—l]—{z tylz] + [ }={z"tylz]l + 1}

1]
] = 4u[k [z—l]

Z{y[k]} — 3Z{y[k — 1]} = Z{4u[k]}
Z{y[k]} - 3Z{y[k - 1} = 4z{ulk]}
ylz) = 327 ylz] + yl-11) = 4[-—

ylz] =3z y[]+1}—4[2_1
4z
izl - 36yl - 3 = |
4
ylz] - 36 ylal) = 3 + |

Y1 - 31z —1]}=3+[ =

z—1
3+[Z—1
e = a5

3 [1]

W= T Ao ae

47 1

— 1)
g

47 1
yle] = ——=+ :;:%:
= =
[4z]
_ 3 -1
ylzl [z—3] " [z-3]
[z] [z]
(2] 3[z] [4z][z]
[z—3] [z-1][z— 3]
3[z] [42%]
T P P
3z 472




partial fraction:

472
vl = =3

y[z] 47 A B

z [z-1z=3] z=1] " [z=3]
4z{z—1][z—3] Alz—-1][z—3] Blz-1][z— 3]

[z—-1][z-3]  [z-1] [z — 3]
4z = Alz — 3] + B[z — 1]
when z=1 weget 4(1)=A[(1)-3]+B[(1)—-1]
4=A[1-3]+B[1-1]
4 = A[-2] + B[O]
4 = A[-2]

A= L 2
===

4z = Alz — 3] + B[z — 1]
when z=3 we get 4(3) = A[(3) = 3]+ B[(3) — 1]
12 =A[3-3] +B[3—1]
12 = A[0] + B[2]

12 = B[2]
B=—=6
ylz] 47 A B
z [-1z-31 z-1 [z-3]
ylz] _ 4z =2 6 2 6
Z z-1z=3] z=1 z=3]  [z=1] " [z=3]
472 Az Bz 2z 6z

Ll Py oy Bl PR I s Rl P S P

the inverse of the Z transform:z1y[z] = y[K]

3z 472 3z 27 6z

L el P P P P M Pyl ey
_ _ 3z 2z 6z
Y[k]zz1Y[Z]=Z1{[2—3]_[2—1]+[z—3]}

ylk] = z7ly[z] = 271 {[23_23]} -z {[Zz_zl]} +z {[Zizs]}

Z transform Table:

z—1 z—b
zZ ” __z 2_z(z+1)
(k _k)_(z—1)3 k T (z-1)3

ylk] = z7ty[z] = z7* {[Z 3_23]} —z7" {[22_21]} +z {[z 6—23]}

y[k] =z ly[z] = 32‘1{ z }_ 271 {ﬁ} n 62‘1{

[z i 3]}




ylkl = 27 y[z] = 3(3)* — 2(hy) + 6(3)"
ylkl = 3(3)* — 2(hy) + 6(3)"
ylkl = [3 + 6](3)* — 2(hy)

ylk] = 9(3)* — 2(hy)
2.Determine x[4] given
2x[k + 2] — x[k + 1] + x[k] = —=k? x[0] =1 x[1] = 3
2x[k + 2] — x[k + 1] + x[k] = —k?
7Z{2x[k + 2] — x[k + 1] + x[k]} = Z{—k?}

Z transform Table:

x[K] = x[z]
x[k + 1]—{Zy[] []}—{ZX[] Z[1]} ={Z x[z] — Z}
x[k+ 2] = {Z% x[z] - [] Zx[11} ={Z%x[z] - Z?[1] - Z[3]}
Z{ZZX[]— Z? - 37}
, 2z(z+1)
S (z-1)?

7{2x[k + 2] — x[k + 1] + x[k]} = Z{-k?}
27{x[k + 2]} — Z{x[k + 1]} + Z{x[K]} = —Z{k?}

2{2%x[z) — Z? —3Z}y—{Zx[z] -7} +x[z] = z(z-i_l;z
2{ 2% x[z]} — 2{Z?} — 2{3Z} — {Z x[z]} — {~Z} + x[z] = _@2+2)
(z—-1)°
2
2 7% x[z] — 222 — 6Z — Z x[z] + Z + x[z] =_g _+1§2
2
2 2% x[7] - Z x[7] + x[] =zzz+6z_z_g _+1§§
2 5 (z% + 2)
X222 -7 +1] =222+ 52~ -—55
2 >+ 2 4
2 +52_8—1§3_ 272 457 —8_52
W =hz =7+ Rz -z+1 22-Z+1]
(z%2 + 2)
27 +5Z GZ=-1)3
Nl = =7+ 2 =z 71
2722 +5Z [22 + 7]

x[z] =

277 —Z +1] ' Z=1P22% —=Z +1]

partial fraction:

222 —Z +1]=0



b + Vb7 —4ac _ —(-1) +/(-1? — 4@)(1) 1.7

2a = 2(2) o L=ty
1 V7 1 V7. 1 V7
[ZZZ -7 +1] [Z—Zirjl:lz—z—rjllz—z-*-jj

=Dl (7)€ (F)-(F)D)
{@1)@{1)(%)(%)}{(21) ()= {2+
{23

272 +5Z 272 +5Z Z[2Z + 5]
[222—Z+1]_I 1 7 ﬁ] [222 —Z +1]

7 7 2 5
+16} {(42—1) 16} [(4Z — 1)% + 0.4375]

x[z] =

. 1
Z_Z_TJHZ 'tz
x[z] [2Z + 5] B 2Z +5
z _[ZZZ—Z+1]_I H l
Z_
L v 1.7
Z-3=7/J lZ_Z"'le
ZZ+5—A_Z 1+\/7'—+BZ L V7
B R 1”4/
1 7.
Whenz=Z+T] we get
+ Ls o +\/7, 1+\/_ Lplt Y7 1 V7
] - 2/ R i i

1
l +—] +5=A I—]+—] + B[0

s
—]l:lz+7]]+5
%‘/_]l+51\/'+5 eI S R
A= 2 _2 2) 7 2/ _ 12
V7 . x/_ V7| V7. ﬁ 2 V7

2/ 2/ 2/ 2/ 7

11 11 11vV7  8J/14 . .
—_—— 1=1—-—— _ | — —1,3348]=4_2 —1,35j
J\/_+ 7]\/7 7 j - e 8e



814

2
R =m=j(1>z+(“f> -

11V7
7

7

6 =tan~!|———| = —1,334757034

1
1177

A=1 ——J= 4.28e~ 135

2 9 ¢

11V7 . 8V14
7 /T 77

x[z] [2Z + 5]

11 11V7
:__+1:1+_N__1+T]

2Z+5

el,334-8j — 4.2861'35j

= 4.27618

z  [27%2 —Z +1] lz_l__HZ__ £l
zJ

lz_g_xﬁ.

17 J lZ_

1,
7}

Z[22+5] Z[2Z +

V7 .

T]

5]

x[z] =

AZ

222 —Z +1] 1 V7
-

Z

+
ZEIN

B
1
Z+

V7
)

J

“

V7



1hﬁ1
j

Z
V7 l
=/

7 ’ll I ﬁjl+[1+11;/7jllz_1 7]

61,3348]l

the inverse of the Z transform: z~x[z] = x[K]

x[k] = z7x[z] = Z_ll 8me" 8v14

7 B 717 o : V7 L
l ll 1 %l [ ll 1_£dJ

(
8v14 ] yA 8V14 ] yA

X k — Z—l e—1,334-8] >+Z_1 I 81’3348] >
= el T L
) 41J 274/

Z 814 ] Z

b+ e13348] [ 7=1 7 >

7
LIZ_%_\/T?]L _ _ [Z_%-l_ﬂ'L
i : 1.V7.
N 8v14 13348 [e-<—z+71>]

8vV14
7

x[k] = l

e—1,3348jl 771

17,
X[k] _ l8\(7ﬁe_1_3348jl [e_<___ 2 vl -

[k] l8\/_ 13348]] [el \/7 l + _@ 1,334—8]'_

7 e

x[k] = l8\/7_€_1'3348jl Ieie 47’l + IS\/_ 13348}'] Ie%e‘ 71]

e {w— v [ [BLE ] 1)

B o
RTLT NE

\/7].]




x[k] = e% I8‘/7ﬁl {[6-1,3348]4@]'- + -81,3348]'—@']}
K[k = [Wﬂ {9(1'33481&3;) . e<1,3348].%>}
[ = e [8“? _{e<1'3348+ﬁ7)} N ;(1,3348@,.}
x[k] = e% @l;e(—lj3348+g>j N e—<—1,3348+@>j}

x[k] = e% @l {2 cos <—1,3348 + g)}

x[k] = e% _16\7/ﬁl {cos (—1,3348 + g)}

1[16V14
x[K] = e% Z l{cos(—0.6733192062)}

x[k] = 10.98144728{cos(—0.6733192062)}
x[k] = 10.98144728 cos(—0.6733192062)
x[k] = 10.98144728 cos(0.6733192062)
x[k] = 10.98068901 = 11
x[k] = 11

Il partial fraction

B [22 + z] _ z[z + 1]
x[z] = [z—113[222 —Z +1] [z-13[272%2 —Z + 1]

B z[z + 1]
[z—1]3[2—%—‘/7r7jl IZ—%JFQJ'I
x[z] [z + 1] B AZ +B C D E
7 Z-1PRZ -z +1] 222 -2 +1 z=1] =12 Tz=1F

x[z] A N B N C N D N E
[Z_l ﬂ [Z_%+%l -1 Z—1F =17

i

1-7
[z + 1]
[z—-1]3[22% - Z + 1]

Az Bz Cz Dz Ez

+ + + +
lZ—%—\/T?]'l lZ—%‘l‘g]'l [z—1] [z—-1]? [z—-1]3

x[z] =



the inverse of the Z transform: z~x[z] = x[K]

x[K] = z-'x[z] = Az 4 Bz Cz Dz Ez
B B -1 1]2 —-1
[Z_%_%’l [Z_%+%l -1 217 [z-1]
x[k] = z71x[z]
\
Az Bz Cz
=z! P+ 1zl + Z_l{ }
1 V7 1,7 [z —1]
7]
1 Dz 1 Ez
e {[2—1]2}+Z <[Z—1]3
x[k] = z71x[z]
( ) ( )
O IR O PR S
Az ; 3 + Bz <Z 3 +Cz {[2—1]}
[+ 7
1 z 1 z
+ bz {[z— 1]2}+EZ {[z— 1]3}
_<_1__7,- _<_z+ﬂj
x[kl =z 1x[z] =de \ * */+Be \ * *) 4 Ce= D 4 Dk(-1)F 1 + E{k% — k}
(), 5 6-7)
x[k] = Ae\* *7/ + Be\* *") + Ce + Dk(=1)¥"1 + E{k? — k}
(), 50
x[k] = |4e\* *"/ + Be\* *'/|+ Ce + Dk(—1)* ' + E{k? — k}

e
x[K] = [AeTTJ + Bei™ 4fl + Ce + Dk(—1)** + E{k? — k}
147, 147,
x[k] = |Ae%e®’ + Beze 2’| + Ce + Dk(—1)** + E{k? — k}
il V7 V7.
x[K] = e% lAe 4/ + Be 4 Jl + Ce + Dk(—1)** + E{k? — k}

1 V7
x[k] = e*[A = B] [e4]+e 41]+Ce+Dk( D1 + E{k? — k}
[A=B]= N for some reasons that you don't need to know

7
[k]—e4 Ie41+e 41]+C€+Dk( D1 + E{k? — k}

x[k] = e%[N] lZ cos T7l + Ce + Dk(—=1)*(—=1)"* + E{k? — k}
x[K] = Ze%[N] lcosﬂ + Ce — Dk(=1)* + E{k? — k}

x[k] = Ze}t[N] + Ce — Dk(—1)* + E{k? — k}
x[k] = 2.568[N] + Ce — Dk(—1)* + E{k? — k}



x[k] = 2.568[N] + Ce — Dk(—1)* + E{k? — k}

inverse partial I + inverse partial 11
x[Kk] = 2.568[N] + Ce — Dk(—=1)* + E{k? — k} + 11
x[k] = [11 + 2.568][N] + Ce — Dk(—1)* + E{k? — k}
x[k] = 13.568[N] + Ce — Dk(—1)* + E{k? — k}
x[Kk] = 14[N] + Ce — Dk(—=1D* + E{k? — k}

x[k] = 14[N] + Ce — Dk(—1)* + E{k? — k}

3. Write down the first five terms of the sequence defined by f[k] = 4(2)¥tu[k — 1],
k > 0 Find its Z transform directly, and also by using the second shift theorem.

flk] = 4(2)* tulk — 1], k=0
k-1
1 = 4@l = 1) = (@2

[0e]

Z{a*ulk ]} = z{4(2)* tulk — 1]} = Z 4(2)k-1717k = 2{4(2)2—1}k—1
=0 k=0
k=0123..
Z{4(2)*tulk — 1]} = 422711 + 4227+ {4z + (4(2)z 713

+ -+ {4(2) 271K

the sequence
Z{4@2)* Wk — 1]} =42 3 1+ {(4()Z" 13 + 4z} + {4(2)Z71)?
+ -+ {4(2)Z7 13K

Geometric — Series: r = az~ !

k] = e - = T =
S[]—1_4[2]2—1_1_4[2]_2—4[2]_2—4[2]
VA Z

4. Solve the difference equation y[k +
subject to the condition y

ylk + 2] + 3y[k + 1]

Z{ylk + 2]+ 3y[k + 1]

Z transform Table:
ylk] = ylz]
ylk+ 1] = {Z y[z] —y[0]} = {Z y[z] — 0} = {Z y[z]}
ylk+ 2] ={Z?ylz] — Z?yl0] — zy[1]} = {Z? y[z] — Z?[0] — Z[1]} = {Z* y[z] — Z}

Z{ylk + 2]+ 3ylk
Z{y[k + 2]} + Z{3y[k
Z{y[k + 2]} + 3Z{y[k

{Z2 ylz] = Z} + 3{ Z y[z]} + 2{y[Z]

+ 1] + 2y[k]} = Z{0}

+ 1]} + Z{2y[k]} = Z{0}
+ 1]} + 2Z{y[k]} = Z{0}
y } = {0}



Z*ylz]l = Z + 3 Zylz] + 2ylz] =
Zzy[z]+3Zy[Z]+2y[]=Z
{Z% ylz] + 3 Z y[z] + 2y[z]} =
ylzl[Z? +3Z+2]=Z
Z

[Z2 +3Z + 2]

ylz] =

partial fraction:

ylz] =

22 +3Z+2] [Z+1[Z+2]
[Z2 +3Z+2]=0
—b +Vb? —4ac -3 +.,/(3)2 - 4(1)(2) 7 = _1 7 = _2
2a " 20D IO

[Z2 +3Z+2]=[Z+1][Z + 2]

B 7 B 7 Az BZ
el =372  Zr Oz 2z Z+2
y[z] 1 1 A B

7 22 +32+2 Z+1Uz+2 Z+u Tz 2

1=A[Z + 2] + B[Z + 1]
when z=—-1  we get 1=A[(—-1)+ 2]+ B[(-1) + 1]
1=A[-1+4+2]+B[-1+1]
1 = A[1] + B[0]
A=1

1=A[Z+2]+B[Z +1]
when z=-2  we get 1=A[(-2)+ 2]+ B[(-2) + 1]
1=A[-2+2]+B[-2+1]
1= A[0] + B[-1]
1= B[-1]
B=-1

Z AZ Bz [z [-1z  Z A

=z va 0 v Z+0 Z+2 Z+1 Z+2

the inverse of the Z transform:z~1y[z] = y[K]
1 R Z Z Y Z 1 Z
ylil =2z"ylz] =z {u+1y_w+2ﬂ_z {w+1ﬂ_z &Z+ﬂ}

ylkl = (=1)* = (=2)*

7%+ 3z

5.Find the inverse Z transform of 322+ 27—5

partial fraction:
z2+3z  z[z+3]

G(2) = =
(2) 3224+2z—5 3z2+42z-5




3z242z—-5=0
—b+Vb? —4ac -2 +./(2)?—4(3)(-5)
2a = 2(3) -

5
lel, ZZ=_§

5
3ZZ+ZZ—5=[Z—1][Z+§]
z% + 3z z%2 + 3z z[z + 3]
G(Z)=322+22—5= 51 322+ 22— 5
[z—1][z+3]
G(z)  [z+3] [z + 3] A N B
z  3z242z-5 51 [z-1] 5
[2—1][z+§] [z+§]
— 5_
[z+3]=A Z+§ + B[z — 1]

when z=1 we get [(1+3]=4 [(1) + g] + B[(1) — 1]

1+3]=4|1+2|+B[1-1]

[z +3] =A[z+§]+B[z—1]
when =3 weger [(3)+3]=a(3)+ 3] +8[(-3) 1]
[Seo]=al 5ol 5
5= a1+ 5[~

-5l

z 1
—_3 _ Iy _I___-__
B = §— 3)(8— 8= 3" 0.5
3
G(z)= [z + 3] _ [z + 3] _ A N B
z 3224+ 2z-5 [Z—l][Z+%] [z —1] [Z+§]
G(z) A N B
z  [z—-1] [Z+%
G(2) = Az + Bz %Z +—%Z E z _1 z
T g TE R PR 2



the inverse of the Z transform: z~1G[z] = G[K]

3 z 1 z
“dzip—u_i[

Z+%

B 13z 1 z 3 zZ 1 _ 4
G[k] = z7'G[z] = z 1{5[2_1]_§[z+%]}252 1{[2—1]}_52 1{[2_'_%]}

61 =310 ~3(~3)

qm=1sm@—os§§)

k



FISA

1. Find the directions in which the directional derivative of f(x,y) = e*siny,
at the point (O, g) has the value 1.
Duf =1
fr = e*siny
fy = e*cosy
Viy) = (e¥siny)i + (e*cosy)j = e*(siny)i + (cosy)j
s
at the point (0, 5)

x=0
A
=3
fr = e*siny = e°sin%=sing=§
fy_e cosy = e’ cosy = ¢ COS§:COS%:%
V3 1 1
Vf(x,y):<7>i+(2) E[\/—L+]]
Duf = Vf(x,y) XU
1= 2[V3i+j] xi
2—[\/§L+]]xﬁ
[\/§i+]] -
= 2 B 2[\/§i—j] _ 2[\/§i—j] B 2[\/§i—j] _2[\/§i—j]
Tl Ve HE I (BE - 3o 3
_ 2[V3i—j]
- 2
ﬁ=2W§‘ 1 (aimj] = [+

2
[—2] - B )
= [-V3i +]]| = [~ai + bj] —2<——=Ze 6' = 2e730%

IR| = m— /\/_) +(1)2=Vd=2

6=t 1——t =—Z=_30°
an”" — an~ _\/_ c
our the directions:
the angles is 8 = —30° and the magnitude is 2

2. Use Green's theorem to evaluate



where F(x,y) = (ycosx — xysinx)t + (xy + xcosx)J,
C is the triangle form (0,0) to (0,4) to (2,0)to (0,0).
F(x,y) = (ycosx — xysinx)t + (xy + xcosx)j
(ycosx — xysinx) (xy + xcosx)
V=
Dx Dy
V = —Dy(ycosx — xysinx) + Dy (xy + xcosx)
V = —(cosx — xsinx) + [y + Dx(xcosx)]

V = —cosx + xsinx + y + (cosx — xsinx)
V = —cosx + xsinx + y + cosx — xsinx
V=y
the triangle form (0,0) to (0,4) to (2,0)to (0,0)
A=D=(00)
B=(04)
C=(2,0)
(2,0) to (0,4)
m=3’2‘)’1=4—c )
X, —x1 0—2
(2,0)

y =y =mx —x)
y—0=-2(x—-2)
y=-2x—-2)=-2x+4
(0,4)

Y=Y, =m(x —x3)
y—4=-2(x—-0)
y=-2x+4

Xy Y2 2 r(—2x+4) 2,2 2T(_ 2 _ 2
y (—2x+4) (0)
f:f j VdXdy:ff yd"dy:f [7ldxzf[ 2 O
X1 YY1 0 Y0 0 0

207 2 2 2 _
:f l% d, :f l(4x 16x+16)l d,
0 0
2 16

2
1 114 16
=—J [4x2—16x+16]dX=E[§x3——x2+16x] =—
0

2 2 3
(—2x+4)?> = (—2x+4)(—2x + 4) = 4x?> — 8x — 8x + 16 = 4x?> — 16x + 16

Xy Vs 2 p(-2x+4) 16
f = f f VdXdy = f f dedy = ?
X1 YY1 0 70

3.In the circuit in figure 1, a battery supplies a voltage of E(t) = 40sin60t volts,
the inductance is 1H, the resistance is 20 ohms and 1(0) = 1A.

(a) Find I(¢t).
(b) Find the current after 0.1 seconds.
E = Vr + Vl

E=LR +LdI1
— 11\ dx

. dl;
40sin 60t = 201, + —
dx



dl; .
—+ 201, = 40sin 60t

dx
§= el 20dt — ,20t
I(t) =1

e20I(t) = f(e2°t4o sin 60t)dt = 40[(620t sin 60t)dt = 40]62°t(sin 60t)dt

pJ60t _ o—j60t
= 4OerOt l—zj ldt

e]60teZOt _ o—J60t 520t J60t+20t _ ,—j60t+20t
o Jaem s [ e,

e(]60+20)t _ e( j60+20)t o (j60+20)t _ ,(20~j60)t
=40f ldt—él-Ofl ldt

2j
0 (J60+20)t _ e(zo j60)t
= 40f ,
2j

dt 2] [e(j60+20)t _ e(zo—jeo)t]dt
20 [ 60+20)t e (20-j60)¢

1 (60 +20) (20— j60))
20 l 0 (/60+20)t 20 [ ¢(20-j60)t e (J60+20)t e (20760

(j60+20) ~j |@o- j60)l+c 20 Gz20 =60 (j20 — 60)| (/20 s0y| T ¢

[(120 0] AR [(120+60) eI+ C
20 .
27 |pUso+20t _ (2T |, (20-j60)
[(60 ]20)] oo [(jZO+60)]e e
_ _%[(3 —j)] o (j60+20)t _ _0[(]_ 5 (20-j60)t |
1 . .
— (jeo+20)t _ |__— | ,(20—j60)t
[(3_]:) 2(j60+20 [(]‘+3.)]e 20-j60)t |
= — [(31—'(_)]) e(j60+20)t _ [—(31_0])1 e(20-j60)t 4
[ ]:[ ](3+j)l: B+ l: B+ |_[B+D)
G-pN1 1B=-NHB+HN| |B-HB+H] [B)*-=M2 |9-(-D
@+N] _[B+N] B+))
“{o9+1| | 10 | 10
[ ]:[ ](S—J')l: S l: G- |_[B=D
G+ LG+DCB-=nN |B=-HNB+H] [B*=(M2 |9-(-D
@=N1 _[B=N] _ B=)
“lo+1| | 10 | 10
eZOtI(t) - _ [(31"(')j) e(j60+20)t _ [(31_()j)l e(20—j60)t +C
_ (3;(_)].) o (600t 5 (20)t _ (31_()j) e (-j60)t (200t 4

_e(20)t {l%l e 60Xt 4 l%l e(—jéO)t} +C



G+N| CE) .
20t _ _ (0t (j60)t (—je0)t
e“ " I(t) e 0 |¢ 1 10| +C
20t (20)¢ N .
—I(t) = —e (3 +]) e(j60)t + u e(_j60)t +i
220t 220t 10 10 220t
[B+)] (GB=D] el €
— _ (jeolt ~= J/) ,(=je0)t _
1(t) B e + B e +-820t
(B+)] (G=D] o]
= _ (jeo)t ) J(—jeodt —20t
I(t) B e +_ 10 e + Ce
I(t) = — _—i+ ]—] [cos 60t + j sin 60t] + 3 _J [cos 60t — j sin 60t]| + Ce™20¢
170 " 10 J 10 10 J
I(t) = |3 60t + J 60t + 3 i 60t . 60t]
(t) = __10cos 10cos 10]Sln 1Osm
+ icos 60t — Lcos 60t — 3 jsin 60t — isin 60t] + Ce™20t
10 10 10 10
I(t) = 3 60t+j 60t+3" 60t L. 6Olf+3 60t
) = _10cos 1Ocos 1O]sm 1Osm 1Ocos
- Lcos 60t — 3 jsin 60t — isin 60t] + Ce?0t
_ 10 10 10
3 j 3 3j 1 3 1
I =—||l—+=—4+——"Alcos60t] + | — - — - =— — — ; —20t
® 10 + 10 + 10" 10 [cos 60t] + 1010 10" 10 [sin 60t]| + Ce
13 3 1 1
= =+ = N i O —20t
1(t) __10+10][cos60t] [10+1O][51n60t]l+6e
I(t) = — i] [cos 60t] — [i] [sin 60t]| + Ce™2%t
70 10
13 1
I(t) = — g] [cos 60t] — [g] [sin 60t]l + Ce™20t
:3 1
I(t) = — g[cos 60t] — g[sin 60t]l + Ce™20t
3 1
1(t) = — [cos 60t] + A [sin 60t] + Ce™20t
3 1
I(t) = g cos 60t + gsin 60t + Ce—20t
(a) Find I(t):
1 3
1(t) = gsin(60t) — gcos(60t) + Ce™20t
1(0) = 14
t=20

1 3
1(t) = gsin(60t) — gcos(60t) + Ce™20t

1 3
1 = =sin(60 x 0) — gcos(60 X 0) + Ce™20%0

5

1 3
1 = =sin(0) — gcos(O) + Ce®

5

3
1=O—§><1+C><1



1=-24c
~ 5
C=1+2=2
-7’5 s
o_ 8
"~ 5

1 3
1(t) = Esin(60t) - §c05(60t) + Ce™20t

1 3 8
I(t) = gsin(60t) — gcos(60t) + ge‘ZOC

(b) Find the current after 0.1 seconds.
t = 0.1 seconds

1 3 8
I(t) = Esin(60t) - Ecos(60t) + ge—zm
1 3 8 _
1(0.1) = gsm(60 x0.1) — gcos(60 x 0.1) + e 20%0.1

1 3 8
1(0.1) = gsin(6) — gcos(6) + ge_z
1(0.1) = —0.3592709914A4

1(0.1) = —0.364

4. Consider the dif ferential equation
t?2+2t—1—4yy' =0
Answer the following questions.

(a) What is the order of this equation?

First Order
(b) Is this equation linear?

Non linear
(c) Is this equation separable?

t2+2t—1—4yy' =0

d
t2+2t—1—4yd—il=0
t2dt + 2tdt — 1dt — 4ydy = 0
[t? + 2t — 1]dt — 4ydy = 0
[t? + 2t — 1]dt = 4ydy
[t? + 2t — 1]dt = 4ydy
Yes, seperable.

(d) Is this equation exact?

[t? + 2t — 1]dt = 4ydy
V= [t2+2t—1] 4y
dt dy
[t +2t - 1], —[4y]: =0
[t? +2t —1]') = [4y]";
[0] = [0]

Yes, Exact.



(e) Find its general solution.

t2+2t—1—4yy' =0
[t? + 2t — 1]dt = 4ydy

f[t2 + 2t — 1]dt = f4ydy
t3+2t2 t+C|= oy
3 2 |2

t3
l?+t2—t+Cl= [2y2 + C]

t3
?+t2—t+C=2y2+C
t3
—+t?—t= 2y°
3 .
, Tt+tP -t
Y 2
3
%+t2—t
V= 2

5.Find the general solution of the following second order no
— homogeneous linear

dif ferential equation:

y'—5y +6y=e3+t>—4

[D? —5D + 6]y =e3t +t?2 -4

[D? —5D+6]y=0

y=20

[D2 —5D +6] =0

D?—5D+6=0

v —b++Vb?—4ac 5+V52-4X%X6

2a 2
[D—3][D-2]=0
D1:3
D, =2

ys = Ae3t + Be?t
ys =e3t +t2 -4
Y particular Table:
Yy = eBt — AeBt
y's = 34e3t

y"; = 94e3t

y'—5y +6y=e3+t>—4
9Ae3t — 5[34e3'] + 6[Ae3t] = e3¢
9A4e3t — 15 Ae3t 4 64e3t = e3t

[9 — 15 + 6]4e3t = e3¢



[0]Ae3t = e3¢
[0]4 =

1
A= 6 = o0
A=t

y, =t*—4=At*+Bt+C
y,2=2At+B
y"2:2A

y'—5y' +6y=e3+t*—-4
2A —5[2At + B] + 6[At? + Bt +C]=t*>—4
2A — 10At — 5B + 6At?> + 6Bt + 6C =t> — 4

6At2 = t2 64 =1 Azé
104t +6Bt=0 —10A+6B =0 —10[%]+6B=0 6B=10E]=
5 p_3_5
3 6 18
24 —5B + 6C = —4 2[%]—5[15—8]+6C=—4 §—§+6c=—4 6C =
1 25
IRERET
53 23 53
18
6C = — > C=-8=_"—"—
18 6 108
L] o5 o _53
6 18 108

Yy=y1tYy>+y3
5 53

1
y e’ + Be“" + te +6 +18 108

6.In the circuit shown in figure 2: E = 500sin10t,R; = 10 Ohms,R, = 10 Ohms, L
= 1H,

C = 0.01F. If the currents l,and I, are zero at t =

0, find the laplace transform expression

the current through the inductor L.

L-L =1
E:Vr1+VC1+VL1
0=V7‘2—VL1

E =VT1+VC1+VL1

E=1I(t +1f1 tdt+LdIL
=Lt I 1(®) 10y



d[I,(t) — L,(t)]
dx

500 sin 10t = 101, (t) +L[ 1(t) dt + 1d[11(t) — L]

1
E = Il(t)rl + Ef Il(t) dt + Ll

0.01 dx
d
500sin 10t = 101, (t) + 100 f L(t)dt + %[ll(t) —L(t)]

d
L{500sin 10t} = L{lOIl(t) + 100 f L(6) dt +—[I,(t) — Iz(t)]}

dx
500L{sin 10¢} = 10L{I,(£)} + 100L { f 1,(0) dt} + L{;—x [1,(6) — Iz(t)]}
10 100
500 [m] = 10,(5) + —— 11 (5) + sTh () = L (5)]

[ 10 ]— 101 1001 )i I
2+ 100l = 1(5)+T 1(8) + s[I1(s) — I(s)]

S
500 [52 m 100] = 10sI,(s) + 1001, (s) + s2[I,(s) — I,(s)]
10s 5 5
500 [SZ 100l = 10sI;(s) + 100I,(s) + s°11(s) — s“I(s)
500[ 10s = [10s + 100 + s?]I 2l
52 + 100 - S S 1(5) S 2(5)
[ ©000s =[s?+ 100 + 10s]I 2]
52 + 100 =1Ss S 1(5) S 2(5)

0 = Vrz - VL1
dl,
0 = Iz(t)rz - Lla

d[1,(¢) — L(1)]
dx

d
0 = 10I,(t) — 1&[’1@) — L()]
d
0=105() = () ~ (0]
10} = L{105,(6) = [1:(®) = L)}

d
L0} = 10L{L, ()} - L= [1(®) - L(©)l}

0 = 10I5(s) — s[l1(s) — L (s)]
0 = 10I,(s) — sI,(s) + sl,(s)
0 =1[10 + s]I,(s) — sI;(s)
0 =sl,(s) —[10 + s]I,(s)

0=15L{®)r,—L,

{[ >000s =[s%2 4100 + 10s]I,(s) — s%1,(s)

s2 4100
0 =sl,(s) —[10 + s]I,(s)
V= [s2 + 100 + 10s] —s?
S —[10 + s]

V={—[s%+4 100 + 10s] x [10 + s]} — {[s] x [—s?]}
V= —[10s? + s% + 1000 + 100s + 100s + 10 s%] — [—s3]



V= —[20s? + s3+ 1000 + 200s] + s3
= —20s%— s3—1000 — 200s + s3
= —20s%— 1000 — 200s
V= —20 x [s2 + 105 + 50]

2

[ 5000s
—S

s2+100

{ [50005 ’ —[210‘_|'S]
e ><[10+s]}—{[0]><[—s ]}_{—[

B [50005[10 + 5]

VL':

1

5000s

s2 4100
250s[10 + s]
=-20X |————F—

Vi=

1

X [10 + s]}

s2+100 s2+100

250s[10 + S]]

., = —20 X
Vi 0 s2+100

[s2 + 100 + 10s] [SOOOS
s U527+ 100

S 0

5000s 50005
V;,= {[ s+ 100 + 10s] x [0]} {[S] X [Sz 1100 } { % [52 +100 }
250s2
s2 +100

U = 20 25052
b2 s2+ 100

Vi=

2

=—20><[

20 x 250s[10 + s]] 250s[10 + s]]
Vi, 52+ 100 52+ 100 250s[10 + s]

2 2
—20 x 250s 250s

TV T —20x[s2+10s+50] [s%+ 10s+50] [s2+ 10s + 50][sZ + 100]
v s2+100f] [sZ¥100] 2505

TV —20x[s2+10s+50] [s2+ 10s+50] [s2+ 10s + 50][s% + 100]

2505[10 + s] 25052 + 2500s

I = =
1(5) = 527705 + 5052 + 100] ~ [sZ + 105 + 50][s2 & 100]

25052 2500s

h(s) = [sZ+ 105 + 50][sZ + 100] ' [52 + 105 + 50][s2 + 100]

250s2
[s?2 + 10s + 50][s? + 100]

I,(s) =

I,(s) = I1(s)—1(s)
250s2 2500s

[sZ+ 105 + 50][sZ + 100] | [sZ + 10s + 50][sZ + 100]
250s2

[s?2 + 10s + 50][s? + 100]

I(s) =




2500s
[s?2 + 10s + 50][s? + 100]

I,(s) =

Partial fraction of 1,(s)
2500s
I(s) =

[s?2 + 10s + 50][s? + 100]

—b+VbZ—4ac _ —10 + V107 — 4 X 50

[s2 + 105 +50] = 0 — . = _545)
a’ + b? = (a + bj)(a — bj) a’? + b? = (a+ b)? — 2ab a? + b?
= (a—b)?+ 2ab

[s+5%5/]=[s+5(1%))]=[(s+5)+5j] =[s?+10s + 50] = [s?> + 10(s + 5)]
=[(s+10)s+50] =[s+5—=5][s+5+5/]] =[s+51—=)][s+ 5 + )]
=[(s +5) — GNII(s + 5) + (5))]
=[(s +5)(s +5) + (s + 5)(5)) — (s + 5)(5)) — (5))(5))]
=[(s +5)* = (G)N*] =[(s +5)* +25] = [(s + 5)* + (5)°]

—bi\/bz—4ac_0i\/0—4><100

[s? +100] = [s* + 0s + 100] = 0

2a 2
= +10j
a2+b2=(a+bj)(a—£9j) a’?+ b? = (a+ b)?—2ab a? + b?
= (a—b)* + 2ab

[s +10/] = [s? + 100] = [s? + 0s + 100] = [s + 10j][s — 10/]
= [(s) + (10/)][(s) — (10/)]
= [(5)(s) + (5)(10/) = (5)(10/) — (10/)(10/)] = [(s)* — (10/)?] = [s* + 100]
= [s2 +10?]

1,(s) = 2500s _ As + B N Cs+D
L) =152 1105 + 50][s2 + 100] _ [s2 + 10s + 50] * [s2 + 100]
_ As + B 4 Cs+D _ As+ B 4 Cs+D
[(s+5)2+(5)2] [s2+102] [s+5-5l[s+5+5j] [s+10j][s — 10j]
B A N B N C D
" [s+5—5/] ]

:P1+P2

+5+5 1t

[s + 10j] ' [s — 10/]

Partial fraction of [s? + 10s + 50]
2500s As+B As+B

Pr= [s2410s+50] [(s+5)2+(5)%] [s+5—5][s+5+5/]
A B

5+5-5] [5+5+5]]
2500s = A[s + 5+ 5j] + B[s + 5 — 5/]
s=-5-5j we get 2500[—5 — 5/ ]
=A[(-5-5j)+5+5j|+ B[(-5—=5j) +5—5/]
s=-5-5j we get 2500[—5 — 5/ ]
=A[(-5-5j)+5+5j|+ B[(-5—=5j) +5—5/]
2500[=5 — 5] = A[0] + B[-5—5j + 5 — 5j]
2500[—5 — 5 ] = B[—5j — 5/]
2500[—5 — 5/ ] = B[—10j]



—12500[1 + j | = B[—10j]
. 1250[1 +j ] = BIj]
[1;]]] = 1250 x][l[j;]] = —1250 X j[1+j]=—-1250 x [j — 1]
B =—1250[ — 1]

B = 1250 X

s=—-54+5j we get 2500[—5+ 5/ ]
=A[(-5+5j)+5+5j]+ B[(-5+5j)+5—5/]
2500[-5+5j] =A[-5+5j+5+5j]+ B[-5+5j+5—5/]
2500[—5 + 5j ] = A[5j + 5j] + B[0]
12500[—1 +j ] = A[10j]
1250[—1 + ] = A[j]

14 =1+
L) om0 s st 4 1= 1250 x [<1 -/ ]

A=1250 X ——
/] 12
=1250 x [j + 1]

A=1250[ + 1]

A=1250[ +1] B =-1250[j — 1]

B 2500s _ As + B B As + B

17 [s2410s4+50]  [(s+5)2+4+(5)2] [s+5-5j][s+5+5/]
A B

“G+5-51 F+5+5)

1250 +1] 1250[j—1]
1" Is+5-5j] [s+5+5/]

Partial fraction of [s? + 100]

b = 2500s  Cs+D Cs+D _ C D
27 [s24+100] ~ [s24102]  [s + 10f][s — 10j] ~ [s + 10/] + [s — 10j]

2500s = C[s — 10j] + D[s + 10j]
s =—10j we get 2500s = C[(—10j) —10j] + D[(—=10j) + 10/]
2500s = C[—10j — 10j] + D[—10j + 10j]
2500s = C[—20j] + D[0]
2500s = C[—20j]

—125s = C|[j]
_ 125 -1250] o
BT T
C = 125j

s =10j we get 2500s = C[(10j) —10j] + D[(10j) + 10j]
2500s = C[10j — 10j] + D[10j + 10/]
2500s = C[0] + D[20j]
2500s = D[20]]

125s = D|j]
D= 125 e 125[]'] — 195
e Y

D = —125)



C = 125j D = —125j
2500s Cs+D Cs+D C D

D =100 27107 10l —10]] 410 [s—10]]

125; 125j

27 [s+10j] [s—10/]

Partial fraction of 1,(s)

L (s) = 25005 s
L) = 152 4105 + 50][s2 + 100]  * 2
Loy 2 12500+ 111250~ 1] 125/ 125;
L) T s+5-5]] [s+5+5]  [s+10j] [s— 10]]
1 a s—b
bt _ bt o _ bt _
¢ s—b e sinat (s =b)2+a? e cosat (s = b)? + a?
inverse laplace of I,(s)
L) =i lavl { 1250[j + 1] 1250[j — 1] + 125j 125j }
= inverse laplace — — . — — .
. P s+ G- 5+G+5)] +A0pl [s— 10)]
1250 + 1] .
inverse laplace of ——————— = 1250[j + 1 Je~ G5/t
place of s —spy o0+
1250[j — 1 )
inverse laplace of — ﬁ = —1250[j — 1 Je~C+5/¢
25 |
inverse laplace of ——— = 125j ¢~ (10/)t
P f[s +1(2150_])] J
. J) . ;
inverse laplace of — ————= —125j e(10)¢
place of = T Hop] J

I,(t) = 1250[j + 1 Je~ 50t — 1250[j — 1 ]e~ O+t 4 125j e~(10))t — 125j ¢(10/)t
I,(t) = 1250[j + 1][e~ G5t —1250[j — 1 ][e~C*5)t] + 125) [e~(10)¢]
— 125j[ e(100¢]
I,(£) = 1250[j + 1 ][e™5t+>/¢] — 1250[j — 1 ][e~>~%/t] + 125j [e2%/¢] — 125 e%/¢]
I,(t) = 1250[j + 1][e™>"e>*] —1250[j — 1][e~*'e~*/*] + 125j [e™"%/f] — 125j[ /"]

i T j45°t gt
[]+1]=2<45°=2<Z=2€] = 2e’%

1
a=+a2+bh?=12+12=2 9:tan‘1[ﬂ=45°

450 5 450 x — ="
N = —
180° 180° 4

P — o — _E_ —j45°t _ —jot
[[—1]=2<45°=2< 4—2e = 2e 4

m — 180° 1° -

m oo T,
125 =0+ 125 =125<90° =125 < 5= 125/t = 125¢72



125
a=+a?+b2=+02+1252 =125 6 = tan~! [T] = tan™"[o0] =90°

m — 90° 1° - 90° — 90° x

180° 180°
. . T _i90° L
—125j =0—-125j =125<-90°=125< —3 = 125e7/90°t = 125¢772

_TT
2

I,(t) = 1250[j + 1 ][e~5te®t] —1250[j — 1 ][e~>'e~5t] + 125j [e71%/t] — 125/[ 10/¢]
I,(8) = 1250 [Zej%t] [e=5te5it] — 1250 [Ze_j%t] [e=5te~51t] + 125¢/2" [e=10/¢]
— 125072 10t]
I,(t) = 2500 [ej%t] [e~>te>/t] — 2500 [e_j%t] [e~>te=5Tt] + 125072t [e=107¢]
- 1256—1'%15[ elet]
T ] T ' = '
I,(t) = 2500[e~5(] [e/3"e5/t| — 2500[e=5] [e /a'e~5/t| + 125 [e/2'e 0]
— 125 [ e_jgteloft]
1,(8) = 2500[e5] [e/4 eS| — 2500[e5] [e /36 5¢] + 125 [e/2'e107]
— 125 [ e—jgtemjt]
I,(t) = 2500[e~5¢] [65jt+j% ] 2500[e~5] [ 5jt—j%t] 4125 [e—lojt+jgt]
125 "2
< 2ot [e OR8] a5 o)
— 125 l1076721)]
= 2500[e~>'] [ j(5+%)t] — 2500[e~5¢] [e—j(5+%)t] 4125 [e_j(lo_E)t] _ 125 [ej(lo—%)t]
s ) D]
= 2500[e5] [¢/(5*4 ) 4 125 [ei(0-2) - oa0-2)]
= 2500[e=5] [¢/(5*4 43 - 125 [el(102)e - i(0-3)]
Eurler formula:
e/% = cosat +jsinat  [1]
e /% = cosat —jsinat [2]
e/% — e=J = cosat + jsinat — cosat + jsinat [1] - [2]
e/ot — eIt = jsinat + jsinat
e/ — eI = j2sinat
j2sinat = e/% — g=Jjat
ejat _ e—jat
2
. 77: . s
[e1(5+z)t - e‘1(5+2)t] = j2sin (5 + %) t

sinat =



[ej(lo_g)t - e_j(lo_g)t] = j2sin (10 — %) t

I,(t) = 2500[e 5] [ej(5+%)t - e_j(5+%)t] — 125 [ej(lo_%)t - e‘f(“"%)f]
I,(t) = 2500[e~5] [jz sin (5 + %) t] — 125 [jz sin (10 - g) t]
1,(8) = j5000[e~*] [sin (5 + %) t| - j250 [sin (10 - g) t]
Trigonometric identities
[sin (5 + %) t] = [sin(5° + 45°)t] = [sin(50°)t] = sin(50°)t
sin(10 — r t| = [sin(10° — 90°)t] = [sin(—80°)t] = —[sin(80°)t] = —sin(80°)t
2

I, (t) = j5000[e~>¢][sin(50°)t] — j250 [sin(—80°)¢]
I, (t) = j5000[e~>¢] sin(50°)¢t + j250 sin(80°)t

I,(t) = j250{20[e~5!] sin(50°)t + sin(80°)t}

T ‘90° iz
j250 = 0+ 250 = 250 < 90° = 250 < 5= 250e190t = 250¢'2"
I,(t) = j250{20[e~5!] sin(50°)t + sin(80°)t}

I,(t) = 250[e™°"t]{20[e~5¢] sin(50°)¢ + sin(80°)t}
another way to find the inverse of the partial fraction

/ _ 2500s _ As+ B Cs+D _
109 = 175 105 7 5012 £ 100] _ 52+ 105 +50] sz +100] 1 T2
_ As+ B Cs+D _ As + B Cs+D
" [(s+5)2+(5)2] [s2+10%2] [s+5—5/][s+ 5+ 5/] + [s + 10/][s — 10j]
~ A B C D
B [s+5—5j]+[s+5+5j]+[s+10j]+[s—10j]
A=1250[j +1] B =—-1250[j — 1]
C = 125j D = —125j
As+ B =1250[j +1]s — 1250[j — 1]
Cs+ D = 125js — 125j
_ As + B _1250[j +1]s — 1250[j — 1]
N (S G U N T 6O
_1250js + 1250s — 1250j + 1250
Bl [(s +5)% + (5)?]
_1250[j+1]s 1250[j —1]  1250[j +1]s 250[j — 1][5]
TIE+52+ () [+52+(52] [+52+5)?] [(s+5)72+ (57
B 1250js 1250s ~ 1250j 1250
T [(s+5)2+ (5)?] * [(s +5)2+(5)*] [(s+5)*+(5)?] - [(s +5)% + (5)?]

one partial term does not match correctly
p(s); = 1250[j + 1 ]cos 5t — 250[j — 1 Je >t sin 5¢



Cs + D = 125js — 125;
. Cs+D  125js—125]  125js 125]
PO =12 107~ 24107 521 107 [s? % 107]
125js 10 x 12,5

[s2 +102%2] [s?+102%]
p(t); = 125j cos 10t — 12,5/ sin 10t
2500s As + B Cs+D
L) = T 105 + 50|52 7 100] [+ 52+ (5)7] | 52+ 107]
I,(s) = p(t)1 + p(s),
I,(s) = 1250[j + 1 Jcos 5t — 250[j — 1 ]e > sin 5t + 125/ cos 10t — 12,5 sin 10t
I,(s) = 1250[2e/%5° |cos 5t — 250[2e /45" |e~5t sin 5¢ + 125e/%°t cos 10t
— 12,5¢7/%%"t sin 10¢
I,(s) = 2500[e/*>° |cos 5¢ — 500[e /5"t |e >t sin 5t + 125€/°°"t cos 10t
—12,5¢/°%°t sin 10¢

7.Let f(t) = t3, 0<t<?2
(a) Consider the odd periodic extension, of period T=4, of f(t). Sketch 3 periods, on the
interval

[-6,6], of this function.
(b) Find the average value of the periodic function described in (a).
a 0

avg=70 a, =0 avg=z=0
—Zfz t3dt—zjzt3dt+zj0t3dt—1J2t3dt+1jo t3dt—1[4]+1[ 4]
=) ," T, 2)," T2, 2),n “ T T
=2-2=0

(c) Consider the Even periodic extension, of periodic T=4, of f(t). Sketch 3 periods, on
the interval
[-6,6], of this function.

(d) Find the average value of the periodic function described in (c).

a

0
avg = —
2
—2J2t3dt—zj2t3dt 2j0t3dt—1J2t3dt 1Jot3dt—1[4] 1[4]
©=%)," T, 2)," T2, 2), 7 2
=24+2=4
a 4
avg=?0=§=2

(e) State True/False with reason. For the same even periodic extension mentioned in (c),
the Fourier sine coefficients are given by

p ~ [nmt 2 [nmt
b, = j f(t)sin [—] dt = J t3 sin [— dt
0 p 0 2 ,

) _pr ©si [Znnt]dt_2f2t3 _ [Znnt]dt_lf e [nnt]dt
"_p _pf sin - —4_2 sin 2 —2_2 sin >




False:

8. Given
3(x[k + 1])? — 2x[k] = k?
Find x[1], x[2], x[3].

x[k] = 2

x[0] =2

k=0

3(x[k + 1])? — 2x[k] = k?
3(x[0 + 1])2 — 2x[0] = [0]?
3(x[1])?% — 2x[0] = 0

3(x[1])? = 2x[0]
2x[0] _2x2 _4

(l1D? = = =5 =3
x[1] = \/% = 1.1547

x[k] =2

x[1] = \/% = 1.1547

x[1] =2

k=1

3(x[k + 1])2 — 2x[k] = k2
3(x[1+ 1% —2x[1] =
3(x[2])? —2x[1] =0

2 X

s(xf2ly” = 2xl1] = — 2 - 3H A

12 2x[1] 3+34\/§ _3+4v3
2] =——=—%F—=—5
x[2] = & +94‘/§ = 1.050301
x[k] =2
x[2] = & +94‘/§ = 1.050301
x[2] =?
k=2

k2

3(x[k + 1])? — 2x[k]
3(x[2 + 1])% — 2x[2]
3(x[3])% — 2x[2] = 4



3+ 43

3(x[3])% = 2x[2] + 4 = 2 5| +4
2[ 3+94\/§l T
(x[3])?* = 3 = 2.03353

x[3] = V2.03353 = 1.42602

3(x[k + 1])? — 2x[k] = k?

[ =k
3(x[3 + 1])% — 2x[3] = [3]?
3(x[4])?* —2x[3] =9
3(x[4])? = 2x[3] + 9 = 2[1.42602] + 9

2[1.42602] + 9
(elaD)? = =

oi4] = \/2[1.426302] +9

= 1.987631841

9.Calculate the fourier transform of the windowed sine function:
f(t) =sin2t[u(t+1) —u(t—1)]

sin 2t, —-1<t<1
1 . 1[ej2t — g=J2t . 1t . ; .
f sin(2t) e /@tdt = f [—l e Jotdt = —,f [e/2t — e/2t] emI@tqt

-1 -1 2] 2] -1

1 ! . . . . 1 (! . . . .
S [e—]a)teﬂt _ e—]wte—th] dt = _J [e—]wt+12t _ e—]wt—]Zt] dt

2jJ 4 2j )4
1 1

1
= [ etttz  pGiut-izn] gp = if [e/C-aDt _ g=jlar)t] gt
2jJ)_4 2jJ_4

1 lej(—w+2)t e—j(w+2)t 1 lej(—w+2)t e—j(w+2)t

=== - — =—|= + -

2jjcw+2) —jlo+2)] 2j[jC-w) jlw+2)

1 e](z_w) I e_J(Z_w) e_J(w'I'Z) I e](w+2)
=— - + -

21[ j2 - w) jlw+2) l

‘Zl jC-w) jw+2) l
1[e/@-0) _ g=j@-w)  gilw+2) _ o=j@+2)] 1 [sin(2 —w) sin(w + 2)
‘7[ 22-w)  2(w+2) l‘j’l 2-w)  (w+2)

| =

[sinc(2 — w) — sinc(w + 2)]

Il

C, = —j[sinc(2 — w) — sinc(w + 2)]
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Summary: This textbook provides a comprehensive guide to advanced
mathematical concepts, covering both fundamental and advanced
topics essential for engineering and scientific applications.

Subtitle: Master the Art of Advanced Mathematics. Learn, Create,
and Explore Fascinating Mathematical Projects.

Author information: Henock, also known as HNK, is a computer
engineering student with a passion for combining technology and
design. He seeks simplicity and elegance in his code and strives to
deliver intuitive user experiences. With his background in
engineering and design, Henock brings a unigue perspective and
wealth of knowledge to his writing on advanced mathematics.

Discover how to bring mathematical
concepts to life through dynamic interactive
projects and innovative applications.

HORIZON EEF i
e AT -Ii.ﬁ"“‘

HNK




