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      Mathematics is the foundation of engineering and scientific 

disciplines, providing essential tools and concepts for problem-solving 

and analysis. This textbook provides a comprehensive guide to advanced 

mathematical concepts, covering functions with several variables, vector 

calculus, differential equations, transforms, and series. 

 

 

 

OVERVIEW 
 

This textbook provides a comprehensive guide to advanced mathematics for 
engineering, focusing on essential topics such as functions with several 
variables, vector calculus, differential equations, and transforms. You will 
learn the theory and practice of these mathematical concepts, which are 
crucial for solving complex engineering problems. 
 
You will learn the essentials of advanced mathematics, such as how to solve 
differential equations, perform vector calculus, and apply transforms like 
Laplace and Fourier. You will also learn how to use these mathematical tools 
to model and analyze engineering systems. You will apply your skills to 
create various projects such as analyzing dynamic systems, optimizing 
control processes, and solving real-world engineering problems. This 
textbook is suitable for anyone who wants to learn how to use advanced 
mathematics in a practical and innovative way. 
 
In the second part of this textbook, you will learn advanced techniques and 
applications that extend the capabilities of these mathematical concepts, 
such as solving partial differential equations, using Z transforms for discrete 
systems, and applying Fourier series in signal processing. 
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                2.2.1 Directional derivatives,  
         Line integral and Green’s Theorem. 
 

1. Find the directional derivative Duf(x, y)if 
f(x, y)  =  x3  −  3xy +  4y2  

and u⃑  is the unit vector given by angle θ =
π

6
.  What is Duf(1, 2)? 

(1, 2) →   𝑥 = 1, 𝑦 = 2 

f(x, y)  =  x3  −  3xy +  4y2  
f𝑥  =  3x2  −  3y =  3(1)2  −  3(2) = −3   
f𝑦  =  − 3x +  8y = − 3(1) +  8(2) = 13 

∇(x, y) = f𝑥𝑖 + f𝑦𝑗 = [3x2  −  3y  ]𝑖 + [− 3x +  8y]𝑗 

∇(1,2) = [−3  ]𝑖 + [13]𝑗 = −3𝑖 + 13𝑗 

u⃑ = 𝑖 cos 𝜃 + 𝑗 sin 𝜃 = 𝑖 cos
π

6
+ 𝑗 sin

π

6
=

√3

2
𝑖 +

1

2
𝑗 

Duf(x, y) = ∇(x, y) × u⃑  
i ×  i =  j ×  j =  k ×  k =  1                      i ×  j =  i ×  k =  j ×  k =  0 

Duf(x, y) = [f𝑥𝑖 + f𝑦𝑗] × [𝑖 cos 𝜃 + 𝑗 sin 𝜃] = [f𝑥 cos 𝜃 + f𝑦 sin 𝜃] 

Duf(x, y) = [−3𝑖 + 13𝑗] × [
√3

2
𝑖 +

1

2
𝑗] 

Duf(x, y) = [−3 ×
√3

2
] + [13 ×

1

2
] = −

3√3

2
+

13

2
=

13 − 3√3

2
= 3.902 

 

 

2. Find the directional derivative of the function 

f(x, y) =  x2 y3  −  4y 

at the point (2,−1) in the direction of the vector v⃑  =  2i  +  5j . 
(2, −1) →   𝑥 = 2, 𝑦 = −1 

f(x, y)  =  x2 y3  −  4y  
f𝑥  =  3𝑥y3  =  3(2)(−1)3  = −6   

f𝑦  =   3x2y2 −  4 =  3(2)2(−1)2 −  4 = 8 

∇(x, y) = f𝑥𝑖 + f𝑦𝑗 = [ 3𝑥y3]𝑖 + [3x2y2 −  4]𝑗 

∇(1,2) = [−6 ]𝑖 + [8]𝑗 = −6𝑖 + 8𝑗 
u⃑ = 𝑖 cos 𝜃 + 𝑗 sin 𝜃 

v⃑  =  2i  +  5j  

|v| = √(2)2 + (5)2 = √29 

u⃑ =
v⃑ 

|v|
=

 2𝑖 +  5𝑗

√29
=

2𝑖 

√29
+

 5𝑗

√29
=

2

√29
𝑖 +

 5

√29
𝑗 

Duf(x, y) = ∇(x, y) × u⃑  
i ×  i =  j ×  j =  k ×  k =  1                      i ×  j =  i ×  k =  j ×  k =  0 

Duf(x, y) = [f𝑥𝑖 + f𝑦𝑗] × [u⃑ ] 

FISA Preparation 



Duf(x, y) = [−6𝑖 + 8𝑗] × [
2

√29
𝑖 +

 5

√29
𝑗] 

Duf(x, y) = [−6 ×
2

√29
] + [8 ×

 5

√29
] = −

12

√29
+

40

√29
=

28

√29
=

28√29

29
= 5.199469469 

 

 

 

3. Find the directional derivative of 

f(x, y) =  √xy 

at P(2, 8)in the direction of Q(5, 4). 
 

f(x, y) =  √xy = (xy)
1
2 = x

1
2y

1
2 = √x√y 

f𝑥 = [√xy]
′
= [(xy)

1
2]

′

= [x
1
2y

1
2]

′

= y
1
2 [x

1
2]

′

= √y [x
1
2]

′

=
√y

2
(x)

1
2
−1 =

√y

2
(x)−

1
2

=
√y

2
(x)−

1
2 =

√y

2(x)
1
2

=
√y

2√x
=

1

2
√

𝑦

𝑥
 

f𝑦 = [√xy]
′
= [(xy)

1
2]

′

= [x
1
2y

1
2]

′

= x
1
2 [y

1
2]

′

= √x [y
1
2]

′

=
√x

2
(y)

1
2
−1 =

√x

2
(y)−

1
2 =

√x

2(y)
1
2

=
√x

2√y
 

=
1

2
√

𝑥

𝑦
 

 

 

f𝑥  =
√y

2√x
 =

1

2
√

𝑦

𝑥
 

f𝑦  =   
√x

2√y
=

1

2
√

𝑥

𝑦
 

 

 

P(2, 8)in the direction of Q(5, 4) 

𝑄(5, 4)  →            Q⃑⃑ (5, 4) = (5i +  4j) 

P(2, 8) →            P⃑⃑ (2, 8) = (2i +  8j) 

𝑃𝑄⃑⃑⃑⃑  ⃑ = 𝑄⃑ − 𝑃⃑ = (5i +  4j) − (2i +  8j) = 5i +  4j − 2i −  8j = (5i − 2i) + (4j −  8j) 

= (5 − 2)𝑖 + (4 −  8)𝑗 = 3𝑖 − 4𝑗 

𝑃𝑄⃑⃑⃑⃑  ⃑ = 3𝑖 − 4𝑗 

|𝑃𝑄⃑⃑ ⃑⃑  ⃑| = √𝑎2 + 𝑏2 = √(3)2 + (4)2 = 5 

𝑢⃑ =
3𝑖 − 4𝑗

5
=

3𝑖

5
−

4𝑗

5
=

3

5
𝑖 −

4

5
𝑗 

 

Duf(x, y) = ∇(x, y) × u⃑  
i ×  i =  j ×  j =  k ×  k =  1                      i ×  j =  i ×  k =  j ×  k =  0 



Duf(x, y) = [f𝑥𝑖 + f𝑦𝑗] × [u⃑ ] 

Duf(x, y) = [
√y

2√x
+

√x

2√y
] × [

3

5
𝑖 −

4

5
𝑗] 

Duf(x, y) = [
√y

2√x
×

3

5
] + [

√x

2√y
× −

4

5
] = [

3√y

10√x
] − [

2√x

5√y
] = [

3

10
]
√y

√x
− [

2

5
]
√x

√y
 

= [
3

10
]√

y

x
− [

2

5
]√

x

y
=

3

10
√

y

x
−

2

5
√

x

y
= 0.3√

y

x
− 0.4√

x

y
 

 

Duf(x, y) =
3

10
√

y

x
−

2

5
√

x

y
= 0.3√

y

x
− 0.4√

x

y
 

 

P(2, 8)   →  →   𝑥 = 2, 𝑦 = 8    

Duf(2,8) =
3

10
√

8

2
−

2

5
√

2

8
= 0.3√

8

2
− 0.4√

2

5
=

2

5
= 0.4 

 

Duf(2,8) =
2

5
= 0.4 

 

 

 

4. Find the directional derivative of 
f(x, y, z) =  xy2z3 

at P(2, 1, 1) in the direction of Q(0, −3, 5)  
 

P(2, 1, 1) →   𝑥 = 2, 𝑦 = 1,          𝑧 = 1 

f(x, y, z) =  xy2z3  
f𝑥  =  y2z3  =  (1)(1)3  = 1   

f𝑦  =  2 xyz3 =  2(2)(1)(1)3 = 4 

f𝑧  =  3 xy2z2 = 3(2)(1)2(1)3 = 6 

∇(x, y, z) = f𝑥𝑖 + f𝑦𝑗 + f𝑧𝑘 

∇(2, 1, 1) = [ 1]𝑖 + [4]𝑗 + [6]𝑗 = 1𝑖 + 4𝑗 + 6𝑗 
 

 

P(2, 1, 1)  in the direction of Q(0, −3, 5)  

P(2, 1, 1)    →            P⃑⃑ (2, 1, 1) = (2i +  1j + 1k) 

Q(0,−3, 5) →            Q⃑⃑ (0, −3, 5) = (0i − 3j + 5k) 

𝑃𝑄⃑⃑⃑⃑  ⃑ = 𝑄⃑ − 𝑃⃑ = (0i − 3j + 5k) − (2i +  1j + 1k) = 0i − 3j + 5k − 2i −  1j − 1k 

= (0i − 2i) + (−3j −  1j) + (5k − 1k) = (0 − 2)𝑖 + (−3 −  1)𝑗 + (5 − 1)𝑘 

= (−2)𝑖 + (−4)𝑗 + (4)𝑘 = −2𝑖 − 4𝑗 + 4𝑘 

 

𝑃𝑄⃑⃑⃑⃑  ⃑ = −2𝑖 + −4𝑗 + 4𝑘 

|𝑃𝑄⃑⃑ ⃑⃑  ⃑| = √𝑎2 + 𝑏2 = √(−2)2 + (−4)2 + (4)2 = 6 

𝑢⃑ =
−2𝑖 − 4𝑗 + 4𝑘

6
= −

2𝑖

6
−

4𝑗

6
+

4𝑘

6
= −

2

6
𝑖 −

4

6
𝑗 +

4

6
𝑘 = −

1

3
𝑖 −

2

3
𝑗 +

2

3
𝑘 



 

Duf(x, y, z) = ∇(x, y, z) × u⃑  
i ×  i =  j ×  j =  k ×  k =  1                      i ×  j =  i ×  k =  j ×  k =  0 

Duf(x, y, z) = [f𝑥𝑖 + f𝑦𝑗 + f𝑧𝑗] × [u⃑ ] 

Duf(x, y, z) = [1𝑖 + 4𝑗 + 6𝑗] × [−
1

3
𝑖 −

2

3
𝑗 +

2

3
𝑘] 

Duf(x, y, z) = [1 × −
1

3
] + [4 × −

2

3
] + [6 ×

2

3
] = − [

1

3
] − [

8

3
] + [

12

3
] = −

1

3
−

8

3
+ 4 = 1 

 

Duf(x, y, z) = 1 

 

 

 

5. Find the directions in which the directional derivative of 
f(x, y) =  x2  +  xy3  

at the point (2, 1)has the value 2. 
 

Duf(x, y) = 2 

(2, 1) →   𝑥 = 2, 𝑦 = 1 

f(x, y) =  x2  +  xy3 

f𝑥  =  2𝑥 + y3 =  2(2) + (1)3 = 5   
f𝑦  =  3xy2 =  3(2)(1)2 = 6 

∇(x, y) = f𝑥𝑖 + f𝑦𝑗 = [2𝑥 + y3]𝑖 + [3xy2]𝑗 

∇(2, 1) = [5]𝑖 + [6]𝑗 = 5𝑖 + 6𝑗 
u⃑ = 𝑖 cos 𝜃 + 𝑗 sin 𝜃 =? 

Duf(x, y) = ∇(x, y) × u⃑  
i ×  i =  j ×  j =  k ×  k =  1                      i ×  j =  i ×  k =  j ×  k =  0 

Duf(x, y) = [f𝑥𝑖 + f𝑦𝑗] × [𝑖 cos 𝜃 + 𝑗 sin 𝜃] = [f𝑥 cos 𝜃 + f𝑦 sin 𝜃] 

 

Duf(x, y) = 2 

Duf(x, y) = ∇(x, y) × u⃑  
2 = ∇(2, 1) × u⃑  

2 = [5𝑖 + 6𝑗] × u⃑  
2

[5𝑖 + 6𝑗]
=

[5𝑖 + 6𝑗]

[5𝑖 + 6𝑗]
× u⃑  

u⃑ =
2

[5𝑖 + 6𝑗]
=

2

[5𝑖 + 6𝑗]

[5𝑖 − 6𝑗]

[5𝑖 − 6𝑗]
 

=
2[5𝑖 − 6𝑗]

[(5𝑖 × 5𝑖) − (5𝑖 × 6𝑗) + (5𝑖 × 6𝑗) − (6𝑗 × 6𝑗)]
=

2[5𝑖 − 6𝑗]

(5𝑖 × 5𝑖) − (6𝑗 × 6𝑗)
 

=
2[5𝑖 − 6𝑗]

(5𝑖)2 − (6𝑗)2
=

2[5𝑖 − 6𝑗]

−(5)2 + (6)2
=

2[5𝑖 − 6𝑗]

(6)2 − (5)2
=

2[5𝑖 − 6𝑗]

36 − 25
=

2[5𝑖 − 6𝑗]

11
 

u⃑ =
10𝑖 − 12𝑗

11
=

10

11
𝑖 −

12

11
𝑗 

 

|𝑢| = √𝑎2 + 𝑏2 = √(
10

11
)
2

+ (
12

11
)
2

=
2√61

11
= 1.420045396 



𝜃 = tan−1 [−

12
11
10
11

] = tan−1 [−
12

11

11

10
] = tan−1 [−

12

10
] = tan−1(−1.2) = − 0.8760580506 

 

u⃑ =
10

11
𝑖 −

12

11
𝑗 =

2√61

11
𝑒−𝑗0.876 = 1.42𝑒−𝑗0.876 

 

𝑥 𝑎𝑥𝑖𝑠 & 𝑦 𝑎𝑥𝑖𝑠 

𝜃 = −0.8760580506 

 

 

 

 

6. Use line integral for the contour integral 

∮(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦 

where C is a triangle with vertices (0, 0), (2, 2), (1, 2). 
 

 

 

 

 

𝐴(0, 0), B(2, 2), C(1, 2) 

𝐴(0, 0) = (𝑥1, 𝑦1) → 𝑥1 = 0, 𝑦1 = 0 

𝐵(2,2) = (𝑥2, 𝑦2) → 𝑥2 = 2, 𝑦2 = 2 

𝐶(1,2) = (𝑥3, 𝑦3) → 𝑥3 = 1, 𝑦3 = 2 

 
(A → B) vertices (0, 0)(2, 2) 

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
=

2 − 0

2 − 0
= 1 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)           𝑂𝑟           𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2) 

𝑦 − 0 = 1(𝑥 − 0)                           𝑦 − 2 = 1(𝑥 − 2) 

𝑦 − 0 = 𝑥 − 0                           𝑦 − 2 = 𝑥 − 2 

                 𝑦 = 𝑥                                    𝑦 = 𝑥 − 2 + 2 = 𝑥 

 

 
(A → C) vertices (0, 0)(1, 2) 

𝑚 =
𝑦3 − 𝑦1

𝑥3 − 𝑥1
=

2 − 0

1 − 0
= 2 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)           𝑂𝑟           𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3) 

𝑦 − 0 = 2(𝑥 − 0)                           𝑦 − 2 = 2(𝑥 − 1) 

𝑦 − 0 = 2𝑥 − 0                           𝑦 − 2 = 2𝑥 − 2 

                 𝑦 = 2𝑥                                   𝑦 = 2𝑥 − 2 + 2 = 2𝑥 

 

 
(B → C) vertices (2,2)(1, 2) 



𝑚 =
𝑦3 − 𝑦2

𝑥3 − 𝑥2
=

2 − 2

1 − 2
= 0 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2)           𝑂𝑟           𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3) 

𝑦 − 2 = 0(𝑥 − 2)                           𝑦 − 2 = 0(𝑥 − 1) 

𝑦 − 2 = 0                                  𝑦 − 2 = 0 

   𝑦 = 2                                      𝑦 = 2 

 

𝑛𝑜𝑤, 𝑙𝑒𝑡′𝑠 𝑠𝑡𝑎𝑟𝑡 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑤𝑜𝑟𝑘 

∮(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦 

(A → B) vertices (0, 0)(2, 2) 

 𝑦 = 𝑥 

𝑑𝑥 = 𝑑𝑦 

∫(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦 

∫(3𝑥2 + 𝑥𝑥)𝑑𝑥 + (6𝑥3 + 3𝑥2)𝑑𝑥                      𝑂𝑟                ∫(3𝑦2 + 𝑦𝑦)𝑑𝑦 + (6𝑦3

+ 3𝑦2)𝑑𝑦 

∫(3𝑥2 + 𝑥2)𝑑𝑥 + (6𝑥3 + 3𝑥2)𝑑𝑥                                            ∫(3𝑦2 + 𝑦2)𝑑𝑦 + (6𝑦3

+ 3𝑦2)𝑑𝑦 

∫(4𝑥2)𝑑𝑥 + (6𝑥3 + 3𝑥2)𝑑𝑥                                             ∫(4𝑦2)𝑑𝑦 + (6𝑦3 + 3𝑦2)𝑑𝑦 

∫(4𝑥2 + 6𝑥3 + 3𝑥2) 𝑑𝑥                                              ∫(4𝑦2 + 6𝑦3 + 3𝑦2) 𝑑𝑦 

∫(7𝑥2 + 6𝑥3) 𝑑𝑥                                              ∫(7𝑦2 + 6𝑦3) 𝑑𝑦 

 

 

𝑙𝑒𝑡′𝑠 𝑡𝑟𝑦 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 (A → C)  

∮(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦 

(C → A) vertices (1, 2)(0, 0) 

𝑦 = 2𝑥                                 𝑥 =
1

2
𝑦 

𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 

𝑑𝑦 = 2𝑑𝑥                    𝑑𝑥 =
1

2
𝑑𝑦 

∫(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦 

∫(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦                 𝑂𝑟               ∫(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3

+ 3𝑦2)𝑑𝑦            

∫(3𝑥2 + 2𝑥𝑥)𝑑𝑥 +2[6𝑥3

+ 3(2𝑥)2]𝑑𝑥                      ∫ [3 (
1

2
𝑦)

2

+ (
1

2
𝑦) 𝑦]

1

2
𝑑𝑦 + [6 (

1

2
𝑦)

3

+ 3𝑦2] 𝑑𝑦 



∫(3𝑥2 + 2𝑥2)𝑑𝑥 +2[6𝑥3 + 6𝑥2]𝑑𝑥                                        ∫ [
3

4
𝑦2 +

1

2
𝑦2]

1

2
𝑑𝑦 + [

6

8
𝑦3

+ 3𝑦2] 𝑑𝑦 

∫(5𝑥2)𝑑𝑥 + [12𝑥3 + 12𝑥2]𝑑𝑥                                     ∫ [
5

8
] 𝑦2𝑑𝑦 + [

6

8
𝑦3 + 3𝑦2] 𝑑𝑦 

∫[5𝑥2 + 12𝑥3 + 12𝑥2] 𝑑𝑥                                     ∫ [
5

8
𝑦2 +

6

8
𝑦3 + 3𝑦2] 𝑑𝑦 

∫[12𝑥3 + 17𝑥2] 𝑑𝑥                                          ∫ [
29

8
𝑦2 +

6

8
𝑦3] 𝑑𝑦 

 

 

𝑡ℎ𝑒 𝑙𝑎𝑠𝑡 𝑜𝑛𝑒 

(B → C) vertices (2,2)(1, 2) 

  𝑦 = 2 

𝑑𝑦 = 0𝑑𝑥 

∫(3𝑥2 + 𝑥𝑦)𝑑𝑥 + (6𝑥3 + 3𝑦2)𝑑𝑦 

∫(3𝑥2 + 2𝑥)𝑑𝑥 +0(6𝑥3 + 3𝑥2)𝑑𝑥 

∫(3𝑥2 + 2𝑥) 𝑑𝑥 

 

 

𝑏𝑜𝑢𝑛𝑑𝑒 

∮ =∫ ∫ ∇

𝑦2

𝑦1

𝑑𝑥
𝑥2

𝑥1

𝑑𝑦 

 

                           ∫ (3𝑥2 + 2𝑥)𝑑𝑥  
1

2

 

                                                    𝑑𝑥  → (𝐵, 𝐴)                             
                          𝑚𝑖𝑑𝑓𝑖𝑒𝑙𝑑𝑒𝑟     
                         (1 < 𝑥 < 2) 

 

 

𝑒𝑛𝑑𝑝𝑜𝑖𝑛𝑡                                                                      
𝑑𝑦 → (𝐶, 𝐴)                                                                          
(2 > 𝑦 > 0)                                                                           

 ∫ (
29

8
𝑦2 +

6

8
𝑦3)

0

2

𝑑𝑦                                                                            

                                                       𝑑𝑥  → (𝐴, 𝐵)                             
                                 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡     

                          (0 < 𝑥 < 2) 

                            ∫ (7𝑥2 + 6𝑥3)𝑑𝑥  
2

0

 

  



∮ = ∫ (7𝑥2 + 6𝑥3)𝑑𝑥  
2

0

  + ∫ (
29

8
𝑦2 +

6

8
𝑦3)

0

2

𝑑𝑦 + ∫ (3𝑥2 + 2𝑥)𝑑𝑥  
1

2

 

 

𝐴(0, 0), B(2, 2), C(1, 2) 

𝐴(0, 0) = (𝑥1, 𝑦1) → 𝑥1 = 0, 𝑦1 = 0 

𝐵(2,2) = (𝑥2, 𝑦2) → 𝑥2 = 2, 𝑦2 = 2 

𝐶(1,2) = (𝑥3, 𝑦3) → 𝑥3 = 1, 𝑦3 = 2 

 
(A → B) vertices (0, 0)(2, 2) 

𝑥1 = 0, 𝑦1 = 0 

𝑥2 = 2, 𝑦2 = 2 

 

contour integral 

∮ = ∫ ∇
𝑥2

𝑥1

𝑑𝑥 =∫ ∇
2

0

𝑑𝑥  

∫(7𝑥2 + 6𝑥3) 𝑑𝑥 

∫ (7𝑥2 + 6𝑥3)𝑑𝑥  
2

0

 

∫ 7𝑥2𝑑𝑥 + ∫ 6𝑥3𝑑𝑥 
2

0

2

0

=
128

3
 

 

 
(C → A) vertices (1, 2)(0, 0) 

𝑥1 = 0, 𝑦1 = 0 

𝑥3 = 1, 𝑦3 = 2 

contour integral 

∮ = ∫ ∇
𝑦1

𝑦3

𝑑𝑦 =∫ ∇
0

2

𝑑𝑦 

 ∫ (
29

8
𝑦2 +

6

8
𝑦3) 𝑑𝑦 

  ∫ (
29

8
𝑦2 +

6

8
𝑦3)

0

2

𝑑𝑦 

 ∫
29

8
𝑦2𝑑𝑥 + ∫

6

8
𝑦3𝑑𝑥 

0

2

 
0

2

= −
38

3
 

 

 
(B → C) vertices (2,2)(1, 2) 

𝑥1 = 1                𝑥3 = 2 

contour integral 

∮ =∫ ∇
𝑥1

𝑥3

𝑑𝑥 = ∫ ∇
1

2

𝑑𝑥 

∫(3𝑥2 + 2𝑥) 𝑑𝑥 

∫ (3𝑥2 + 2𝑥)𝑑𝑥  
1

2

 



∫ 3𝑥2𝑑𝑥 + ∫ 2𝑥𝑑𝑥 
1

2

1

2

= −10    

 

𝐿𝑎𝑠𝑡 𝑠𝑡𝑒𝑝: 

∮ = ∫ (7𝑥2 + 6𝑥3)𝑑𝑥  
2

0

  + ∫ (
29

8
𝑦2 +

6

8
𝑦3)

0

2

𝑑𝑦 + ∫ (3𝑥2 + 2𝑥)𝑑𝑥  
1

2

 

∮ =
128

3
   −

38

3
− 10 = 20 

∮ =20 

 

 

7. If the region C is represented by the parallelogram with vertices (0, 0), (1, 0), (3, 2), (2, 2), 
 use the line integral to evaluate 

∮ = (4𝑥2 + 𝑦2) 𝑑𝑥 + (2𝑥2 − 𝑦2)𝑑𝑦 

𝐴(0, 0), B(1, 0), C(3, 2), D(2, 2) 

 

 

                                                     Parallelogram = 2 Triangles 

 

 

 

 

𝐴(0, 0), B(1, 0), C(3, 2), D(2, 2) 

𝐴(0, 0) = (𝑥1, 𝑦1) → 𝑥1 = 0, 𝑦1 = 0 

𝐵(1,0) = (𝑥2, 𝑦2) → 𝑥2 = 1, 𝑦2 = 0 

𝐶(3,2) = (𝑥3, 𝑦3) → 𝑥3 = 3, 𝑦3 = 2 

𝐷(2,2) = (𝑥3, 𝑦3) → 𝑥3 = 2, 𝑦3 = 2 

 
(A → B) vertices (0, 0)(1,0) 

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
=

0 − 0

1 − 0
= 0 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)           𝑂𝑟           𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2) 

𝑦 − 0 = 0(𝑥 − 0)                           𝑦 − 0 = 0(𝑥 − 1) 

𝑦 − 0 = 0(𝑥)                        𝑦 − 0 = 0       
                    𝑦 = 0                             𝑦 = 0                      

 
(B → C) vertices (1,0)(3,2) 

𝑚 =
𝑦3 − 𝑦2

𝑥3 − 𝑥2
=

2 − 0

3 − 1
= −1 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2)           𝑂𝑟           𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3) 

𝑦 − 0 = −1(𝑥 − 1)                           𝑦 − 2 = −1(𝑥 − 3) 

𝑦 − 0 = 1 − 𝑥                           𝑦 − 2 = 3 − 𝑥 

                    𝑦 = 1 − 𝑥                            𝑦 = 1 − 𝑥                      
 

(C → D) vertices (3,2)(2,2) 



𝑚 =
𝑦4 − 𝑦3

𝑥4 − 𝑥3
=

2 − 2

2 − 3
= 0 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3)           𝑂𝑟           𝑦 − 𝑦4 = 𝑚(𝑥 − 𝑥4) 

𝑦 − 2 = 0(𝑥 − 3)                           𝑦 − 2 = 0(𝑥 − 2) 

          𝑦 − 2 = 0                           𝑦 − 2 = 0           
           𝑦 = 2                         𝑦 = 2            

 
(D → A) vertices (2,2)(0, 0) 

𝑚 =
𝑦4 − 𝑦1

𝑥4 − 𝑥1
=

0 − 2

0 − 2
= 1 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦4 = 𝑚(𝑥 − 𝑥4)           𝑂𝑟           𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) 

𝑦 − 2 = 1(𝑥 − 2)                           𝑦 − 0 = 1(𝑥 − 0) 

          𝑦 − 2 = 𝑥 − 2                           𝑦 − 0 = 𝑥           
           𝑦 = 𝑥                         𝑦 = 𝑥         

 

𝑷𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒐𝒈𝒓𝒂𝒎: 
2 ← 𝑥 ← 3  

                         𝑦 = 2     
 (D ← C) vertices (2,2)(3,2)   

 

𝑦 = 𝑥                                                                                          1 → 𝑥 → 3 

  0 -- x -- 2 
               (D → A) vertices (2,2)(0, 0)  
                                                                                                                              (B →
C) vertices (1,0)(3,2) 

                                                                                                                                           𝑦 = 1 − 𝑥 
(A → B) vertices (0, 0)(1,0) 

𝑦 = 0 

0 → 𝑥 → 1 

 
(0, 0)(1,0) 

𝑦 =  0 

𝑑𝑦 = 0𝑑𝑥 

∮(4𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥2 − 𝑦2) 𝑑𝑦                   𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠            0 → 𝑥 → 1 

∫ (4𝑥2)
1

0

𝑑𝑥 = ∫ 4𝑥2𝑑𝑥
1

0

=
4

3
 

 

 
(2,2)(3,2) 

𝑦 = 2 

𝑑𝑦 = 0𝑑𝑥 

∮(4𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥2 − 𝑦2) 𝑑𝑦              𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠            2 ← 𝑥 ← 3 

∫ (4𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥2 − 𝑦2)
2

3

𝑑𝑦 = ∫ (4𝑥2 + 22)𝑑𝑥
3

2

= −
88

3
 

 



 
(2,2)(0, 0) 

 

𝑦 = 𝑥 

𝑑𝑦 = 𝑑𝑥 

∮(4𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥2 − 𝑦2) 𝑑𝑦                 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠              2 → 𝑥 → 0 

∫ (4𝑥2 + 𝑥2)𝑑𝑥 + (2𝑥2 − 𝑥2)
0

2

𝑑𝑥 = ∫ 6𝑥2𝑑𝑥
0

2

= −16 

 

 
(1,0)(3,2) 

𝑦 = 1 − 𝑥 

𝑑𝑦 = −𝑑𝑥 

∮(4𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥2 − 𝑦2) 𝑑𝑦             𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙𝑠           1 → 𝑥 → 3 

∫ (4𝑥2 + (1 − 𝑥)2)𝑑𝑥 − (2𝑥2 − (1 − 𝑥)2)
3

1

𝑑𝑥 = ∫ 6𝑥2𝑑𝑥
3

1

= 52 

 

 

 

∮ = −
88

3
− 16 +

4

3
+ 52 = 8 

 

 

 

 

 

 

 

8. Apply Green’s theorem to evaluate 

∮(4𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥2 − 𝑦2) 𝑑𝑦 

dy where C is represented by the parallelogram with vertices (0, 0), (1, 1), (0, 1), (−1,0) 

 

 

                                                     Parallelogram = 2 Triangles 

 

 

 

 

𝐴(0, 0), B(1, 1), C(0, 1), D(−1, 0) 

𝐴(0, 0) = (𝑥1, 𝑦1) → 𝑥1 = 0, 𝑦1 = 0 

𝐵(1, 1) = (𝑥2, 𝑦2) → 𝑥2 = 1, 𝑦2 = 1 

𝐶(0, 1) = (𝑥3, 𝑦3) → 𝑥3 = 0, 𝑦3 = 1 

𝐷(−1, 0) = (𝑥3, 𝑦3) → 𝑥3 = −1, 𝑦3 = 0 

 
(A → B) vertices (0, 0)(1, 1) 



𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
=

1 − 0

1 − 0
= 1 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)           𝑂𝑟           𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2) 

𝑦 − 0 = 1(𝑥 − 0)                           𝑦 − 1 = 1(𝑥 − 1) 

              𝑦 − 0 = 𝑥                           𝑦 − 1 = 𝑥 − 1       
                    𝑦 = 𝑥                             𝑦 = 𝑥                      

 
(B → C) vertices (1, 1)(0, 1) 

𝑚 =
𝑦3 − 𝑦2

𝑥3 − 𝑥2
=

1 − 1

0 − 1
= 0 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2)           𝑂𝑟           𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3) 

𝑦 − 1 = 0(𝑥 − 1)                           𝑦 − 1 = 0(𝑥 − 0) 

𝑦 − 1 = 0                           𝑦 − 1 = 0 

                    𝑦 = 1                            𝑦 = 1                      
 

(C → D) vertices (0, 1)(−1, 0) 

𝑚 =
𝑦4 − 𝑦3

𝑥4 − 𝑥3
=

0 − 1

−1 − 0
= 1 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3)           𝑂𝑟           𝑦 − 𝑦4 = 𝑚(𝑥 − 𝑥4) 

𝑦 − 1 = 1(𝑥 − 0)                           𝑦 − 0 = 1(𝑥 + 1) 

                 𝑦 − 1 = 𝑥                           𝑦 − 0 = 𝑥 + 1          
           𝑦 = 1 + 𝑥                         𝑦 = 𝑥 + 1           

 
(D → A) vertices (−1, 0)(0, 0) 

𝑚 =
𝑦4 − 𝑦1

𝑥4 − 𝑥1
=

0 − 0

0 − 1
= 0 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦4 = 𝑚(𝑥 − 𝑥4)           𝑂𝑟           𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) 

𝑦 − 0 = 0(𝑥 + 1)                           𝑦 − 0 = 0(𝑥 − 0) 

          𝑦 − 0 = 0                           𝑦 − 0 = 0           
           𝑦 = 0                         𝑦 = 0         

 

 

 

 

 

𝑷𝒂𝒓𝒂𝒍𝒍𝒆𝒍𝒐𝒈𝒓𝒂𝒎: 
 

                         𝑦 = 1     
 (B → C) vertices(1, 1)(0, 1)   

 

 𝑦 = 1 + 𝑥                                                                                                        
   
               (C → D) vertices(0, 1)(−1, 0)  
                                                                                                                              (A →
B) vertices (0, 0)(1, 1) 



                                                                                                                                           𝑦 = 𝑥 
(D → A) vertices (−1, 0)(0, 0) 

𝑦 = 0 

 

 

 

 

 

 

 ∩                   SOUSTRACTION ∪ 

                      D → A → B                                                                                                       D → C → B  

 

 

8. Apply Green’s theorem to evaluate 

∮(2𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥 − 𝑦2) 𝑑𝑦 

dy where C is represented by the parallelogram with vertices (0, 0), (1, 1), (0, 1), (−1,0) 

 

∮(2𝑥2 + 𝑦2)𝑑𝑥 + (2𝑥 − 𝑦2) 𝑑𝑦 

∇= |
(2𝑥2 + 𝑦2) (2𝑥 − 𝑦2)

𝑑𝑥 𝑑𝑦
| = −[2𝑥2 + 𝑦2]𝑑𝑦 + [2𝑥 − 𝑦2]𝑑𝑥 = −[2𝑦] + [2] = −2𝑦 + 2 

 

 

∮ =∫ ∫ ∇
∪

∩

𝑥2

𝑥3

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
∪

∩

1

−1

𝑑𝑥𝑑𝑦 

 

∫∇𝑑𝑦 = ∫[−2𝑦 + 2] 𝑑𝑦 = [−𝑦2 + 2𝑦] = ℵ 

∫ =
∪

∩

∫ (ℵ)𝑑𝑥
0

−1

+ ∫ (ℵ)𝑑𝑥
1

0

− ∫ (ℵ)𝑑𝑥
0

−1

− ∫ (ℵ)𝑑𝑥
1

0

 

∫ =
∪

∩

∫ [−𝑦2 + 2𝑦]𝑑𝑥
0

−1

+ ∫ [−𝑦2 + 2𝑦]𝑑𝑥
1

0

− ∫ [−𝑦2 + 2𝑦]𝑑𝑥
0

−1

− ∫ [−𝑦2 + 2𝑦]𝑑𝑥
1

0

 

 

 

∫ ←
0

−1

(𝐷, 𝐴) → 𝑦 = 0 

[−𝑦2 + 2𝑦] = [−(0)2 + 2(0)] = [0] 
 

∫ ←
1

0

(𝐴, 𝐵) → 𝑦 = 𝑥 

[−𝑦2 + 2𝑦] = [−(𝑥)2 + 2(𝑥)] = [−𝑥2 + 2𝑥] 
 

∫ ←
1

0

(𝐵, 𝐶) → 𝑦 = 1 

[−𝑦2 + 2𝑦] = [−(1)2 + 2(1)] = [1] 



 

∫ ←
0

−1

(𝐶, 𝐷) → 𝑦 = 𝑥 + 1 

[−𝑦2 + 2𝑦] = [−(𝑥 + 1)2 + 2(𝑥 + 1)] = [−(𝑥 + 1)(𝑥 + 1) + 2𝑥 + 2]
= [−(𝑥2 + 2𝑥 + 1) + 2𝑥 + 2] 
= [−𝑥2 − 2𝑥 − 1 + 2𝑥 + 2] = [−𝑥2 + 1] 

 

∫ =
∪

∩

(𝐷, 𝐴) + (𝐴, 𝐵) − (𝐵, 𝐶) − (𝐶, 𝐷) 

𝑔𝑟𝑒𝑒𝑛′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

∮ =∫ ∫ ∇
∪

∩

𝑥1

𝑥3

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
∪

∩

1

−1

𝑑𝑥𝑑𝑦 

 

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑒 

∮ =∫ ∫ ∇
∪

∩

𝑥1

𝑥3

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
∪

∩

1

−1

𝑑𝑥𝑑𝑦 

 

∫∇𝑑𝑦 = ∫[2𝑥 + 4𝑦] 𝑑𝑦 = [2𝑥𝑦 + 2𝑦2] = ℵ 

∫ =
∪

∩

∫ (ℵ)𝑑𝑥
0

−1

+ ∫ (ℵ)𝑑𝑥
1

0

− ∫ (ℵ)𝑑𝑥
0

−1

− ∫ (ℵ)𝑑𝑥
1

0

 

∫ =
∪

∩

∫ [−2𝑦 + 4𝑥]𝑑𝑥
0

−1

+ ∫ [−2𝑦 + 4𝑥]𝑑𝑥
1

0

− ∫ [−2𝑦 + 4𝑥]𝑑𝑥
0

−1

− ∫ [−2𝑦 + 4𝑥]𝑑𝑥
1

0

 

𝑐𝑜𝑛𝑣𝑒𝑟𝑡𝑖𝑜𝑛 

∫ =
∪

∩

(𝐷, 𝐴) + (𝐴, 𝐵) − (𝐵, 𝐶) − (𝐶, 𝐷) 

∫ =
∪

∩

∫ [0]𝑑𝑥
0

−1

+ ∫ [−𝑥2 + 2𝑥]𝑑𝑥
1

0

− ∫ [1]𝑑𝑥
0

−1

− ∫ [−𝑥2 + 1]𝑑𝑥
1

0

 

0 +
2

3
− 1 −

2

3
= −1 

 

 

∫ ∇
∪

∩

𝑑𝑥𝑑𝑦 = −1 

 

 

 

∮ =∫ ∫ ∇
∪

∩

𝑥2

𝑥3

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
∪

∩

1

−1

𝑑𝑥𝑑𝑦 = ∫ −1
1

−1

𝑑𝑥 = −2 

 

 

 

 

 9. Use Green’s theorem to em to evaluate 

∮6𝑥𝑦𝑑𝑥 + 𝑥2𝑑𝑦 



where C is the region bounded by   y = 2 − 𝑥2 and y = x 

∮6𝑥𝑦𝑑𝑥 + 𝑥2𝑑𝑦 

∇= |
6𝑥𝑦 𝑥2

𝑑𝑥 𝑑𝑦
| = −[6𝑥𝑦]𝑑𝑦 + [𝑥2]𝑑𝑥 = −6𝑥 + 2𝑥 = −4𝑥 

𝑦 = 2 − 𝑥2              𝑦 = x 

𝑥 = 2 − 𝑥2              →            𝑥2 + 𝑥 − 2 = 0 

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−(1) ± √(1)2 − 4(1)(−2)

2(1)
       →        𝑥1 = −2,     𝑥2 = 1 

y2 = 2 − 𝑥2              y1 = x 

∮ =∫ ∫ ∇
𝑦2

𝑦1

𝑥2

𝑥1

𝑑𝑥𝑑𝑦 = ∫ ∫ (−4𝑥)
2−𝑥2

𝑥

1

−2

𝑑𝑥𝑑𝑦 

∫ (−4𝑥)
2−𝑥2

𝑥

𝑑𝑦 = [−8𝑥 + 4𝑥3 + 4𝑥2] 

 

𝑏𝑜𝑢𝑛𝑑𝑒: 
[−4𝑥𝑦] = −4𝑥[(2 − 𝑥2) − (𝑥)] = −4𝑥[2 − 𝑥2 − 𝑥] = −8𝑥 + 4𝑥3 + 4𝑥2 

∫ (−8𝑥 + 4𝑥3 + 4𝑥2)
1

−2

𝑑𝑥 = 9 

𝑏𝑜𝑢𝑛𝑑𝑒: 

= [−
8

2
𝑥2 +

4

4
𝑥4 +

4

3
𝑥3] = [−4𝑥2 + 𝑥4 +

4

3
𝑥3] 

= {−4[(1)2 − (−2)2] + [(1)4 − (−2)4] +
4

3
[(1)3 − (−2)3]} 

= {−4[1 − 4] + [1 − 16] +
4

3
[1 + 8]} = {−4[−3] + [−15] +

4

3
[9]} 

= [12 − 15 +
36

3
] = 9 

 

∮ =∫ ∫ ∇
𝑦2

𝑦1

𝑥2

𝑥1

𝑑𝑥𝑑𝑦 = ∫ ∫ (−4𝑥)
2−𝑥2

𝑥

1

−2

𝑑𝑥𝑑𝑦 

∫ (−4𝑥)
2−𝑥2

𝑥

𝑑𝑦 = [−8𝑥 + 4𝑥3 + 4𝑥2] 

∫ (−8𝑥 + 4𝑥3 + 4𝑥2)
1

−2

𝑑𝑥 = 9 

 

∮ =∫ ∫ (−4𝑥)
2−𝑥2

𝑥

1

−2

𝑑𝑥𝑑𝑦 = 9 

 

 

 

10. Verify Green’s theorem for the line integral 

∮(𝑥2 − 2𝑦2) 𝑑𝑥 + (𝑥2 + 𝑦2)𝑑𝑦 

 dy where C is a triangular contour with vertices (0, 0), (4, 2), (2, 2), 



∮(𝑥2 − 2𝑦2) 𝑑𝑥 + (𝑥2 + 𝑦2)𝑑𝑦 

∇= |
(𝑥2 − 2𝑦2) (𝑥2 + 𝑦2)

𝑑𝑥 𝑑𝑦
| = −[𝑥2 − 2𝑦2]𝑑𝑦 + [𝑥2 + 𝑦2]𝑑𝑥 

∇= −[−4𝑦] + [2𝑥] = 2𝑥 + 4𝑦 

 

 

 (0, 0), (4,2), (2, 2) 

𝐴(0, 0) = (𝑥1, 𝑦1) → 𝑥1 = 0, 𝑦1 = 0 

𝐵(4,2) = (𝑥2, 𝑦2) → 𝑥2 = 4, 𝑦2 = 2 

𝐶(2,2) = (𝑥3, 𝑦3) → 𝑥3 = 2, 𝑦3 = 2 

 
(A → B) vertices (0, 0)(4,2) 

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
=

2 − 0

4 − 0
=

1

2
 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)           𝑂𝑟           𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2) 

𝑦 − 0 =
1

2
(𝑥 − 0)                           𝑦 − 2 =

1

2
(𝑥 − 4) 

𝑦 − 0 =
1

2
(𝑥)                         𝑦 − 2 =

1

2
𝑥 − 2 

                    𝑦 =
1

2
𝑥                             𝑦 =

1

2
𝑥                      

 
(B → C) vertices (4,2)(2,2) 

𝑚 =
𝑦3 − 𝑦2

𝑥3 − 𝑥2
=

2 − 2

2 − 4
= 0 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2)           𝑂𝑟           𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3) 

𝑦 − 2 = 0(𝑥 − 4)                           𝑦 − 2 = 0(𝑥 − 2) 

𝑦 − 2 = 0                           𝑦 − 2 = 0 

                    𝑦 = 2                            𝑦 = 2           
 

(C → A) vertices (2, 2)(0,0) 

𝑚 =
𝑦3 − 𝑦1

𝑥3 − 𝑥1
=

0 − 2

0 − 2
= 1 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1)           𝑂𝑟           𝑦 − 𝑦3 = 𝑚(𝑥 − 𝑥3) 

𝑦 − 2 = 1(𝑥 − 2)                           𝑦 − 0 = 1(𝑥 − 0) 

𝑦 − 2 = 𝑋 − 2                      𝑦 = 1(𝑥)           
  𝑦 = 𝑥                      𝑦 = 𝑥 

 

           
𝑏𝑜𝑢𝑛𝑑𝑒 

  

∫ ∇𝑑𝑥  
2

4

      𝑦 = 2        ∫ ∇𝑑𝑦  
2

2

= 0  

                             (𝐶, 𝐵) ← 𝑑𝑥                             
       𝑚𝑖𝑑𝑓𝑖𝑒𝑙𝑑𝑒𝑟     



   (2 < 𝑥 < 4) 

 

                                              (0 < 𝑥 < 2) 

 𝑒𝑛𝑑𝑝𝑜𝑖𝑛𝑡                                                                                          
𝑑𝑦 → (𝐶, 𝐴)                                                                          
(2 > 𝑦 > 0)                                                                           

 ∫ ∇
0

2

𝑑𝑦          𝑦 = 𝑥         ∫ ∇
𝑥

2

𝑑𝑦                                                                       

  
                                                       𝑑𝑥  → (𝐴, 𝐵)                             

                                 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡     
                          (0 < 𝑥 < 4) 

                    𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒         𝑦 =
1

2
𝑥                 ∫ ∇𝑑𝑥  

4

0

            ∫ ∇

1
2
𝑥

0

𝑑𝑦 

 

 

 

 
(𝐶, 𝐴) + (𝐶, 𝐵) 

𝑦 = 𝑥    𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒      𝑦 = 2 
(0 < 𝑥 < 2)           𝑑𝑥             (2 < 𝑥 < 4) 

𝑥 + 2 

𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒 𝑎𝑑𝑑  ∪   

 

                                𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑙𝑖𝑛𝑒           𝑦 =
1

2
𝑥 

                                             (𝐴, 𝐵)                    (0 < 𝑥 < 4)                    

 

 

∮ =∫ ∫ ∇
∪

𝑦

𝑥3

𝑥1

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
∪

𝑦

4

0

𝑑𝑥𝑑𝑦 

 

∫∇𝑑𝑦 = ∫[2𝑥 + 4𝑦] 𝑑𝑦 = [2𝑥𝑦 + 2𝑦2] = ℵ 

∫ (ℵ)𝑑𝑥
2

0

+ ∫ (ℵ)𝑑𝑥
4

2

− ∫ (ℵ)𝑑𝑥
4

0

 

∫ [2𝑥 + 4𝑦]𝑑𝑥
2

0

+ ∫ [2𝑥 + 4𝑦]𝑑𝑥
4

2

− ∫ [2𝑥 + 4𝑦]𝑑𝑥
4

0

 

 

 

∫ ←
4

0

(𝐴, 𝐵) → 𝑦 =
1

2
𝑥 

[2𝑥𝑦 + 2𝑦2] = [2𝑥 (
1

2
𝑥) + 2 (

1

2
𝑥)

2

] = [𝑥2 +
1

2
𝑥2] = [

3

2
𝑥2] 

 

∫ ←
4

2

(𝐶, 𝐵) → 𝑦 = 2 



[2𝑥𝑦 + 2𝑦2] = [2𝑥(2) + 2(2)2] = [4𝑥 + 8] 
 

∫ ←
2

0

(𝐶, 𝐴) → 𝑦 = 𝑥 

[2𝑥𝑦 + 2𝑦2] = [2𝑥(𝑥) + 2(𝑥)2] = [2𝑥2 + 2𝑥2] = [4𝑥2] 
 

∮ =(𝐶, 𝐴) + (𝐶, 𝐵) − (𝐴, 𝐵) 

𝑔𝑟𝑒𝑒𝑛′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

∮ =∫ ∫ ∇
∪

𝑦

𝑥3

𝑥1

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
𝑥+2

1
2
𝑥

4

0

𝑑𝑥𝑑𝑦 

 

𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑒 

∮ =∫ ∫ ∇
∪

𝑦

𝑥3

𝑥1

𝑑𝑥𝑑𝑦 = ∫ ∫ ∇
∪

𝑦

4

0

𝑑𝑥𝑑𝑦 

 

∫∇𝑑𝑦 = ∫[2𝑥 + 4𝑦] 𝑑𝑦 = [2𝑥𝑦 + 2𝑦2] = ℵ 

∫ (ℵ)𝑑𝑥
2

0

+ ∫ (ℵ)𝑑𝑥
4

2

− ∫ (ℵ)𝑑𝑥
4

0

 

∫ [2𝑥𝑦 + 2𝑦2]𝑑𝑥
2

0

+ ∫ [2𝑥𝑦 + 2𝑦2]𝑑𝑥
4

2

− ∫ [2𝑥𝑦 + 2𝑦2]𝑑𝑥
4

0

 

𝑐𝑜𝑛𝑣𝑒𝑟𝑡𝑖𝑜𝑛 

∫ (𝑦 = 𝑥)𝑑𝑥
2

0

+ ∫ (𝑦 = 2)𝑑𝑥
4

2

− ∫ (𝑦 =
1

2
𝑥) 𝑑𝑥

4

0

 

∫ [4𝑥2]𝑑𝑥
2

0

+ ∫ [4𝑥 + 8]𝑑𝑥
4

2

− ∫ [
3

2
𝑥2] 𝑑𝑥

4

0

 

32

3
+ 40 − 32 =

56

3
 

 

 

 

 

 

 

 

 

 
 



2.2.2. 𝐹𝑖𝑟𝑠𝑡 𝑂𝑟𝑑𝑒𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 
 
                                                          3. Solve the following differential equation:  

(𝑎) = sin 𝑡
𝑑𝑦

𝑑𝑥
+ (cos 𝑡)𝑦 = 𝑠𝑖𝑛2(𝑡) 

= sin 𝑡
𝑑𝑦

𝑑𝑥
+ cos 𝑡 𝑦 = 𝑠𝑖𝑛2(𝑡) 

=
sin 𝑡

sin 𝑡

𝑑𝑦

𝑑𝑥
+

cos 𝑡

sin 𝑡
𝑦 =

𝑠𝑖𝑛2(𝑡)

sin 𝑡
 

=
𝑑𝑦

𝑑𝑥
+

cos 𝑡

sin 𝑡
𝑦 = sin 𝑡 

tan 𝜃 =
sin 𝑡

cos 𝑡
               cot 𝜃 =

1

tan 𝑡
=

cos 𝑡

sin 𝑡
 

(𝑎) =
𝑑𝑦

𝑑𝑥
+ cot (𝑡)𝑦 = sin 𝑡 

 

𝐹𝑖𝑟𝑠𝑡 𝑂𝑟𝑑𝑒𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 

𝑦′ + 𝑃(𝑡)𝑦 = 𝑄(𝑡) 

𝜇 = 𝑒∫𝑃(𝑡)𝑑𝑡 

𝑦𝜇 = ∫𝜇 × 𝑄(𝑡)𝑑𝑡 

𝑦′ =
𝑑𝑦

𝑑𝑥
 

 

(𝑎) =
𝑑𝑦

𝑑𝑥
+ cot (𝑡)𝑦 = sin 𝑡 

𝑃(𝑡) = cot(𝑡)                𝑄(𝑡) = sin 𝑡 

𝜇 = 𝑒∫cot(𝑡)𝑑𝑡 = 𝑒ln sin 𝑡 = sin 𝑡 

𝑦 sin 𝑡 = ∫sin 𝑡 × sin 𝑡 𝑑𝑡 = ∫𝑠𝑖𝑛2(𝑡)𝑑𝑡 

 

cos(𝑎 − 𝑏) = cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏            [1] 
cos(𝑎 + 𝑎) = cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏            [2] 

cos(𝑎 − 𝑏) − cos(𝑎 + 𝑎) = cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏 − cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏             [1]
− [2] 

cos(𝑎 − 𝑏) − cos(𝑎 + 𝑎) = sin 𝑎 sin 𝑏 + sin 𝑎 sin 𝑏 

cos(𝑎 − 𝑏) − cos(𝑎 + 𝑎) = 2 sin 𝑎 sin 𝑏 

sin 𝑎 sin 𝑏 =
[cos(𝑎 − 𝑏) − cos(𝑎 + 𝑏)]

2
 

𝑤ℎ𝑒𝑛 𝑎 = 𝑏       𝑤𝑒 𝑔𝑒𝑡 𝑎 𝑑𝑜𝑢𝑏𝑙𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 

sin 𝑎 sin 𝑎 =
[cos(𝑎 − 𝑎) − cos(𝑎 + 𝑎)]

2
 

𝑠𝑖𝑛2(𝑎) =
[cos(0) − cos(2𝑎)]

2
 

𝑠𝑖𝑛2(𝑎) =
[1 − cos(2𝑎)]

2
=

1

2
[1 − cos(2𝑎)] 

𝑠𝑖𝑛2(𝑡) =
[1 − cos(2𝑡)]

2
=

1

2
[1 − cos(2𝑡)] 



 

 

𝑦 sin 𝑡 = ∫sin 𝑡 × sin 𝑡 𝑑𝑡 = ∫𝑠𝑖𝑛2(𝑡)𝑑𝑡 = ∫
1

2
[1 − cos(2𝑡)]𝑑𝑡 =

1

2
∫[1 − cos(2𝑡)]𝑑𝑡 

𝑦 sin 𝑡 =
1

2
∫[1]𝑑𝑡 −

1

2
∫[cos(2𝑡)]𝑑𝑡 =

1

2
[𝑡] −

1

2
[
sin(2𝑡)

2
] + 𝐶 =

1

2
[𝑡] −

1

4
[sin(2𝑡)] + 𝐶 

𝑦 sin 𝑡 =
1

2
[𝑡] −

1

4
[sin(2𝑡)] + 𝐶 

𝑦
sin 𝑡

sin 𝑡
=

1
2
[𝑡] −

1
4
[sin(2𝑡)] + 𝐶

sin 𝑡
 

𝑦 =

1
2
[𝑡] −

1
4
[sin(2𝑡)] + 𝐶

sin 𝑡
=

1
2
[𝑡]

sin 𝑡
−

1
4
[sin(2𝑡)]

sin 𝑡
+

𝐶

sin 𝑡
=

1

2

[𝑡]

sin 𝑡
−

1

4

[sin(2𝑡)]

sin 𝑡
+

𝐶

sin 𝑡
 

𝑦 =
1

2

𝑡

sin 𝑡
−

1

4

sin(2𝑡)

sin 𝑡
+

𝐶

sin 𝑡
 

 

sin(2𝑡) = 2 sin 𝑡 cos 𝑡  
sin(𝑎 − 𝑏) = cos 𝑎 sin 𝑏 − sin 𝑎 cos 𝑏            [1] 
sin(𝑎 + 𝑎) = cos 𝑎 sin 𝑏 + sin 𝑎 cos 𝑏             [2] 

𝑑𝑜𝑢𝑏𝑙𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑎 = 𝑏 

sin(𝑎 − 𝑎) = cos 𝑎 sin 𝑎 − sin 𝑎 cos 𝑎            [1] 
sin(0) = 0  

 

sin(𝑎 + 𝑎) = cos 𝑎 sin 𝑎 + sin 𝑎 cos 𝑎             [2] 
sin(2𝑎) =2 sin 𝑎 cos 𝑎  

 

𝑦 =
1

2

𝑡

sin 𝑡
−

1

4

sin(2𝑡)

sin 𝑡
+

𝐶

sin 𝑡
 

𝑦 =
1

2

𝑡

sin 𝑡
−

1

4

[ 2 sin 𝑡 cos 𝑡 ]

sin 𝑡
+

𝐶

sin 𝑡
 

𝑦 =
1

2

𝑡

sin 𝑡
−

2

4

[ cos 𝑡 ]

sin 𝑡
+

𝐶

sin 𝑡
 

𝑦 =
1

2

𝑡

sin 𝑡
−

1

2

[ cos 𝑡 ]

sin 𝑡
+

𝐶

sin 𝑡
 

 

csc 𝑡 =
1

sin 𝑡
              sec 𝑡 =

1

cos 𝑡
               cot 𝑡 =

1

tan 𝑡
           tan 𝑡 =

1

cot 𝑡
 

tan 𝜃 =
sin 𝑡

cos 𝑡
               cot 𝜃 =

1

tan 𝑡
=

cos 𝑡

sin 𝑡
 

 

𝑦 =
1

2

𝑡

sin 𝑡
−

1

2

[ cos 𝑡 ]

sin 𝑡
+

𝐶

sin 𝑡
 

𝑦 =
1

2
𝑡 csc 𝑡 −

1

2
cot 𝜃 + 𝐶 csc 𝑡 

 

𝑦 =
1

2
𝑡 csc 𝑡 −

1

2
cot 𝜃 + 𝐶 csc 𝑡 

 

 



(𝑏) = 𝑡2
𝑑𝑦

𝑑𝑡
+ 3𝑡𝑦 =

√1 + 𝑡2

𝑡2
 

=
𝑡2

𝑡2

𝑑𝑦

𝑑𝑡
+ 3

𝑡

𝑡2
𝑦 =

√1 + 𝑡2

𝑡2

𝑡2
 

=
𝑑𝑦

𝑑𝑡
+ 3

1

𝑡
𝑦 =

√1 + 𝑡2

𝑡2
×

1

𝑡2
 

=
𝑑𝑦

𝑑𝑡
+ 3

1

𝑡
𝑦 =

√1 + 𝑡2

𝑡4
 

 

𝐹𝑖𝑟𝑠𝑡 𝑂𝑟𝑑𝑒𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑡)𝑦 = 𝑄(𝑡) 

𝜇 = 𝑒∫𝑃(𝑡)𝑑𝑡 

𝑦𝜇 = ∫𝜇 × 𝑄(𝑡)𝑑𝑡 

 

 

=
𝑑𝑦

𝑑𝑡
+ 3

1

𝑡
𝑦 =

√1 + 𝑡2

𝑡4
 

𝑃(𝑡) = 3
1

𝑡
               𝑄(𝑡) =

√1 + 𝑡2

𝑡4
 

𝜇 = 𝑒∫3
1
𝑡
𝑑𝑡 = 𝑒3∫

1
𝑡
𝑑𝑡 = 𝑒3 ln 𝑡 = 𝑒ln(𝑡)3 = (𝑡)3 = 𝑡3 

𝑦𝑡3 = ∫𝑡3 ×
√1 + 𝑡2

𝑡4
𝑑𝑡 = ∫

√1 + 𝑡2

𝑡
𝑑𝑡 = ∫

1

𝑡
√1 + 𝑡2𝑑𝑡 

 

(1 + 𝑡2) = 𝑢                          2𝑡𝑑𝑡 = 𝑢𝑑𝑢                             𝑑𝑡 =
𝑑𝑢

2𝑡
  

2𝑡𝑑𝑡 = 𝑢             
𝑡

√(1 + 𝑡2)
= 𝑣 

 

∫
1

𝑡
√1 + 𝑡2𝑑𝑡 = ∫

1

𝑡
√𝑢

𝑑𝑢

2𝑡
=

1

𝑡
×

1

2𝑡
∫√𝑢𝑑𝑢 =

1

2𝑡2
∫√𝑢𝑑𝑢 =

1

2𝑡2
∫(𝑢)

1
2𝑑𝑢

=
1

2𝑡2

(𝑢)
3
2

3
2

+ 𝐶 

=
1

2𝑡2

(𝑢)
3
2

3
2

×

2
3
2
3

+ 𝐶 =

2
3

2𝑡2
(𝑢)

3
2 + 𝐶 =

2

3

1

2𝑡2
(𝑢)

3
2 + 𝐶 =

1

3𝑡2
(𝑢)

3
2 + 𝐶 =

1

3𝑡2
√𝑢3 + 𝐶 

=
1

3𝑡2
√𝑢3 + 𝐶 =

1

3𝑡2
√[1 + 𝑡2]3 + 𝐶 =

1

3𝑡2
√[1 + 𝑡2][1 + 𝑡2]2 + 𝐶

=
[1 + 𝑡2]

3𝑡2
√[1 + 𝑡2] + 𝐶 



= [
1

3𝑡2
+

𝑡2

3𝑡2
]√[1 + 𝑡2] + 𝐶 = [

1

3𝑡2
+

1

3
]√[1 + 𝑡2] + 𝐶

= [
1

3𝑡2
]√[1 + 𝑡2] + [

1

3
]√[1 + 𝑡2] + 𝐶 

=
1

3𝑡2
√[1 + 𝑡2] +

1

3
√[1 + 𝑡2] + 𝐶 =

√[1 + 𝑡2]

3𝑡2
+

√[1 + 𝑡2]

3
+ 𝐶

=
√1 + 𝑡2

3𝑡2
+

√1 + 𝑡2

3
+ 𝐶 

 

𝑦𝑡3 =
√1 + 𝑡2

3𝑡2
+

√1 + 𝑡2

3
+ 𝐶 

𝑦
𝑡3

𝑡3
=

√1 + 𝑡2

3𝑡2 +
√1 + 𝑡2

3
+ 𝐶

𝑡3
 

𝑦 =

√1 + 𝑡2

3𝑡2 +
√1 + 𝑡2

3 + 𝐶

𝑡3
=

√1 + 𝑡2

3𝑡2

𝑡3
+

√1 + 𝑡2

3
𝑡3

+
𝐶

𝑡3
=

√1 + 𝑡2

3𝑡2

1

𝑡3
+

√1 + 𝑡2

3

1

𝑡3
+

𝐶

𝑡3
 

𝑦 =
√1 + 𝑡2

3𝑡5
+

√1 + 𝑡2

3𝑡3
+

𝐶

𝑡3
=

√1 + 𝑡2

3𝑡5
+

√1 + 𝑡2

3𝑡3
+ 𝐶𝑡−3

=
𝑡−5√1 + 𝑡2

3
+

𝑡−3√1 + 𝑡2

3
+ 𝐶𝑡−3 

 

𝑦 =
𝑡−5√1 + 𝑡2

3
+

𝑡−3√1 + 𝑡2

3
+ 𝐶𝑡−3 =

√1 + 𝑡2

3𝑡5
+

√1 + 𝑡2

3𝑡3
+

𝐶

𝑡3
 

 

 

 

4. In the circuit shown in Figure 1, a battery supplies a constant voltage of 40V, the 

inductance is 2H, the resistance is 10Ω, and I(0) = 0. 

 

𝐸 = 𝑉𝑟1 + 𝑉𝐿 

𝐸 = 𝐼(𝑡)1𝑅1 + 𝐿1

𝑑

𝑑𝑥
𝐼(𝑡)1 

40 = 10𝐼(𝑡)1 + 2
𝑑

𝑑𝑥
𝐼(𝑡)1 

40

2
=

10

2
𝐼(𝑡)1 +

2

2

𝑑

𝑑𝑥
𝐼(𝑡)1 

20 = 5𝐼(𝑡)1 +
𝑑

𝑑𝑥
𝐼(𝑡)1 

20 =
𝑑

𝑑𝑥
𝐼(𝑡)1 + 5𝐼(𝑡)1 

 

𝐹𝑖𝑟𝑠𝑡 𝑂𝑟𝑑𝑒𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑡)𝑦 = 𝑄(𝑡) 

𝜇 = 𝑒∫𝑃(𝑡)𝑑𝑡 

𝑦𝜇 = ∫𝜇 × 𝑄(𝑡)𝑑𝑡 



𝑦 = 𝐼(𝑡)1 

 
𝑑

𝑑𝑥
𝐼(𝑡)1 + 5𝐼(𝑡)1 = 20 

𝑃(𝑡) = 5               𝑄(𝑡) = 20  

𝜇 = 𝑒∫5 𝑑𝑡 = 𝑒5𝑡 

𝑦𝑒5𝑡 = ∫𝑒5𝑡 × 20𝑑𝑡 = 20∫𝑒5𝑡𝑑𝑡 = 20 [
𝑒5𝑡

5
] + 𝐶 =

20

5
[𝑒5𝑡] + 𝐶 = 4[𝑒5𝑡] + 𝐶

= 4𝑒5𝑡 + 𝐶 

𝑦𝑒5𝑡 = 4𝑒5𝑡 + 𝐶 

𝑦
𝑒5𝑡

𝑒5𝑡
=

4𝑒5𝑡 + 𝐶

𝑒5𝑡
 

𝑦
𝑒5𝑡

𝑒5𝑡
= 4

𝑒5𝑡

𝑒5𝑡
+ 𝐶

1

𝑒5𝑡
 

𝑦 = 4 + 𝐶
1

𝑒5𝑡
= 4 + 𝐶𝑒−5𝑡 

 

𝑦 = 𝐼(𝑡)1 = 4 + 𝐶𝑒−5𝑡 

 

(𝑎) 𝐼(𝑡)1 = 4 + 𝐶𝑒−5𝑡 

 

𝐼(𝑡)1 =? 

𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

𝐼(0) = 0                   𝑡 = 0 

𝐼(𝑡)1 = 4 + 𝐶𝑒−5𝑡 

0 = 4 + 𝐶𝑒−5(0) = 4 + 𝐶𝑒0 = 4 + 𝐶 

𝐶 = −4 

𝐼(𝑡)1 = 4 + 𝐶𝑒−5𝑡 

𝐼(𝑡)1 = 4 − 4𝑒−5𝑡 

 
(𝑏) Find the current after 0.1 seconds.              𝐼(0.1)1 =? 

 𝐼(𝑡)1 = 4 − 4𝑒−5𝑡 

𝐼(0.1)1 =? 

𝑡 = 0.1 

𝐼(0.1)1 = 4 − 4𝑒−5(0.1) = 1.573877361 

 

𝐼(0.1)1 = 1.573877361𝐴 

 

 

 

5. In the circuit shown in Figure 1,  

a generator supplies a voltage of E(t) = 20 sin(40t) volts, the inductance is 0.5H, the 

resistance is 5Ω, and I(0) = 2A. 

(a) Find I(t)  

(b) Find the current after 0.1 seconds.  

(c) Use a graphing device to draw the graph of the current function. 

 

𝐸 = 𝑉𝑟1 + 𝑉𝐿 



𝐸 = 𝐼(𝑡)1𝑅1 + 𝐿1

𝑑

𝑑𝑥
𝐼(𝑡)1 

20 sin 40𝑡 = 5𝐼(𝑡)1 + 0.5
𝑑

𝑑𝑥
𝐼(𝑡)1 

20

0.5
sin 40𝑡 =

5

0.5
𝐼(𝑡)1 +

0.5

0.5

𝑑

𝑑𝑥
𝐼(𝑡)1 

40 sin 40𝑡 = 10𝐼(𝑡)1 +
𝑑

𝑑𝑥
𝐼(𝑡)1 

40 sin 40𝑡 =
𝑑

𝑑𝑥
𝐼(𝑡)1 + 10𝐼(𝑡)1 

𝑑

𝑑𝑥
𝐼(𝑡)1 + 10𝐼(𝑡)1 = 40 sin 40𝑡 

 

 

𝐹𝑖𝑟𝑠𝑡 𝑂𝑟𝑑𝑒𝑟 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 
𝑑𝑦

𝑑𝑥
+ 𝑃(𝑡)𝑦 = 𝑄(𝑡) 

𝜇 = 𝑒∫𝑃(𝑡)𝑑𝑡 

𝑦𝜇 = ∫𝜇 × 𝑄(𝑡)𝑑𝑡 

𝑦 = 𝐼(𝑡)1 

 
𝑑

𝑑𝑥
𝐼(𝑡)1 + 10𝐼(𝑡)1 = 40 sin 40𝑡 

𝑃(𝑡) = 10              𝑄(𝑡) = 40 sin 40𝑡  

𝜇 = 𝑒∫10 𝑑𝑡 = 𝑒10𝑡 

 

𝑦𝑒10𝑡 = ∫𝑒10𝑡 × 40 sin 40𝑡 𝑑𝑡 = 40∫𝑒10𝑡[sin 40𝑡]𝑑𝑡 = 40∫𝑒10𝑡 [
𝑒𝑗40𝑡 − 𝑒−𝑗40𝑡

2𝑗
] 𝑑𝑡 

=
40

2𝑗
∫[𝑒10𝑡𝑒𝑗40𝑡 − 𝑒10𝑡𝑒−𝑗40𝑡]𝑑𝑡 =

40

2𝑗
∫[𝑒10𝑡+𝑗40𝑡 − 𝑒10𝑡−𝑗40𝑡]𝑑𝑡 

=
20

𝑗
∫[𝑒10𝑡+𝑗40𝑡 − 𝑒10𝑡−𝑗40𝑡]𝑑𝑡 =

20

𝑗
[
𝑒10𝑡+𝑗40𝑡

10 + 𝑗40
−

𝑒10𝑡−𝑗40𝑡

10 − 𝑗40
]

=
2

𝑗
[
𝑒10𝑡+𝑗40𝑡

1 + 𝑗4
−

𝑒10𝑡−𝑗40𝑡

1 − 𝑗4
] + 𝐶 

= 2 [
𝑒10𝑡+𝑗40𝑡

𝑗 − 4
−

𝑒10𝑡−𝑗40𝑡

𝑗 + 4
] + 𝐶 = 2 [

𝑒10𝑡+𝑗40𝑡

𝑗 − 4
] − 2 [

𝑒10𝑡−𝑗40𝑡

𝑗 + 4
] + 𝐶 

=
2

𝑗 − 4
[𝑒10𝑡+𝑗40𝑡] −

2

𝑗 + 4
[𝑒10𝑡−𝑗40𝑡] + 𝐶 = −

8 + 2𝑗

17
[𝑒10𝑡+𝑗40𝑡] −

8 − 2𝑗

17
[𝑒10𝑡−𝑗40𝑡] + 𝐶 

= −
8 + 2𝑗

17
[𝑒𝑗40𝑡𝑒10𝑡] −

8 − 2𝑗

17
[𝑒10𝑡𝑒−𝑗40𝑡] + 𝐶

= −𝑒10𝑡
[8 + 2𝑗]

17
[𝑒𝑗40𝑡] − 𝑒10𝑡

[8 − 2𝑗]

17
[𝑒−𝑗40𝑡] + 𝐶 

= −𝑒10𝑡 [
8

17
+

2𝑗

17
] [𝑒𝑗40𝑡] − 𝑒10𝑡 [

8

17
−

2𝑗

17
] [𝑒−𝑗40𝑡] + 𝐶 

= −𝑒10𝑡 [
8

17
] [𝑒𝑗40𝑡] − 𝑒10𝑡 [

2𝑗

17
] [𝑒𝑗40𝑡] − 𝑒10𝑡 [

8

17
] [𝑒−𝑗40𝑡] + 𝑒10𝑡 [

2𝑗

17
] [𝑒−𝑗40𝑡] + 𝐶 



= −𝑒10𝑡 [
8

17
] [𝑒𝑗40𝑡] − 𝑒10𝑡 [

8

17
] [𝑒−𝑗40𝑡] − 𝑒10𝑡 [

2𝑗

17
] [𝑒𝑗40𝑡] + 𝑒10𝑡 [

2𝑗

17
] [𝑒−𝑗40𝑡] + 𝐶 

= −𝑒10𝑡 [
8

17
] [𝑒𝑗40𝑡 + 𝑒−𝑗40𝑡] − 𝑒10𝑡 [

2𝑗

17
] [𝑒𝑗40𝑡 − 𝑒−𝑗40𝑡] + 𝐶 

= −𝑒10𝑡 [
8

17
] [𝑒𝑗40𝑡 + 𝑒−𝑗40𝑡] − 𝑒10𝑡 [

2𝑗

17
] [

𝑗

𝑗
] [𝑒𝑗40𝑡 − 𝑒−𝑗40𝑡] + 𝐶 

= −𝑒10𝑡 [
8

17
] [𝑒𝑗40𝑡 + 𝑒−𝑗40𝑡] + 𝑒10𝑡 [

2

17
] [

1

𝑗
] [𝑒𝑗40𝑡 − 𝑒−𝑗40𝑡] + 𝐶 

= −𝑒10𝑡 [
8

17
] [2 cos 40𝑡] + 𝑒10𝑡 [

2

17
] [2 sin 40𝑡] + 𝐶 

= −𝑒10𝑡 [
16

17
] [cos 40𝑡] + 𝑒10𝑡 [

4

17
] [sin 40𝑡] + 𝐶 

𝑦𝑒10𝑡 = −𝑒10𝑡 [
16

17
] [cos 40𝑡] + 𝑒10𝑡 [

4

17
] [sin 40𝑡] + 𝐶 

𝑦𝑒10𝑡 = −𝑒10𝑡 [
16

17
] [cos 40𝑡] + 𝑒10𝑡 [

4

17
] [sin 40𝑡] + 𝐶 

𝑦
𝑒10𝑡

𝑒10𝑡
=

−𝑒10𝑡 [
16
17] [cos 40𝑡] + 𝑒10𝑡 [

4
17] [sin 40𝑡] + 𝐶

𝑒10𝑡
 

𝑦 =
−𝑒10𝑡 [

16
17] [cos 40𝑡] + 𝑒10𝑡 [

4
17] [sin 40𝑡] + 𝐶

𝑒10𝑡

=
−𝑒10𝑡 [

16
17] [cos 40𝑡]

𝑒10𝑡
+

𝑒10𝑡 [
4
17] [sin 40𝑡]

𝑒10𝑡
+

𝐶

𝑒10𝑡
 

𝑦 = − [
16

17
]
𝑒10𝑡

𝑒10𝑡
[cos 40𝑡] + [

4

17
]
𝑒10𝑡

𝑒10𝑡
[sin 40𝑡] +

𝐶

𝑒10𝑡

= −[
16

17
] [cos 40𝑡] + [

4

17
] [sin 40𝑡] +

𝐶

𝑒10𝑡
 

𝑦 = −
16

17
[cos 40𝑡] +

4

17
[sin 40𝑡] +

𝐶

𝑒10𝑡
= −

16

17
cos 40𝑡 +

4

17
sin 40𝑡 + 𝐶𝑒−10𝑡 

 

𝑦 = 𝐼(𝑡)1 

(𝑎)     𝐼(𝑡)1 =
4

17
sin 40𝑡 −

16

17
cos 40𝑡 + 𝐶𝑒−10𝑡 

 

I(0)  =  2A 

𝐼(𝑡)1 =? 

𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

𝐼(0) = 2                   𝑡 = 0 

𝐼(𝑡)1 =
4

17
sin 40𝑡 −

16

17
cos 40𝑡 + 𝐶𝑒−10𝑡 

𝐼(0)1 =
4

17
sin 40(0) −

16

17
cos 40(0) + 𝐶𝑒−10(0) 

2 =
4

17
sin(0) −

16

17
cos(0) + 𝐶𝑒(0) 

2 =
4

17
(0) −

16

17
cos(0) + 𝐶(1) 

2 = (0) −
16

17
(1) + 𝐶 



2 = −
16

17
+ 𝐶 

𝐶 = 2 +
16

17
=

50

17
 

𝐶 =
50

17
 

 

     𝐼(𝑡)1 =
4

17
sin 40𝑡 −

16

17
cos 40𝑡 + 𝐶𝑒−10𝑡 

     𝐼(𝑡)1 =
4

17
sin 40𝑡 −

16

17
cos 40𝑡 +

50

17
𝑒−10𝑡 

 
(𝑏) Find the current after 0.1 seconds.              𝐼(0.1)1 =? 

     𝐼(𝑡)1 =
4

17
sin 40𝑡 −

16

17
cos 40𝑡 +

50

17
𝑒−10𝑡 

     𝐼(0.1)1 =
4

17
sin 40(0.1) −

16

17
cos 40(0.1) +

50

17
𝑒−10(0.1) 

     𝐼(0.1)1 =
4

17
sin(4) −

16

17
cos(4) +

50

17
𝑒−(1) 

     𝐼(0.1)1 =
4

17
sin(4) −

16

17
cos(4) +

50

17
𝑒−(1) 

     𝐼(0.1)1 = 0.1595278323𝐴 

 

     𝐼(0.1)1 ≅ 0.1595𝐴 

 

 

 

(c) Use a graphing device to draw the graph of the current function. 

 

𝑂𝑢𝑝𝑠! 𝐼′𝑚 𝑛𝑜𝑡 𝑔𝑜𝑖𝑛𝑔 𝑡𝑜 𝑑𝑜 𝑖𝑡, 𝑑𝑜𝑛′𝑡 𝑒𝑣𝑒𝑛 𝑎𝑠𝑘 𝑤ℎ𝑦?  
 

 

 

 

 

 

 

 

 

 

 



2.2.3 Second order differential equation 
𝑦𝑃𝐼 = 𝑦 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 

𝑦𝐶𝐹 = 𝑦 𝑐𝑜𝑚𝑝𝑙𝑒𝑚𝑒𝑛𝑡𝑎𝑟𝑦 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 (𝑒𝑥𝑡𝑟𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛) 

𝑦 = 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

 

1. Consider the following differential equation: 
y′′ −  8y′ +  16y =  t2e4t  +  9 cos(4t) 

(a)Find the complementary solution of the equation. 
 

y′′ −  8y′ +  16y =  t2e4t  +  9 cos(4t) 

𝑦[𝐷2 −  8D +  16]  =  t2e4t  +  9 cos(4t) 

𝑦 = 0 

[𝐷2 −  8D +  16] = 0 

∇=
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−(−8) ± √(−8)2 − 4(1)(16)

2(1)
  →                     𝐷2 = 𝐷1 =  4 

[𝐷2 −  8D +  16] = [𝐷 − 4][𝐷 − 4] = [𝐷 − 4]2 

 

when   ∇= 𝑚1 = 𝑚2                          𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒𝑚𝑡  
 

𝐷2 = 𝐷1 =  4 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒4𝑡 

 
(b)Find the particular solution of the equation. 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

 

y′′ −  8y′ +  16y =  t2e4t  +  9 cos(4t) 

𝑦 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑎𝑏𝑙𝑒: 
t2e4t = (𝐴𝑡2 + 𝐵𝑡 + 𝐶)𝑒4𝑡 

cos(4t) = 𝐴 cos(4t) + 𝐵 sin(4𝑡) 

 

 

2. Consider the non homogeneous second order linear equation of the form 

𝑦" + 2𝑦′ + 𝑦 = 𝑔(𝑡) 
(a)Find yc(t), the solution of its corresponding homogeneous equation. 

 

𝑦" + 2𝑦′ + 𝑦 = 𝑔(𝑡) 

𝑦[𝐷2 + 2D +  1]  =  𝑔(𝑡) 

𝑦 = 0 

[𝐷2 + 2D +  1] = 0 

∇=
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−(2) ± √(2)2 − 4(1)(1)

2(1)
  →                     𝐷2 = 𝐷1 = −1 

[𝐷2 + 2D +  1] = [𝐷 + 1][𝐷 + 1] = [𝐷 + 1]2 

 

when   ∇= 𝑚1 = 𝑚2                          𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒𝑚𝑡  
 

𝐷2 = 𝐷1 = −1 



𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

 

For each part (b)through (d), find the particular solution of the following equations: 
(𝑏) 𝑦" + 2𝑦′ + 𝑦 = 𝑒−𝑡 sin 𝑡 

(𝑐) 𝑦" + 2𝑦′ + 𝑦 = 2𝑡𝑒−𝑡 

(𝑑) 𝑦" + 2𝑦′ + 𝑦 = −6𝑡2𝑒𝑡 cos 2𝑡 

 
(𝑏) 𝑦" + 2𝑦′ + 𝑦 = 𝑒−𝑡 sin 𝑡 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

𝑦[𝐷2 + 2D +  1]  = 𝑒−𝑡 sin 𝑡 

 

𝑦 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑎𝑏𝑙𝑒: 
𝑒−𝑡 sin 𝑡 = [𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡 

 

𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒  
𝑦 = 𝑒−𝑡 sin 𝑡 = [𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡 

𝑦 = [𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡 

𝑦 = [𝐴𝑒−𝑡 cos(t) + 𝐵 𝑒−𝑡sin(𝑡)] 
𝑢𝑣 = 𝑢′𝑣 + 𝑢𝑣′ 

𝑦′ = {[𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡}′ 
𝑦′ = [𝐴 cos(t) + 𝐵 sin(𝑡)]′𝑒−𝑡 + [𝐴 cos(t) + 𝐵 sin(𝑡)][𝑒−𝑡]′ 
𝑦′ = [−𝐴 sin(t) + 𝐵 cos(𝑡)]𝑒−𝑡 − [𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡 

𝑦′ = −𝐴 sin(t)𝑒−𝑡 + 𝐵 cos(𝑡)𝑒−𝑡 − 𝐴 cos(t)𝑒−𝑡 − 𝐵 sin(𝑡)𝑒−𝑡 

 

𝑦′′ = {[−𝐴 sin(t) + 𝐵 cos(𝑡)]𝑒−𝑡 − [𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡}′′ 
 
[−𝐴 sin(t) + 𝐵 cos(𝑡)]𝑒−𝑡 = [−𝐴 sin(t) + 𝐵 cos(𝑡)]′𝑒−𝑡 + [−𝐴 sin(t) + 𝐵 cos(𝑡)][𝑒−𝑡]′ 

= [−𝐴 cos(t) − 𝐵𝑠𝑖𝑛 (𝑡)]𝑒−𝑡 − [−𝐴 sin(t) + 𝐵 cos(𝑡)][𝑒−𝑡] 
= −[𝐴 cos(t) + 𝐵𝑠𝑖𝑛 (𝑡)][𝑒−𝑡] + [𝐴 sin(t) − 𝐵 cos(𝑡)][𝑒−𝑡] 
= [𝐴 sin(t) − 𝐵 cos(𝑡)][𝑒−𝑡] − [𝐴 cos(t) + 𝐵𝑠𝑖𝑛 (𝑡)][𝑒−𝑡] 

 

−[𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡 = −[𝐴 cos(t) + 𝐵 sin(𝑡)]′𝑒−𝑡 − [𝐴 cos(t) + 𝐵 sin(𝑡)][𝑒−𝑡]′ 
= [𝐴sin(t) − 𝐵𝑐𝑜𝑠(𝑡)]𝑒−𝑡 + [𝐴 cos(t) + 𝐵 sin(𝑡)][𝑒−𝑡] 

 

𝑦′′ = {[−𝐴 sin(t) + 𝐵 cos(𝑡)]𝑒−𝑡 − [𝐴 cos(t) + 𝐵 sin(𝑡)]𝑒−𝑡}′′ 
𝑦′′ = [𝐴 sin(t) − 𝐵 cos(𝑡)][𝑒−𝑡] − [𝐴 cos(t) + 𝐵𝑠𝑖𝑛 (𝑡)][𝑒−𝑡] + [𝐴sin(t) − 𝐵𝑐𝑜𝑠(𝑡)]𝑒−𝑡

+ [𝐴 cos(t) + 𝐵 sin(𝑡)][𝑒−𝑡] 
𝑦′′ = [𝐴 sin(t) − 𝐵 cos(𝑡)][𝑒−𝑡] + [𝐴sin(t) − 𝐵𝑐𝑜𝑠(𝑡)]𝑒−𝑡 

𝑦′′ = 2[𝐴 sin(t) − 𝐵 cos(𝑡)][𝑒−𝑡] = 2[𝐴 sin(t) − 𝐵 cos(𝑡)]𝑒−𝑡 

𝑦′′ = 2𝐴 sin(t)𝑒−𝑡 − 2𝐵 cos(𝑡)𝑒−𝑡 

 

{

𝑦′ = −𝐴 sin(t)𝑒−𝑡 + 𝐵 cos(𝑡)𝑒−𝑡 − 𝐴 cos(t)𝑒−𝑡 − 𝐵 sin(𝑡)𝑒−𝑡

𝑦′′ = 2𝐴 sin(t)𝑒−𝑡 − 2𝐵 cos(𝑡)𝑒−𝑡

𝑦 = 𝐴 cos(t)𝑒−𝑡 + 𝐵 sin(𝑡)𝑒−𝑡

 

 

𝑟𝑒𝑡𝑜𝑢𝑟 

𝑦" + 2𝑦′ + 𝑦 = 𝑒−𝑡 sin 𝑡 



[2𝐴 sin(t)𝑒−𝑡 − 2𝐵 cos(𝑡)𝑒−𝑡]
+ 2[−𝐴 sin(t)𝑒−𝑡 + 𝐵 cos(𝑡)𝑒−𝑡 − 𝐴 cos(t)𝑒−𝑡 − 𝐵 sin(𝑡)𝑒−𝑡]
+ [𝐴 cos(t)𝑒−𝑡 + 𝐵 sin(𝑡)𝑒−𝑡] = 𝑒−𝑡 sin 𝑡 

 

2𝐴 sin(t)𝑒−𝑡 − 2𝐵 cos(𝑡)𝑒−𝑡 − 2𝐴 sin(t)𝑒−𝑡 + 2𝐵 cos(𝑡)𝑒−𝑡 − 2𝐴 cos(t)𝑒−𝑡

− 2𝐵 sin(𝑡)𝑒−𝑡 + 𝐴 cos(t)𝑒−𝑡 + 𝐵 sin(𝑡)𝑒−𝑡 = 𝑒−𝑡 sin 𝑡 

−𝐴cos(t)𝑒−𝑡 − 𝐵 sin(𝑡)𝑒−𝑡 = 𝑒−𝑡 sin 𝑡 

−𝐵 sin(𝑡)𝑒−𝑡 = 𝑒−𝑡 sin 𝑡         →  𝐵 = −1 

−𝐴cos(t)𝑒−𝑡 = 0        → 𝐴 = 0 

 

𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑦 

𝑦 = 𝐴 cos(t)𝑒−𝑡 + 𝐵 sin(𝑡)𝑒−𝑡 = 0 cos(t)𝑒−𝑡 − sin(𝑡)𝑒−𝑡 = −sin(𝑡)𝑒−𝑡 

𝑦𝐶𝐹 = −sin(𝑡)𝑒−𝑡 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

 

𝑦 = (𝐴𝑡 + 𝐵)𝑒−𝑡 − sin(𝑡)𝑒−𝑡 

 

 

 

 

 
(𝑐) 𝑦" + 2𝑦′ + 𝑦 = 2𝑡𝑒−𝑡 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

𝑦[𝐷2 + 2D +  1]  = 2𝑡𝑒−𝑡 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

𝑦[𝐷2 + 2D +  1]  = 2𝑡𝑒−𝑡 

 

𝑦 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑎𝑏𝑙𝑒: 
2𝑡𝑒−𝑡 = [𝐴𝐶𝑡 + 𝐵𝐶𝑡]𝑒−𝑡 = 𝐶𝑒−𝑡(𝐴𝑡 + 𝐵) 

 

𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒  
𝑦 = 𝐶𝑒−𝑡(𝐴𝑡 + 𝐵) 

 

𝑦 = 𝐶𝑒−𝑡(𝐴𝑡 + 𝐵) 

𝑦 = 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡 

𝑢𝑣 = 𝑢′𝑣 + 𝑢𝑣′ 

𝑦′ = [𝐶𝑒−𝑡(𝐴𝑡 + 𝐵)]′ = 𝐶[(𝐴𝑡 + 𝐵)𝑒−𝑡]′ 
𝑦′ = 𝐶[(𝐴𝑡 + 𝐵)′𝑒−𝑡 − (𝐴𝑡 + 𝐵)(𝑒−𝑡)′] 

𝑦′ = 𝐶[𝐴𝑒−𝑡 + (𝐴𝑡 + 𝐵)𝑒−𝑡] 
𝑦′ = 𝐶𝐴𝑒−𝑡 + 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡 

 

𝑦" = 𝐶[𝐴𝑒−𝑡 + (𝐴𝑡 + 𝐵)𝑒−𝑡]′ 
[𝐴𝑒−𝑡]′ = −𝐴𝑒−𝑡 

𝑢𝑣 = 𝑢′𝑣 + 𝑢𝑣′ 
[(𝐴𝑡 + 𝐵)𝑒−𝑡]′ = [𝐴𝑒−𝑡 + (𝐴𝑡 + 𝐵)𝑒−𝑡] 

𝑦" = 𝐶[𝐴𝑒−𝑡 + (𝐴𝑡 + 𝐵)𝑒−𝑡]′ = −𝐶𝐴𝑒−𝑡 + 𝐶𝐴𝑒−𝑡 + 𝐶(𝐴𝑡 + 𝐵)𝑒−𝑡 

𝑦" = 𝐶(𝐴𝑡 + 𝐵)𝑒−𝑡 



𝑦" = 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡 

 

{

𝑦′ = 𝐶[𝐴𝑒−𝑡 + (𝐴𝑡 + 𝐵)𝑒−𝑡]

𝑦′′ = 𝐶(𝐴𝑡 + 𝐵)𝑒−𝑡

𝑦 = 𝐶(𝐴𝑡 + 𝐵)𝑒−𝑡

 

𝑂𝑟 

{

𝑦′ = 𝐶𝐴𝑒−𝑡 + 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡

𝑦′′ = 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡

𝑦 = 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡

 

 

𝑦" + 2𝑦′ + 𝑦 = 2𝑡𝑒−𝑡 
[𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡] + 2[𝐶𝐴𝑒−𝑡 + 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡] + [𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡] = 2𝑡𝑒−𝑡 

𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡 + 2𝐶𝐴𝑒−𝑡 + 2𝐶𝐴𝑡𝑒−𝑡 + 2𝐶𝐵𝑒−𝑡 + 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡 = 2𝑡𝑒−𝑡 

2𝐶𝐴𝑒−𝑡 + 4𝐶𝐴𝑡𝑒−𝑡 + 4𝐶𝐵𝑒−𝑡 = 2𝑡𝑒−𝑡 

[2𝐶𝐴 + 4𝐶𝐵]𝑒−𝑡 + 4𝐶𝐴𝑡𝑒−𝑡 = 2𝑡𝑒−𝑡 

4𝐶𝐴𝑡𝑒−𝑡 = 2𝑡𝑒−𝑡               → 4𝐶𝐴 = 2        → 𝐶𝐴 =
1

2
 

[2𝐶𝐴 + 4𝐶𝐵]𝑒−𝑡 = 2𝑡𝑒−𝑡         → [2𝐶𝐴 + 4𝐶𝐵] = 0             → [1 + 4𝐶𝐵] = 0    → 4𝐶𝐵
= −1 

→ 𝐶𝐵 = −
1

4
  

 

𝑟𝑒𝑝𝑙𝑎𝑐𝑒𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑖𝑛 𝑦 

𝑦 = 𝐶𝐴𝑡𝑒−𝑡 + 𝐶𝐵𝑒−𝑡 =
1

2
𝑡𝑒−𝑡 + [−

1

4
] 𝑒−𝑡 =

1

2
𝑡𝑒−𝑡 −

1

4
𝑒−𝑡 

𝑦𝐶𝐹 =
1

2
𝑡𝑒−𝑡 −

1

4
𝑒−𝑡 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

 

𝑦 = (𝐴𝑡 + 𝐵)𝑒−𝑡 +
1

2
𝑡𝑒−𝑡 −

1

4
𝑒−𝑡 = 𝐴𝑡𝑒−𝑡 + 𝐵𝑒−𝑡 +

1

2
𝑡𝑒−𝑡 −

1

4
𝑒−𝑡 

𝑦 = 𝐴𝑡𝑒−𝑡 + 𝐵𝑒−𝑡 +
1

2
𝑡𝑒−𝑡 −

1

4
𝑒−𝑡 

 

 

 

(𝑑) 𝑦" + 2𝑦′ + 𝑦 = −6𝑡2𝑒𝑡 cos 2𝑡 

𝑦𝑃𝐼 = (𝐴𝑡 + 𝐵)𝑒−𝑡 

𝑦[𝐷2 + 2D +  1]  = −6𝑡2𝑒𝑡 cos 2𝑡 

𝑦 = 𝑦𝑃𝐼 + 𝑦𝐶𝐹 

 

𝑦 𝑝𝑎𝑟𝑡𝑖𝑐𝑢𝑙𝑎𝑟 𝑡𝑎𝑏𝑙𝑒: 
−6𝑡2𝑒𝑡 cos 2𝑡 = [𝐴𝑡2 + 𝐵𝑡 + 𝐶][𝐴 cos(3t) + 𝐵 sin(3𝑡)]𝑒𝑡 

 

         

 



2.2.4 Laplace transform 

 
If the charge on the capacitor and the currents I1 and I2 are zero at t = 0, find 

the charge on the capacitor at time t > 0 
 

 

 

𝐸 = 𝑉𝑟1 + 𝑉𝐿1
+ 𝑉𝑐1

 

0 = 𝑉𝑟2 − 𝑉𝑐1
 

𝐼(𝑡)1 − 𝐼(𝑡)2 = 𝐼𝑐 

 

𝐸 = 𝑉𝑟1 + 𝑉𝐿1
+ 𝑉𝑐1

 

𝐸 = 𝐼(𝑡)1𝑅1 + 𝐿
𝑑𝐼(𝑡)1

𝑑𝑥
+

1

𝐶
∫ 𝐼𝑐 𝑑𝑡 

500 sin 10t = 10𝐼(𝑡)1 + 1
𝑑𝐼(𝑡)1

𝑑𝑥
+

1

0.01
∫ 𝐼𝑐 𝑑𝑡 

500 sin 10t = 10𝐼(𝑡)1 +
𝑑𝐼(𝑡)1

𝑑𝑥
+ 100∫𝐼𝑐 𝑑𝑡 

𝐿{500 sin 10t} = 𝐿 {10𝐼(𝑡)1 +
𝑑𝐼(𝑡)1

𝑑𝑥
+ 100∫[𝐼(𝑡)1 − 𝐼(𝑡)2] 𝑑𝑡} 

500 [
10

𝑠2 + 102
] = 10𝐼(𝑠)1 + 𝑠𝐼(𝑠)1 +

100

𝑠
[𝐼(𝑠)1 − 𝐼(𝑠)2] 



500 [
10s

𝑠2 + 102
] = 10s𝐼(𝑠)1 + 𝑠2𝐼(𝑠)1 + 100[𝐼(𝑠)1 − 𝐼(𝑠)2] 

[
5000s

𝑠2 + 102
] = 10s𝐼(𝑠)1 + 𝑠2𝐼(𝑠)1 + 100𝐼(𝑠)1 − 100𝐼(𝑠)2 

[
5000s

𝑠2 + 102
] = [10s + 𝑠2 + 100]𝐼(𝑠)1 − 100𝐼(𝑠)2 

[
5000s

𝑠2 + 102
] = [𝑠2 + 10s + 100]𝐼(𝑠)1 − 100𝐼(𝑠)2 

 

 

0 = 𝑉𝑟2 − 𝑉𝑐1
 

0 = 𝐼(𝑡)2𝑅2 −
1

𝐶
∫ 𝐼𝑐 𝑑𝑡 

0 = 10𝐼(𝑡)2 −
1

0.01
∫ 𝐼𝑐 𝑑𝑡 

0 = 10𝐼(𝑡)2 − 100∫𝐼𝑐 𝑑𝑡 

0 = 10𝐼(𝑡)2 − 100∫[𝐼(𝑡)1 − 𝐼(𝑡)2] 𝑑𝑡 

𝐿{0} = 𝐿 {10𝐼(𝑡)2 − 100∫[𝐼(𝑡)1 − 𝐼(𝑡)2] 𝑑𝑡} 

0 = 10𝐼(𝑠)2 −
100

𝑠
[𝐼(𝑠)1 − 𝐼(𝑠)2] 

0 = 10s𝐼(𝑠)2 − 100[𝐼(𝑠)1 − 𝐼(𝑠)2] 
0 = 10s𝐼(𝑠)2 − 100𝐼(𝑠)1 + 100𝐼(𝑠)2 

0 = [10s + 100]𝐼(𝑠)2 − 100𝐼(𝑠)1 

0 = −100𝐼(𝑠)1 + [10s + 100]𝐼(𝑠)2 

0 = −10[10]𝐼(𝑠)1 + 10[s + 10]𝐼(𝑠)2 
0

[10]
= −[10]𝐼(𝑠)1 + [s + 10]𝐼(𝑠)2 

0 = −10𝐼(𝑠)1 + [s + 10]𝐼(𝑠)2 

0 = 10𝐼(𝑠)1 − [s + 10]𝐼(𝑠)2 

0 = 10𝐼(𝑠)1 − [s + 10]𝐼(𝑠)2 

 

 

{
[

5000s

𝑠2 + 102
] = [𝑠2 + 10s + 100]𝐼(𝑠)1 − 100𝐼(𝑠)2

0 = 10𝐼(𝑠)1 − [s + 10]𝐼(𝑠)2

 

∇= |
[𝑠2 + 10s + 100] −100

10 −[s + 10]
| 

∇= −[𝑠2 + 10s + 100][s + 10] + 10 × 100 

∇= −[𝑠3 + 10𝑠2 + 10𝑠2 + 100𝑠 + 100𝑠 + 1000] + 1000 



∇= −[𝑠3 + 20𝑠2 + 200𝑠 + 1000] + 1000 

∇= −𝑠3 − 20𝑠2 − 200𝑠 − 1000 + 1000 

∇= −𝑠3 − 20𝑠2 − 200𝑠 

∇= −𝑠[𝑠2 + 20𝑠 + 200] 
 

∇𝐼1= |
[

5000s

𝑠2 + 102
] −100

0 −[s + 10]
| 

∇𝐼1= −[
5000s

𝑠2 + 102
] × [s + 10] = − [

5000s[s + 10]

𝑠2 + 102
] = −𝑠 × [

5000[s + 10]

𝑠2 + 102
] 

∇𝐼2= |[𝑠
2 + 10s + 100] [

5000s

𝑠2 + 102
]

10 0

| 

∇𝐼2= −10 × [
5000s

𝑠2 + 102
] = −𝑠 × [

50000

𝑠2 + 102
] 

𝐼(𝑠)1 =
∇𝐼1

∇
=

−𝑠 × [
5000[s + 10]

𝑠2 + 102 ]

−𝑠[𝑠2 + 20𝑠 + 200]
=

[
5000[s + 10]

𝑠2 + 102 ]

[𝑠2 + 20𝑠 + 200]
 

𝐼(𝑠)1 =
5000[s + 10]

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

=
5000s + 50000

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

=
5000s

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
+

50000

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

 

 

𝐼(𝑠)2 =
∇𝐼2

∇
=

−𝑠 × [
50000

𝑠2 + 102]

−𝑠[𝑠2 + 20𝑠 + 200]
=

[
50000

𝑠2 + 102]

[𝑠2 + 20𝑠 + 200]
 

=
50000

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

 

𝐼(𝑠)𝐶 = 𝐼(𝑠)1 − 𝐼(𝑠)2 

𝐼(𝑠)𝐶 =
5000s

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
+

50000

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]

−
50000

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

𝐼(𝑠)𝐶 =
5000s

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

𝑛𝑜𝑤, 𝑡ℎ𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑓𝑜𝑟𝑚𝑠 𝑜𝑓 𝑡ℎ𝑒 𝐶𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑜𝑟 𝑖𝑠: 



𝐼(𝑠)𝐶 =
5000s

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝐼(𝑠)𝐶  𝑤𝑖𝑙𝑙 𝑏𝑒 𝐼(𝑡)𝐶 

𝑡ℎ𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠: 

𝐼(𝑠)𝐶 =
5000s

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

 

[𝑠2 + 102] = [𝑠2 + 100] = [𝑠2 + 0𝑠 + 100] = 0             

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

0 ± √0 − 4 × 100

2
= ±10𝑗 

𝑠1 = −10𝑗 
𝑠2 = +10𝑗 

 

𝑎2 + 𝑏2 = (𝑎 + 𝑏𝑗)(𝑎 − 𝑏𝑗)           𝑎2 + 𝑏2 = (𝑎 + 𝑏)2 − 2𝑎𝑏              𝑎2 + 𝑏2

= (𝑎 − 𝑏)2 + 2𝑎𝑏 

[𝑠 ± 10𝑗] = [𝑠2 + 100] = [𝑠2 + 0𝑠 + 100] = [𝑠 + 10𝑗][𝑠 − 10𝑗]
= [(𝑠) + (10𝑗)][(𝑠) − (10𝑗)] 

= [(𝑠)(𝑠) + (𝑠)(10𝑗) − (𝑠)(10𝑗) − (10𝑗)(10𝑗)] 
= [(𝑠)2 − (10𝑗)2] = [𝑠2 + 100] = [𝑠2 + 102] 

 

[𝑠2 + 20𝑠 + 200] = 0 

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−20 ± √202 − 4 × 200

2
= −10 ± 10𝑗 

𝑠1 = −10 − 10𝑗 
𝑠2 = −10 + 10𝑗 

 

𝑎2 + 𝑏2 = (𝑎 + 𝑏𝑗)(𝑎 − 𝑏𝑗)           𝑎2 + 𝑏2 = (𝑎 + 𝑏)2 − 2𝑎𝑏              𝑎2 + 𝑏2

= (𝑎 − 𝑏)2 + 2𝑎𝑏 

[𝑠 + 10 ± 10𝑗] = [𝑠2 + 20𝑠 + 200] = [𝑠 + 10 − 10𝑗][𝑠 + 10 + 10𝑗] 
= [(𝑠 + 10) − 10𝑗][(𝑠 + 10) + 10𝑗] 

= [(𝑠 + 10)(𝑠 + 10) + (𝑠 + 10)(10𝑗) − (𝑠 + 10)(10𝑗) − (10𝑗)(10𝑗)] 
=[(𝑠 + 10)(𝑠 + 10) − (10𝑗)(10𝑗)]=[(𝑠 + 10)2 − (10𝑗)2] 

= [(𝑠 + 10)2 + (10)2] = [(𝑠 + 10)2 + 100] 
 

 

 

𝐼(𝑠)𝐶 =
5000s

[𝑠2 + 102][𝑠2 + 20𝑠 + 200]
 

=
As + B

[𝑠2 + 102]
+

Cs + D

[𝑠2 + 20𝑠 + 200]
 

𝑝𝑡 = 𝑝1 + 𝑝2 



𝑝𝑡 =
As + B

[𝑠2 + 102]
+

Cs + D

[𝑠2 + 20𝑠 + 200]
 

 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝐼 

𝑝1 =
5000s

[𝑠2 + 102]
=

As + B

[𝑠2 + 102]
=

As + B

[𝑠 + 10𝑗][𝑠 − 10𝑗]
 

𝑝1 =
A

[𝑠 + 10𝑗]
+

B

[𝑠 − 10𝑗]
=

As + B

[𝑠2 + 102]
 

5000s = A[𝑠 − 10𝑗] + 𝐵[𝑠 + 10𝑗] 
𝑤ℎ𝑒𝑛 𝑠 = −10𝑗    𝑤𝑒 𝑔𝑒𝑡   5000(−10𝑗)

= A[(−10𝑗) − 10𝑗] + 𝐵[(−10𝑗) + 10𝑗] 
5000(−10𝑗) = A[−10𝑗 − 10𝑗] + 𝐵[−10𝑗 + 10𝑗] 

−50000𝑗 = A[−20𝑗] + 𝐵[0] 
−50000𝑗 = −20𝑗A 

50000 = 20A 

𝐴 = 2500 

 

5000s = A[𝑠 − 10𝑗] + 𝐵[𝑠 + 10𝑗] 
𝑤ℎ𝑒𝑛 𝑠 = 10𝑗    𝑤𝑒 𝑔𝑒𝑡   5000(10𝑗) = A[(10𝑗) − 10𝑗] + 𝐵[(10𝑗) + 10𝑗] 

5000(10𝑗) = A[10𝑗 − 10𝑗] + 𝐵[10𝑗 + 10𝑗] 
50000𝑗 = A[0] + 𝐵[20𝑗] 

50000𝑗 = 20𝑗B 

50000 = 20B 

𝐵 = 2500 

𝑝1 =
5000s

[𝑠2 + 102]
=

As + B

[𝑠2 + 102]
=

As + B

[𝑠 + 10𝑗][𝑠 − 10𝑗]
 

𝑝1 =
A

[𝑠 + 10𝑗]
+

B

[𝑠 − 10𝑗]
=

2500

[𝑠 + 10𝑗]
+

2500

[𝑠 − 10𝑗]
 

𝑝1 =
As + B

[𝑠2 + 102]
=

2500s + 2500

[𝑠2 + 102]
=

2500s

[𝑠2 + 102]
+

2500

[𝑠2 + 102]
 

 

sin 𝑎𝑡 =
𝑎

𝑠2 + 𝑎2
              cos 𝑎𝑡 =

𝑠

𝑠2 + 𝑎2
 

𝑒𝑏𝑡 =
1

𝑠 − 𝑏
                    𝑒𝑏𝑡 sin 𝑎𝑡 =

𝑎

(𝑠 − 𝑏)2 + 𝑎2
                     𝑒𝑏𝑡 cos 𝑎𝑡 =

𝑠 − 𝑏

(𝑠 − 𝑏)2 + 𝑎2
 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 𝑝1 

𝑝1 =
2500s

[𝑠2 + 102]
+

250(10)

[𝑠2 + 102]
= 2500 cos 10𝑡 + 250 sin 10𝑡 

or 

𝑝1 =
2500

[𝑠 + 10𝑗]
+

2500

[𝑠 − 10𝑗]
= 2500 𝑒𝑗10𝑡 + 2500 𝑒−𝑗10𝑡 

𝑝1 = 2500[𝑒𝑗10𝑡 + 𝑒−𝑗10𝑡] = 1250 cos 10𝑡 



 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝐼𝐼 

𝑝2 =
5000s

[𝑠2 + 20𝑠 + 200]
=

Cs + D

[𝑠2 + 20𝑠 + 200]
=

Cs + D

[𝑠 + 10 − 10𝑗][𝑠 + 10 + 10𝑗]
 

𝑝2 =
C

[𝑠 + 10 − 10𝑗]
+

D

[𝑠 + 10 + 10𝑗]
=

Cs + D

[(𝑠 + 10)2 + (10)2]
 

 

5000s = C[𝑠 + 10 + 10𝑗] + 𝐷[𝑠 + 10 − 10𝑗] 
𝑤ℎ𝑒𝑛 𝑠 = −10 + 10𝑗    𝑤𝑒 𝑔𝑒𝑡    

5000(−10 + 10𝑗)
= C[(−10 + 10𝑗) + 10 + 10𝑗] + 𝐷[(−10 + 10𝑗) + 10 − 10𝑗] 

50000(𝑗 − 1) = C[−10 + 10𝑗 + 10 + 10𝑗] + 𝐷[−10 + 10𝑗 + 10 − 10𝑗] 
50000(𝑗 − 1) = C[20𝑗] + 𝐷[0] 

50000(𝑗 − 1) = [20𝑗]𝐶 
50000(𝑗 − 1)

20𝑗
= 𝐶 

𝐶 = 2500 ×
(𝑗 − 1)

𝑗
= 2500 × [

𝑗

𝑗
−

1

𝑗
] = 2500 × [1 −

1

𝑗
] = 2500 × [1 + 𝑗] 

𝐶 = 2500[1 + 𝑗] 
 

5000s = C[𝑠 + 10 + 10𝑗] + 𝐷[𝑠 + 10 − 10𝑗] 
𝑤ℎ𝑒𝑛 𝑠 = −10 − 10𝑗    𝑤𝑒 𝑔𝑒𝑡    

5000(−10 − 10𝑗)
= C[(−10 − 10𝑗) + 10 + 10𝑗] + 𝐷[(−10 − 10𝑗) + 10 − 10𝑗] 

−50000(𝑗 + 1) = C[−10 − 10𝑗 + 10 + 10𝑗] + 𝐷[−10 − 10𝑗 + 10 − 10𝑗] 
−50000(𝑗 + 1) = 𝐶[0] + D[−20𝑗] 

−50000(𝑗 + 1) = [−20𝑗]𝐷 
50000(𝑗 + 1)

20𝑗
= 𝐷 

𝐷 = 2500 ×
(𝑗 + 1)

𝑗
= 2500 × [

𝑗

𝑗
+

1

𝑗
] = 2500 × [1 +

1

𝑗
] = 2500 × [1 − 𝑗] 

𝐷 = 2500[1 − 𝑗] 
 

𝑝2 =
5000s

[𝑠2 + 20𝑠 + 200]
=

Cs + D

[𝑠2 + 20𝑠 + 200]
=

Cs + D

[𝑠 + 10 − 10𝑗][𝑠 + 10 + 10𝑗]
 

𝑝2 =
C

[𝑠 + 10 − 10𝑗]
+

D

[𝑠 + 10 + 10𝑗]
=

Cs + D

[(𝑠 + 10)2 + (10)2]
 

 

 

𝑝2 =
Cs + D

[(𝑠 + 10)2 + (10)2]
=

2500[1 + 𝑗]s + 2500[1 − 𝑗]

[(𝑠 + 10)2 + (10)2]
 



𝑝2 =
2500[1 + 𝑗]s

[(𝑠 + 10)2 + (10)2]
+

2500[1 − 𝑗]

[(𝑠 + 10)2 + (10)2]
 

𝑝2 =
C

[𝑠 + 10 − 10𝑗]
+

D

[𝑠 + 10 + 10𝑗]
=

2500[1 + 𝑗]

[𝑠 + 10 − 10𝑗]
+

2500[1 − 𝑗]

[𝑠 + 10 + 10𝑗]
 

 

sin 𝑎𝑡 =
𝑎

𝑠2 + 𝑎2
              cos 𝑎𝑡 =

𝑠

𝑠2 + 𝑎2
 

𝑒𝑏𝑡 =
1

𝑠 − 𝑏
                    𝑒𝑏𝑡 sin 𝑎𝑡 =

𝑎

(𝑠 − 𝑏)2 + 𝑎2
                     𝑒𝑏𝑡 cos 𝑎𝑡 =

𝑠 − 𝑏

(𝑠 − 𝑏)2 + 𝑎2
 

[1 + 𝑗] = 2 <
𝜋

4
= 2𝑒𝑗

𝜋
4  

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 𝑝2  

𝑝2 =
2500[1 + 𝑗]s

[(𝑠 + 10)2 + (10)2]
+

2500[1 − 𝑗]

[(𝑠 + 10)2 + (10)2]
 

=
2500[1 + 𝑗]s

[(𝑠 + 10)2 + (10)2]
+

250[1 − 𝑗] × [10]

[(𝑠 + 10)2 + (10)2]
 

𝑝2 = 2500[1 + 𝑗]𝑒−10𝑡 cos 10𝑡 + 250[1 − 𝑗]𝑒−10𝑡 sin 10𝑡 

𝑝2 = 2500 [2𝑒𝑗
𝜋
4] 𝑒−10𝑡 cos 10𝑡 + 250 [2𝑒−𝑗

𝜋
4] 𝑒−10𝑡 sin 10𝑡 

𝑝2 = 5000 [𝑒𝑗
𝜋
4] 𝑒−10𝑡 cos 10𝑡 + 500 [𝑒−𝑗

𝜋
4] 𝑒−10𝑡 sin 10𝑡 

𝑝2 = 5000[𝑒𝑗45°]𝑒−10𝑡 cos 10𝑡 + 500[𝑒−𝑗45°]𝑒−10𝑡 sin 10𝑡 

 

Or 

𝑝2 =
2500[1 + 𝑗]

[𝑠 + 10 − 10𝑗]
+

2500[1 − 𝑗]

[𝑠 + 10 + 10𝑗]

=
2500[1 + 𝑗]

[𝑠 + (10 − 10𝑗)]
+

2500[1 − 𝑗]

[𝑠 + (10 + 10𝑗)]
 

𝑝2 = 2500[1 + 𝑗]𝑒−(10−10𝑗)𝑡 + 2500[1 − 𝑗]𝑒−(10+10𝑗)𝑡 

𝑝2 = 2500 [2𝑒𝑗
𝜋
4] 𝑒−(10−10𝑗)𝑡 + 2500 [2𝑒−𝑗

𝜋
4] 𝑒−(10+10𝑗)𝑡 

= 2500 [2𝑒𝑗
𝜋
4] [𝑒−(10−10𝑗)𝑡] + 2500 [2𝑒−𝑗

𝜋
4] [𝑒−(10+10𝑗)𝑡] 

= 2500 [2𝑒𝑗
𝜋
4] [𝑒−10𝑡+10𝑗𝑡] + 2500 [2𝑒−𝑗

𝜋
4] [𝑒−10𝑡−10𝑗𝑡] 

= 2500 [2𝑒𝑗
𝜋
4] [𝑒−10𝑡𝑒10𝑗𝑡] + 2500 [2𝑒−𝑗

𝜋
4] [𝑒−10𝑡𝑒−10𝑗𝑡] 

= 5000 [𝑒𝑗
𝜋
4] [𝑒−10𝑡𝑒10𝑗𝑡] + 5000 [𝑒−𝑗

𝜋
4] [𝑒−10𝑡𝑒−10𝑗𝑡] 

= 5000[𝑒−10𝑡] [𝑒𝑗
𝜋
4𝑒10𝑗𝑡] + 5000[𝑒−10𝑡] [𝑒−𝑗

𝜋
4𝑒−10𝑗𝑡] 

= 5000[𝑒−10𝑡] [𝑒𝑗
𝜋
4
+10𝑗𝑡] + 5000[𝑒−10𝑡] [𝑒−𝑗

𝜋
4
−10𝑗𝑡] 

= 5000[𝑒−10𝑡] [𝑒
𝑗(

𝜋
4
+10𝑡)

] + 5000[𝑒−10𝑡] [𝑒
−𝑗(

𝜋
4
+10𝑡)

] 



= 5000[𝑒−10𝑡] {[𝑒
𝑗(

𝜋
4
+10𝑡)

] + [𝑒
−𝑗(

𝜋
4
+10𝑡)

]} 

= 5000[𝑒−10𝑡] {𝑒
𝑗(

𝜋
4
+10𝑡)

+ 𝑒
−𝑗(

𝜋
4
+10𝑡)

} 

= 2500[𝑒−10𝑡] {cos (
𝜋

4
+ 10𝑡)} = 2500[𝑒−10𝑡]{cos(45° + 10𝑡)} 

= 2500[𝑒−10𝑡]{cos(45° + 10𝑡)} 
 

cos (𝑎 + 𝑏) = cos 𝑎 × cos 𝑏 − sin 𝑎 × sin 𝑏 

cos (45° + 10𝑡) = cos(45°) × cos(10𝑡) − sin(45°) × sin(10𝑡) 

cos (
𝜋

4
+ 10𝑡) = cos (

𝜋

4
) × cos(10𝑡) − sin (

𝜋

4
) × sin(10𝑡) 

cos (
𝜋

4
+ 10𝑡) = [

√2

2
] × cos(10𝑡) − [

√2

2
] × sin(10𝑡) 

 

𝑝2 = 2500[𝑒−10𝑡]{cos(45° + 10𝑡)} 

𝑝2 = 2500[𝑒−10𝑡] {[
√2

2
] × cos(10𝑡) − [

√2

2
] × sin(10𝑡)} 

𝑝2 = 2500[𝑒−10𝑡] {[
√2

2
] × cos(10𝑡)} − 2500[𝑒−10𝑡] {[

√2

2
] × sin(10𝑡)} 

𝑝2 = 2500 [
√2

2
] [𝑒−10𝑡]{cos(10𝑡)} − 2500 [

√2

2
] [𝑒−10𝑡]{sin(10𝑡)} 

𝑝2 = 1250[√2][𝑒−10𝑡]{cos(10𝑡)} − 1250[√2][𝑒−10𝑡]{sin(10𝑡)} 

𝑝2 = 1768[𝑒−10𝑡]{cos(10𝑡)} − 1768[𝑒−10𝑡]{sin(10𝑡)} 
𝑝2 = 1768[𝑒−10𝑡] cos(10𝑡) − 1768[𝑒−10𝑡] sin(10𝑡) 

 

 

 

 

 

 

𝑝2 = 1768[𝑒−10𝑡][cos(10𝑡) − sin(10𝑡)] 
 

 

 

𝑝1 = 2500 cos 10𝑡 + 250 sin 10𝑡 

𝑝2 = 1768[𝑒−10𝑡] cos(10𝑡) − 1768[𝑒−10𝑡] sin(10𝑡) 
 

𝑝𝑡 = 𝑝1 + 𝑝2 

𝑝𝑡 = 2500 cos 10𝑡 + 250 sin 10𝑡 + 1768[𝑒−10𝑡][cos(10𝑡) − sin(10𝑡)] 
 



𝑡ℎ𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑜𝑟 

𝐼(𝑡)𝐶 = 2500 cos10𝑡 + 250 sin 10𝑡 + 1768[𝑒−10𝑡][sin(10𝑡) − cos(10𝑡)] 
𝐼(𝑡)𝐶 = 2500 cos 10𝑡 + 250 sin 10𝑡 + 1768[𝑒−10𝑡] cos(10𝑡)

− 1768[𝑒−10𝑡] sin(10𝑡) 
𝑡ℎ𝑒 𝑐ℎ𝑎𝑟𝑔𝑒 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑜𝑟 

𝑑𝑞(𝑡)

𝑑𝑥
= 𝐼(𝑡)𝐶 

𝑞(𝑡) = ∫ 𝐼(𝑡)𝐶 𝑑𝑡 

𝑞(𝑡) = ∫[2500 cos 10𝑡 + 250 sin 10𝑡

+ 1768[𝑒−10𝑡][cos(10𝑡) − sin(10𝑡)]] 𝑑𝑡 

𝑞(𝑡) = ∫[2500 cos 10𝑡 + 250 sin 10𝑡 + 1768[𝑒−10𝑡] cos(10𝑡)

− 1768[𝑒−10𝑡] sin(10𝑡)] 𝑑𝑡 

𝑞(𝑡) = ∫2500 cos 10𝑡 𝑑𝑡 + ∫250 sin 10𝑡 𝑑𝑡 − ∫1768[𝑒−10𝑡] sin(10𝑡)𝑑𝑡

+ ∫1768[𝑒−10𝑡] cos(10𝑡) 𝑑𝑡 

𝑞(𝑡) = 2500∫cos 10𝑡 𝑑𝑡 + 250∫sin 10𝑡 𝑑𝑡 − 1768∫[𝑒−10𝑡] sin(10𝑡)𝑑𝑡

+ 1768∫[𝑒−10𝑡] cos(10𝑡) 𝑑𝑡 

 

 

∫cos 10𝑡 𝑑𝑡 =
1

10
[sin 10𝑡] 

∫sin 10𝑡 = −
1

10
[cos 10𝑡] 

∫[𝑒−10𝑡] sin(10𝑡) 𝑑𝑡 = −
1

20
𝑒−10𝑡[sin(10𝑡) + cos(10𝑡)] 

∫[𝑒−10𝑡] cos (10𝑡) 𝑑𝑡 =
1

20
𝑒−10𝑡[sin(10𝑡) − cos(10𝑡)] 

 

 

 

𝑞(𝑡) = 2500∫cos 10𝑡 𝑑𝑡 + 250∫sin 10𝑡 𝑑𝑡 − 1768∫[𝑒−10𝑡] sin(10𝑡)𝑑𝑡

+ 1768∫[𝑒−10𝑡] cos(10𝑡) 𝑑𝑡 



𝑞(𝑡) =
2500

10
[sin 10𝑡] −

250

10
[cos 10𝑡] +

1768

20
𝑒−10𝑡[sin(10𝑡) + cos(10𝑡)]

−
1768

20
𝑒−10𝑡[sin(10𝑡) − cos(10𝑡)] 

𝑞(𝑡) = 250[sin 10𝑡] − 25[cos10𝑡] +
442

5
𝑒−10𝑡[sin(10𝑡) + cos(10𝑡)]

−
442

5
𝑒−10𝑡[sin(10𝑡) − cos(10𝑡)] 

𝑞(𝑡) = 250[sin 10𝑡] − 25[cos 10𝑡] + 88.4 𝑒−10𝑡[sin(10𝑡) + cos(10𝑡)]
− 88.4 𝑒−10𝑡[sin(10𝑡) − cos(10𝑡)] 

𝑞(𝑡) = 250[sin 10𝑡] − 25[cos10𝑡] + 88.4 𝑒−10𝑡[sin(10𝑡)] 
+88.4 𝑒−10𝑡[cos(10𝑡)] − 88.4 𝑒−10𝑡[sin(10𝑡)] − 88.4 𝑒−10𝑡[− cos(10𝑡)] 

𝑞(𝑡) = 250[sin 10𝑡] − 25[cos10𝑡] + 88.4 𝑒−10𝑡[sin(10𝑡)] 
+88.4 𝑒−10𝑡[cos(10𝑡)] − 88.4 𝑒−10𝑡[sin(10𝑡)] + 88.4 𝑒−10𝑡[cos(10𝑡)] 

𝑞(𝑡) = 250[sin 10𝑡] − 25[cos 10𝑡] −
884

5
 𝑒−10𝑡[cos(10𝑡)] 

𝑞(𝑡) = 250[sin 10𝑡] − 25[cos10𝑡] − 176.8 𝑒−10𝑡[cos(10𝑡)] 
 

𝑞(𝑡) = −[cos(10𝑡)][25 + 176.8 𝑒−10𝑡] + 250[sin 10𝑡] 
𝑞(𝑡) = −[25 + 176.8 𝑒−10𝑡][cos(10𝑡)] + 250[sin 10𝑡] 

 

 

𝑞(𝑡) = 250[sin 10𝑡] − [25 + 176.8 𝑒−10𝑡][cos(10𝑡)] 
 

 

 

 

 

 

 

 

 

 

 

 

 



2.2.5 Fourier series 
3. Consider the Fourier series (of period 10) representing 

4. Consider the periodic square wave x(t)shown in figure 2 below:  
(a)Determine the complex exponential Fourier series of x(t).  

(b)Determine the trigonometric Fourier series of x(t) 
 

Figure 2: Periodic square wave 

 
(a)Determine the complex exponential Fourier series of x(t). 

𝑥(𝑥) = 𝐶0 + ∑ 𝐶𝑛

∞

𝑛=1

𝑒𝑗𝜔𝑡 

 

𝐶𝑛 =
1

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

e−jnωt𝑑𝑡 

𝐶𝑛 =
1

𝑇0
∫ 𝑥(𝑡)

𝑇0
2

−
𝑇0
2

e−jnωt𝑑𝑡 =
1

𝑇0
∫ 𝐴

𝑇0
2

0

e−jnωt𝑑𝑡 +
1

𝑇0
∫ 0

0

−
𝑇0
2

e−jnωt𝑑𝑡 

𝜔 =
2𝜋

𝑃
=

2𝜋

𝑇0
 

𝐶𝑛 =
1

𝑇0
∫ 𝐴

𝑇0
2

0

e−jnωt𝑑𝑡 +
1

𝑇0
∫ 0

0

−
𝑇0
2

e−jnωt𝑑𝑡 =
1

𝑇0
∫ 𝐴

𝑇0
2

0

e−jnωt𝑑𝑡 

𝐶𝑛 =
𝐴

𝑇0
∫ e−jnωt

𝑇0
2

0

𝑑𝑡 =
𝐴

𝑇0
[
e−jnωt

−jω
] =

𝐴

𝑇0
[
e−jnω

𝑇0
2 − e0

−jω
] =

𝐴

𝑇0
[
e
−jn

2𝜋
𝑇0

×
𝑇0
2 − e0

−jω
]

=
𝐴

𝑇0
[
e
−jn

2𝜋
𝑇0

×
𝑇0
2 − e0

−jω
] 

=
𝐴

𝑇0
[
e−jn𝜋 − 1

−jω
] =

𝐴

−jω𝑇0
[e−jn𝜋 − 1] =

𝐴

−j
2𝜋
𝑇0

𝑇0

[e−jn𝜋 − 1] =
𝐴

−j2𝜋
[e−jn𝜋 − 1] 

=
𝐴

−j2𝜋
[cos(n𝜋) − 𝑗 sin(n𝜋) − 1] =

𝐴

−j2𝜋
[cos(n𝜋) − 1] = 𝑗

𝐴

2𝜋
[cos(n𝜋) − 1] 

𝐶𝑛 = 𝑗
𝐴

2𝜋
[(−1)2 − 1] 

𝐶𝑜 =
1

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

𝑑𝑡 

𝐶𝑜 =
1

𝑇0
∫ 𝑥(𝑡)

𝑇0
2

−
𝑇0
2

𝑑𝑡 =
1

𝑇0
∫ 𝐴

𝑇0
2

0

𝑑𝑡 +
1

𝑇0
∫ 0

0

−
𝑇0
2

𝑑𝑡 

𝐶𝑜 =
1

𝑇0
∫ 𝐴

𝑇0
2

0

𝑑𝑡 +
1

𝑇0
∫ 0

0

−
𝑇0
2

𝑑𝑡 =
1

𝑇0
∫ 𝐴

𝑇0
2

0

𝑑𝑡 



𝐶𝑜 =
𝐴

𝑇0
∫ 𝑑𝑡

𝑇0
2

0

=
𝐴

𝑇0

[t] =
𝐴

𝑇0
[
𝑇0

2
] =

𝐴

2
 

 

 

𝑥(𝑥) = 𝐶0 + ∑ 𝐶𝑛

∞

𝑛=1

𝑒𝑗𝜔𝑡 

𝑥(𝑥) =
𝐴

2
+ ∑𝑗

𝐴

2𝜋
[(−1)2 − 1]

∞

𝑛=1

𝑒𝑗𝜔𝑡  

(b)Determine the trigonometric Fourier series of x(t) 

𝑓(𝑡) = 𝑎0 + ∑ (𝑎𝑛 cos
𝑛𝜋𝑡

𝑇
+ 𝑏𝑛 sin

𝑛𝜋𝑡

𝑇
)

∞

𝑛=1

 

𝑎0 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

𝑑𝑡 

𝑎0 =
2

𝑇0
∫ 𝑥(𝑡)

𝑇0
2

−
𝑇0
2

𝑑𝑡 =
2

𝑇0
∫ 𝐴

𝑇0
2

0

𝑑𝑡 +
2

𝑇0
∫ 0

0

−
𝑇0
2

𝑑𝑡 

𝜔 =
2𝜋

𝑃
=

2𝜋

𝑇0
 

𝑎0 =
2

𝑇0
∫ 𝐴

𝑇0
2

0

𝑑𝑡 +
2

𝑇0
∫ 0

0

−
𝑇0
2

𝑑𝑡 =
2

𝑇0
∫ 𝐴

𝑇0
2

0

𝑑𝑡 

𝑎0 =
2𝐴

𝑇0
∫ 1

𝑇0
2

0

𝑑𝑡 =
2𝐴

𝑇0

[t] =
2𝐴

𝑇0
[
𝑇0

2
] = 𝐴 

𝑎0 = 𝐴 

𝑎𝑣𝑔 =
𝑎0

2
=

𝐴

2
 

 

𝑎𝑛 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

cos(nωt) 𝑑𝑡 

𝑎𝑛 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

cos(nωt) 𝑑𝑡 =
2

𝑇0
∫ 𝐴

𝑇0
2

0

cos(nωt) 𝑑𝑡 +
2

𝑇0
∫ 0

0

−
𝑇0
2

cos(nωt) 𝑑𝑡 

𝜔 =
2𝜋

𝑃
=

2𝜋

𝑇0
 

𝑎𝑛 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

cos (
2n𝜋

𝑇0
) 𝑡 𝑑𝑡 =

2

𝑇0
∫ 𝐴

𝑇0
2

0

cos (
2n𝜋

𝑇0
) 𝑡 𝑑𝑡 +

2

𝑇0
∫ 0

0

−
𝑇0
2

cos (
2n𝜋

𝑇0
) 𝑡 𝑑𝑡 

𝑎𝑛 =
𝐴

𝑇0
∫ cos (

2n𝜋

𝑇0
) 𝑡 𝑑𝑡

𝑇0
2

0

=
𝐴

𝑇0
[
sin (

2n𝜋
𝑇0

) 𝑡

2n𝜋
𝑇0

] =
𝐴

2n𝜋
𝑇0

𝑇0

[sin (
2n𝜋

𝑇0
) 𝑡] 

=
𝐴

2jn𝜋
[sin (

2n𝜋

𝑇0
) 𝑡] =

𝐴

2n𝜋
[sin (

2n𝜋

𝑇0
) 𝑡 − sin (

2n𝜋

𝑇0
) 𝑡] =

𝐴

2n𝜋
[sin (

2n𝜋

𝑇0
)
𝑇0

2
− sin(0)] 



=
𝐴

2n𝜋
[sin (

2n𝜋

𝑇0
)
𝑇0

2
] =

𝐴

2n𝜋
[sin(n𝜋)] = −

𝐴

2n𝜋
[0] = 0 

𝑎𝑛 = 0 

 

𝑏𝑛 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

sin(nωt) 𝑑𝑡 

𝑏𝑛 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

sin(nωt) 𝑑𝑡 =
2

𝑇0
∫ 𝐴

𝑇0
2

0

sin(nωt) 𝑑𝑡 +
2

𝑇0
∫ 0

0

−
𝑇0
2

sin(nωt) 𝑑𝑡 

𝜔 =
2𝜋

𝑃
=

2𝜋

𝑇0
 

𝑏𝑛 =
2

𝑇
∫ 𝑥(𝑡)

𝑇
2

−
𝑇
2

sin (
2n𝜋

𝑇0
) 𝑡 𝑑𝑡 =

2

𝑇0
∫ 𝐴

𝑇0
2

0

sin (
2n𝜋

𝑇0
) 𝑡 𝑑𝑡 +

2

𝑇0
∫ 0

0

−
𝑇0
2

sin (
2n𝜋

𝑇0
) 𝑡 𝑑𝑡 

𝑏𝑛 =
𝐴

𝑇0
∫ sin (

2n𝜋

𝑇0
) 𝑡 𝑑𝑡

𝑇0
2

0

= −
𝐴

𝑇0
[
cos (

2n𝜋
𝑇0

) 𝑡

2n𝜋
𝑇0

] = −
𝐴

2n𝜋
𝑇0

𝑇0

[cos (
2n𝜋

𝑇0
) 𝑡] 

= −
𝐴

2n𝜋
[cos (

2n𝜋

𝑇0
) 𝑡] = −

𝐴

2n𝜋
[cos (

2n𝜋

𝑇0
) 𝑡 − cos (

2n𝜋

𝑇0
) 𝑡]

= −
𝐴

2n𝜋
[cos (

2n𝜋

𝑇0
)
𝑇0

2
−cos(0)] 

= −
𝐴

2n𝜋
[cos (

2n𝜋

𝑇0
)
𝑇0

2
− 1] = −

𝐴

2n𝜋
[cos(n𝜋) − 1] = −

𝐴

2n𝜋
[(−1)𝑛 − 1] 

 

𝑏𝑛 = −
𝐴

2n𝜋
[(−1)𝑛 − 1] 

 

𝑓(𝑡) = 𝑎0 + ∑ (𝑎𝑛 cos
𝑛𝜋𝑡

𝑇
+ 𝑏𝑛 sin

𝑛𝜋𝑡

𝑇
)

∞

𝑛=1

 

𝑓(𝑡) = 𝐴 + ∑{𝑎𝑛(0) −
𝐴

2n𝜋
[(−1)𝑛 − 1] sin

𝑛𝜋𝑡

𝑇
}

∞

𝑛=1

 

𝑓(𝑡) = 𝐴 + ∑{−
𝐴

2n𝜋
[(−1)𝑛 − 1] sin

𝑛𝜋𝑡

𝑇
}

∞

𝑛=1

 

 

𝑉𝑒𝑟𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛 

𝑡𝑜 𝑐𝑜𝑛𝑣𝑒𝑟𝑡 𝑡ℎ𝑒 𝑒𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑆𝑒𝑟𝑖𝑒𝑠 𝑏𝑎𝑐𝑘 𝑡𝑜 𝑡𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑓𝑜𝑟𝑚. 

{
 
 

 
 𝐶𝑜 =

𝑎𝑜

2

𝐶𝑛 =
1

2
(𝑎𝑛 − 𝑗𝑏𝑛)

𝐶_𝑛 =
1

2
(𝑎𝑛 + 𝑗𝑏𝑛)

                                                     {
𝑎𝑛 − 𝑗𝑏𝑛 = 2𝐶𝑛

𝑎𝑛 + 𝑗𝑏𝑛 = 2𝐶_𝑛
 

𝑎0 = 𝐴 

𝐶𝑜 =
𝑎𝑜

2
=

𝐴

2
 



2.2.6 Fourier transform 
1. Consider a periodic function defined by: 

𝑓(𝑡) = {
2

−1
2

          
−3 ≤ 𝑡 < −2
−2 ≤ 𝑡 < 2
2 ≤ 𝑡 < 3

 

                                                                                         ℎ(𝑡 + 6) = ℎ(𝑡) 
(a)Determine the Laplace transform of h(t). 

(b)Determine the average value of h(t). 
(c)Find the exponential Fourier series expansion of h(t). 

(d)Determine the Fourier transform of h(t). 
(e)Sketch the spectrum of h(t)(Fourier transform of h(t))for n =  {±2,±1, 0} 

 
(a)Determine the Laplace transform of h(t). 

∫ 2
−2

−3

𝑒−𝑠𝑡𝑑𝑡 + ∫ −1𝑒−𝑠𝑡𝑑𝑡
2

−2

+ ∫ 2𝑒−𝑠𝑡𝑑𝑡
3

2

          

h(t) = ∫
𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡

1 − 𝑒−𝑠𝑡
 

𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 ℎ𝑎𝑣𝑒 𝑎 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑, 𝑦𝑜𝑢 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑠ℎ𝑖𝑓𝑡 𝑖𝑡 𝑎𝑡 𝑡 > 0 

f(t) = ∫ −1𝑒−𝑠𝑡
2

0

𝑑𝑡 + ∫ 2𝑑𝑡
4

2

+ ∫ −1𝑒−𝑠𝑡𝑑𝑡
3

2

 

= −∫ 𝑒−𝑠𝑡
2

0

𝑑𝑡 + 2∫ 𝑒−𝑠𝑡𝑑𝑡
4

2

− ∫ 𝑒−𝑠𝑡𝑑𝑡
3

2

 

= −[
𝑒−𝑠𝑡

−𝑠
] + 2 [

𝑒−𝑠𝑡

−𝑠
] − [

𝑒−𝑠𝑡

−𝑠
] 

= [
𝑒−2𝑠 − 𝑒0

𝑠
] − 2 [

𝑒−4𝑠 − 𝑒−2𝑠

𝑠
] + [

𝑒−3𝑠 − 𝑒−2𝑠

𝑠
] 

=
𝑒−2𝑠

𝑠
−

1

𝑠
−

2𝑒−4𝑠

𝑠
+

2𝑒−2𝑠

𝑠
+

𝑒−3𝑠

𝑠
−

𝑒−2𝑠

𝑠
 

= −
1

𝑠
−

2𝑒−4𝑠

𝑠
+

2𝑒−2𝑠

𝑠
+

𝑒−3𝑠

𝑠
 

f(t) =
𝑒−3𝑠 − 1 − 2𝑒−4𝑠 + 2𝑒−2𝑠

𝑠
 

 

h(t) =
∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡

1 − 𝑒−𝑠𝑡
=

𝑒−3𝑠 − 1 − 2𝑒−4𝑠 + 2𝑒−2𝑠

𝑠
1 − 𝑒−𝑠𝑡

 

=
𝑒−3𝑠 − 1 − 2𝑒−4𝑠 + 2𝑒−2𝑠

𝑠
×

1

1 − 𝑒−𝑠𝑡
=

𝑒−3𝑠 − 1 − 2𝑒−4𝑠 + 2𝑒−2𝑠

𝑠[1 − 𝑒−𝑠𝑡]
 

h(t) =
𝑒−3𝑠 − 1 − 2𝑒−4𝑠 + 2𝑒−2𝑠

𝑠 − 𝑠𝑒−𝑠𝑡
 

 

 

 
(b)Determine the average value of h(t). 

𝑎𝑣𝑔 =
𝐶0

2
=

0

2
= 0 



𝐶0 =
2

𝑇
∫ ℎ(𝑡)𝑑𝑡

𝑝

−𝑝

 

𝐶0 =
2

6
[∫ 2

−2

−3

𝑑𝑡 − ∫ 𝑑𝑡
2

−2

+ ∫ 2𝑑𝑡
3

2

] = 0 

 

 
(c)Find the exponential Fourier series expansion of h(t). 

h(t) =
1

6
[∫ 2

−2

−3

𝑒−𝑗𝑛𝜔𝑡𝑑𝑡 + ∫ −1𝑒−𝑗𝑛𝜔𝑡𝑑𝑡
2

−2

+ ∫ 2𝑒−𝑗𝑛𝜔𝑡𝑑𝑡
3

2

] 

=
1

6
[2∫ 𝑒−𝑗𝑛𝜔𝑡

−2

−3

𝑑𝑡 − ∫ 𝑒−𝑗𝑛𝜔𝑡𝑑𝑡
2

−2

+ 2∫ 𝑒−𝑗𝑛𝜔𝑡𝑑𝑡
3

2

] 

=
1

6
{2 [

𝑒−𝑗𝑛𝜔𝑡

−𝑗𝑛𝜔
] − [

𝑒−𝑗𝑛𝜔𝑡

−𝑗𝑛𝜔
] + 2 [

𝑒−𝑗𝑛𝜔𝑡

−𝑗𝑛𝜔
]} 

=
1

6
{2 [

𝑒𝑗2𝑛𝜔 − 𝑒𝑗3𝑛𝜔

−𝑗𝑛𝜔
] − [

𝑒−𝑗2𝑛𝜔 − 𝑒𝑗2𝑛𝜔

−𝑗𝑛𝜔
] + 2 [

𝑒−𝑗3𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

−𝑗𝑛𝜔
]} 

=
1

6
{−2 [

𝑒𝑗2𝑛𝜔 − 𝑒𝑗3𝑛𝜔

𝑗𝑛𝜔
] − [

𝑒𝑗2𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
] − 2 [

𝑒−𝑗3𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
]} 

=
1

6
{−2 [

𝑒𝑗2𝑛𝜔 − 𝑒𝑗3𝑛𝜔

𝑗𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
] − 2 [

𝑒−𝑗3𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
]} 

=
1

6
{−2 [

𝑒𝑗2𝑛𝜔 − 𝑒𝑗3𝑛𝜔 + 𝑒−𝑗3𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
1

6
{−2 [

𝑒−𝑗3𝑛𝜔 − 𝑒𝑗3𝑛𝜔 + 𝑒𝑗2𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
1

6
{−2 [

𝑒−𝑗3𝑛𝜔 − 𝑒𝑗3𝑛𝜔

𝑗𝑛𝜔
] − 2 [

𝑒𝑗2𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
1

6
{2 [

𝑒𝑗3𝑛𝜔 − 𝑒−𝑗3𝑛𝜔

𝑗𝑛𝜔
] − 2 [

𝑒𝑗2𝑛𝜔 − 𝑒−𝑗2𝑛𝜔

𝑗𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
1

6
{2 [

2sin(3𝑛𝜔)

𝑛𝜔
] − 2 [

2sin(2𝑛𝜔)

𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
2

6
{2 [

sin(3𝑛𝜔)

𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
] − [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
1

3
{2 [

sin(3𝑛𝜔)

𝑛𝜔
] − 2 [

sin(2𝑛𝜔)

𝑛𝜔
] − [

sin(2𝑛𝜔)

𝑛𝜔
]} 

=
1

3
{2 [

sin(3𝑛𝜔)

𝑛𝜔
]} −

1

3
{2 [

sin(2𝑛𝜔)

𝑛𝜔
]} −

1

3
{[

sin(2𝑛𝜔)

𝑛𝜔
]} 

= {2 [
sin(3𝑛𝜔)

3𝑛𝜔
]} −

1

3

2

2
{2 [

sin(2𝑛𝜔)

𝑛𝜔
]} −

1

3

2

2
{[

sin(2𝑛𝜔)

𝑛𝜔
]} 

= {2 [
sin(3𝑛𝜔)

3𝑛𝜔
]} −

2

3
{2 [

sin(2𝑛𝜔)

2𝑛𝜔
]} −

2

3
{[

sin(2𝑛𝜔)

2𝑛𝜔
]} 

= {2 [
sin(3𝑛𝜔)

3𝑛𝜔
]} −

4

3
{[

sin(2𝑛𝜔)

2𝑛𝜔
]} −

2

3
{[

sin(2𝑛𝜔)

2𝑛𝜔
]} 

= [2 sinc(3𝑛𝜔)] −
4

3
[sinc(2𝑛𝜔)] −

2

3
[sinc(2𝑛𝜔)] 



= [2 sinc(3𝑛𝜔)] + [−
2

3
−

4

3
] [sinc(2𝑛𝜔)] 

= [2 sinc(3𝑛𝜔)] + [−2][sinc(2𝑛𝜔)] 
= 2 sinc(3𝑛𝜔) − 2 sinc(2𝑛𝜔) 

= 2[sinc(3𝑛𝜔) − sinc(2𝑛𝜔)] 
 

h(t) = 2 sinc(3𝑛𝜔) − 2 sinc(2𝑛𝜔) 

 

 

 

 

 

 
(d)Determine the Fourier transform of h(t). 

h(t) = ∫ 2
−2

−3

𝑒−𝑗𝜔𝑡𝑑𝑡 + ∫ −1𝑒−𝑗𝜔𝑡𝑑𝑡
2

−2

+ ∫ 2𝑒−𝑗𝜔𝑡𝑑𝑡
3

2

 

= 2∫ 𝑒−𝑗𝜔𝑡
−2

−3

𝑑𝑡 − ∫ 𝑒−𝑗𝜔𝑡𝑑𝑡
2

−2

+ 2∫ 𝑒−𝑗𝜔𝑡𝑑𝑡
3

2

 

= 2 [
𝑒−𝑗𝜔𝑡

−𝑗𝜔
] − [

𝑒−𝑗𝜔𝑡

−𝑗𝜔
] + 2 [

𝑒−𝑗𝜔𝑡

−𝑗𝜔
] 

= 2 [
𝑒𝑗2𝜔 − 𝑒𝑗3𝜔

−𝑗𝜔
] − [

𝑒−𝑗2𝜔 − 𝑒𝑗2𝜔

−𝑗𝜔
] + 2 [

𝑒−𝑗3𝜔 − 𝑒−𝑗2𝜔

−𝑗𝜔
] 

= −2 [
𝑒𝑗2𝜔 − 𝑒𝑗3𝜔

𝑗𝜔
] − [

𝑒𝑗2𝜔 − 𝑒−𝑗2𝜔

𝑗𝜔
] − 2 [

𝑒−𝑗3𝜔 − 𝑒−𝑗2𝜔

𝑗𝜔
] 

= −2 [
𝑒𝑗2𝜔 − 𝑒𝑗3𝜔 + 𝑒−𝑗3𝜔 − 𝑒−𝑗2𝜔

𝑗𝜔
] − [

𝑒𝑗2𝜔 − 𝑒−𝑗2𝜔

𝑗𝜔
] 

= −2 [
𝑒𝑗2𝜔 − 𝑒−𝑗2𝜔 − 𝑒𝑗3𝜔 + 𝑒−𝑗3𝜔

𝑗𝜔
] − [

2 sin(2𝜔)

𝜔
] 

= −2 [
𝑒𝑗2𝜔 − 𝑒−𝑗2𝜔

𝑗𝜔
] − 2 [

−𝑒𝑗3𝜔 + 𝑒−𝑗3𝜔

𝑗𝜔
] − [

2 sin(2𝜔)

𝜔
] 

= −2 [
𝑒𝑗2𝜔 − 𝑒−𝑗2𝜔

𝑗𝜔
] + 2 [

𝑒𝑗3𝜔 − 𝑒−𝑗3𝜔

𝑗𝜔
] − [

2 sin(2𝜔)

𝜔
] 

= −2 [
2 sin(2𝜔)

𝜔
] + 2 [

2 sin(3𝜔)

𝜔
] − [

2 sin(2𝜔)

𝜔
] 

= −4 [
sin(2𝜔)

𝜔
] + 4 [

sin(3𝜔)

𝜔
] − 2 [

sin(2𝜔)

𝜔
] 

= 4 [
sin(3𝜔)

𝜔
] − 6 [

sin(2𝜔)

𝜔
] 

= 4[sinc(3𝜔)] − 6[sinc(2𝜔)] 
= 4 sinc(3𝜔) − 6 sinc(2𝜔) 

 

h(t) = 4 sinc(3𝜔) − 6 sinc(2𝜔) 

 

 

 

 



 

 

 

 

(e)Sketch the spectrum of h(t)(Fourier transform of h(t))for n =  {±2,±1, 0} 

h(t) = 4 sinc(3𝜔) − 6 sinc(2𝜔) 

n =  {±2,±1, 0} 

𝜔 =
2𝜋

6
=

𝜋

3
 

h(t) = 4 sinc (3
𝜋

3
) − 6 sinc (2

𝜋

3
) = 4 sinc(𝜋) − 6 sinc (

2

3
𝜋) 

h(t) = 4 sinc(3𝑛𝜔) − 6 sinc(2𝑛𝜔) =4 sinc(𝑛𝜋) − 6 sinc (
2

3
𝜋𝑛) 

h(t) = 4 sinc[(𝑛)𝜋] − 6 sinc [(𝑛)
2

3
𝜋] 

n =  {±2,±1, 0} 

𝐹{h(t)} = 4 sinc[(−2)𝜋] − 6 sinc [(−2)
2

3
𝜋] + 4 sinc[(2)𝜋] − 6 sinc [(2)

2

3
𝜋]

+ 4 sinc[(−1)𝜋] 

−6 sinc [(−1)
2

3
𝜋] + 4 sinc[(1)𝜋] − 6 sinc [(1)

2

3
𝜋] + 4 sinc[(0)𝜋] − 6 sinc [(0)

2

3
𝜋] 

𝐹{h(t)} = 4 sinc[−2𝜋] − 6 sinc [−
4

3
𝜋] + 4 sinc[2𝜋] − 6 sinc [

4

3
𝜋] + 4 sinc[−𝜋] 

−6 sinc [−
2

3
𝜋] + 4 sinc[𝜋] − 6 sinc [

2

3
𝜋] + 4 sinc(0) − 6 sinc(0) 

𝐹{h(t)} = 0 − 6 sinc [−
4

3
𝜋] + 0 − 0 − 0 − 6 sinc [−

2

3
𝜋] + 0 − 6 sinc [

2

3
𝜋] + 0 − 0 

𝐹{h(t)} = −6 sinc [−
4

3
𝜋] − 6 sinc [−

2

3
𝜋] − 6 sinc [

2

3
𝜋] 

𝐹{h(t)} = −6
sin [−

4
3𝜋]

−
4
3 𝜋

− 6
sin [−

2
3𝜋]

−
2
3𝜋

− 6
sin [

2
3𝜋]

2
3𝜋

 

𝐹{h(t)} = 6
sin [−

4
3𝜋]

4
3𝜋

+ 6
sin [−

2
3𝜋]

2
3𝜋

− 6
sin [

2
3𝜋]

2
3𝜋

 

𝐹{h(t)} = 6

√3
2

4
3
𝜋

− 6

√3
2

2
3
𝜋

− 6

√3
2

2
3
𝜋

= 6

√3
2

4
3
𝜋

− 12

√3
2

2
3
𝜋

= 6

√3
2
4𝜋
3

− 12

√3
2
2𝜋
3

= 6
√3

2
×

3

4𝜋
− 12

√3

2
×

3

2𝜋
 

= 6
3√3

8𝜋
− 12

3√3

4𝜋
=

18√3

8𝜋
−

36√3

4𝜋
=

9√3

4𝜋
−

9√3

𝜋
=

9√3 − 36√3

4𝜋
= −

27√3

4𝜋
= −3.721470044 

 

𝐹{h(t)} = −
27√3

4𝜋
= −3.721470044 

 

 



 

2. Consider a continuous − time LTI (Linear time invariant)system described by: 

2
dy(t)

dx
− y(t) =

d2x(t)

dt2
−

dx(t)

dx
− 2x(t) 

Using the Fourier transform, find the output y(t) if the input x(t)  =  e−t u(t)  
 

2
dy(t)

dx
− y(t) =

d2x(t)

dt2
−

dx(t)

dx
− 2x(t) 

F {2
dy(t)

dx
− y(t)} = F {

d2x(t)

dt2
−

dx(t)

dx
− 2x(t)} 

{2(jω)y(ω) − y(ω)} = {(jω)2x(ω) − (jω)x(ω) − 2x(ω)} 
y(ω)[2(jω) − 1] = x(ω)[(jω)2 − (jω) − 2] 

y(ω) =
[(jω)2 − (jω) − 2]

[2(jω) − 1]
x(ω) 

 

x(t) =  e−t u(t) = e−at u(t)              → 𝑎 = 1 

x(ω) = F{x(t)}  =  F{e−at u(t)} =
1

𝑎 + jω
   →

1

1 + jω
 

 

y(ω) =
(jω)2 − (jω) − 2

2(jω) − 1
×

1

1 + jω
 

𝑠 = 𝑗ω 

y(ω) =
𝑠2 − s − 2

2s − 1
×

1

1 + s
=

𝑠2 − s − 2

[2s − 1][𝑠 + 1]
=

[s − 2][𝑠 + 1]

[2s − 1][𝑠 + 1]
=

[s − 2]

[2s − 1]
 

y(ω) =
s

[2s − 1]
−

2

[2s − 1]
 

 

y(ω) =
s − 2

[2s − 1]
=

2

2

s − 2

[2s − 1]
=

2s − 22

2[2s − 1]
=

2s − 1 − 3

2[2s − 1]
=

2s − 1

2[2s − 1]
−

3

2[2s − 1]

=
1

2
−

3

2[2s − 1]
 

=
1

2
−

3

2[2s − 1]
=

1

2
−

3

4 [
2s − 1

2 ]
=

1

2
−

3

4 [s −
1
2]

=
1

2
−

3

4

1

[s −
1
2]

=
1

2
−

3

4

1

[s − 0.5]
 

y(ω) =
1

2
−

3

4

1

[s − 0.5]
 

y(t) = F−1{y(ω)} = F−1 {
1

2
−

3

4

1

[s − 0.5]
} = F−1 {

1

2
} − F−1 {

3

4

1

[s − 0.5]
} 

y(t) =
1

2
F−1{1} −

3

4
F−1 {

1

[s − 0.5]
} =

1

2
δ(t) −

3

4
e0.5t𝑢(−𝑡) 

 

y(t) =
1

2
δ(t) −

3

4
e0.5t𝑢(−𝑡) 

 

 

 

 

 



3. Calculate the Fourier transform of the windowed cosine function 

𝑓(𝑡) = cos(ω𝑜𝑡) [𝑢 (𝑡 +
𝑇

2
) − 𝑢 (𝑡 −

𝑇

2
)] 

cos(ω𝑜𝑡) ,    −
𝑇

2
< 𝑡 <

𝑇

2
 

∫ cos(ω𝑜𝑡)

𝑇
2

−
𝑇
2

𝑒−𝑗𝜔𝑡𝑑𝑡 = ∫ [
𝑒𝑗ω𝑜𝑡 + 𝑒−𝑗ω𝑜𝑡

2
]

𝑇
2

−
𝑇
2

𝑒−𝑗𝜔𝑡𝑑𝑡 =
1

2
∫ [𝑒𝑗ω𝑜𝑡 + 𝑒−𝑗ω𝑜𝑡]

𝑇
2

−
𝑇
2

𝑒−𝑗𝜔𝑡𝑑𝑡 

=
1

2
∫ [𝑒𝑗ω𝑜𝑡𝑒−𝑗𝜔𝑡 + 𝑒−𝑗ω𝑜𝑡𝑒−𝑗𝜔𝑡]

𝑇
2

−
𝑇
2

𝑑𝑡 =
1

2
∫ [𝑒𝑗ω𝑜𝑡−𝑗𝜔𝑡 + 𝑒−𝑗ω𝑜𝑡−𝑗𝜔𝑡]

𝑇
2

−
𝑇
2

𝑑𝑡 

=
1

2
∫ [𝑒(𝑗ω𝑜𝑡−𝑗𝜔𝑡) + 𝑒(−𝑗ω𝑜𝑡−𝑗𝜔𝑡)]

𝑇
2

−
𝑇
2

𝑑𝑡 =
1

2
∫ [𝑒𝑗(ω𝑜−𝜔)𝑡 + 𝑒−𝑗(ω𝑜+𝜔)𝑡]

𝑇
2

−
𝑇
2

𝑑𝑡 

=
1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑡

𝑗(ω𝑜 − 𝜔)
+

𝑒−𝑗(ω𝑜+𝜔)𝑡

−𝑗(ω𝑜 + 𝜔)
] =

1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑡

𝑗(ω𝑜 − 𝜔)
−

𝑒−𝑗(ω𝑜+𝜔)𝑡

𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
𝑒𝑗(ω𝑜−𝜔)

𝑇
2 − 𝑒−𝑗(ω𝑜−𝜔)

𝑇
2

𝑗(ω𝑜 − 𝜔)
−

𝑒−𝑗(ω𝑜+𝜔)
𝑇
2 − 𝑒𝑗(ω𝑜+𝜔)

𝑇
2

𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
𝑒𝑗(ω𝑜−𝜔)

𝑇
2 − 𝑒−𝑗(ω𝑜−𝜔)

𝑇
2

𝑗(ω𝑜 − 𝜔)
+

𝑒𝑗(ω𝑜+𝜔)
𝑇
2−𝑒−𝑗(ω𝑜+𝜔)

𝑇
2

𝑗(ω𝑜 + 𝜔)
] 

= [
sin(ω𝑜 − 𝜔)

𝑇
2

(ω𝑜 − 𝜔)
+

sin(ω𝑜 + 𝜔)
𝑇
2

(ω𝑜 + 𝜔)
] =

sin(ω𝑜 − 𝜔)
𝑇
2

(ω𝑜 − 𝜔)
+

sin(ω𝑜 + 𝜔)
𝑇
2

(ω𝑜 + 𝜔)
 

=

𝑇
2
𝑇
2

sin(ω𝑜 − 𝜔)
𝑇
2

(ω𝑜 − 𝜔)
+

𝑇
2
𝑇
2

sin(ω𝑜 + 𝜔)
𝑇
2

(ω𝑜 + 𝜔)
=

𝑇

2

sin(ω𝑜 − 𝜔)
𝑇
2

(ω𝑜 − 𝜔)
𝑇
2

+
𝑇

2

sin(ω𝑜 + 𝜔)
𝑇
2

(ω𝑜 + 𝜔)
𝑇
2

 

=
𝑇

2
sinc(ω𝑜 − 𝜔)

𝑇

2
+

𝑇

2
sinc(ω𝑜 + 𝜔)

𝑇

2
 

 

𝐶𝑛 =
𝑇

2
[sinc(ω𝑜 − 𝜔)

𝑇

2
+ sinc(ω𝑜 + 𝜔)

𝑇

2
] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



4. Find the Fourier transform of the shifted form of the windowed cosine function 

𝑔(𝑡) = cos(ω𝑜𝑡) [𝑢(𝑡) − 𝑢(𝑡 − 𝑇)] 
 

𝑔(𝑡) = cos(ω𝑜𝑡) [𝑢(𝑡 − 0) − 𝑢(𝑡 − 𝑇)] 
𝑔(𝑡) = cos(ω𝑜𝑡) , 0 < 𝑡 < 𝑇 

∫ cos(ω𝑜𝑡)
𝑇

0

𝑒−𝑗𝜔𝑡𝑑𝑡 = ∫ [
𝑒𝑗ω𝑜𝑡 + 𝑒−𝑗ω𝑜𝑡

2
]

𝑇

0

𝑒−𝑗𝜔𝑡𝑑𝑡 =
1

2
∫ [𝑒𝑗ω𝑜𝑡 + 𝑒−𝑗ω𝑜𝑡]

𝑇

0

𝑒−𝑗𝜔𝑡𝑑𝑡 

=
1

2
∫ [𝑒𝑗ω𝑜𝑡𝑒−𝑗𝜔𝑡 + 𝑒−𝑗ω𝑜𝑡𝑒−𝑗𝜔𝑡]

𝑇

0

𝑑𝑡 =
1

2
∫ [𝑒𝑗ω𝑜𝑡−𝑗𝜔𝑡 + 𝑒−𝑗ω𝑜𝑡−𝑗𝜔𝑡]

𝑇

0

𝑑𝑡 

=
1

2
∫ [𝑒𝑗(ω𝑜−𝜔)𝑡 + 𝑒−𝑗(ω𝑜+𝜔)𝑡]

𝑇

0

𝑑𝑡 =
1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑡

𝑗(ω𝑜 − 𝜔)
+

𝑒−𝑗(ω𝑜+𝜔)𝑡

−𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑡

𝑗(ω𝑜 − 𝜔)
−

𝑒−𝑗(ω𝑜+𝜔)𝑡

𝑗(ω𝑜 + 𝜔)
] =

1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑇 − 𝑒𝑗(ω𝑜−𝜔)0

𝑗(ω𝑜 − 𝜔)
−

𝑒−𝑗(ω𝑜+𝜔)𝑇 − 𝑒−𝑗(ω𝑜+𝜔)0

𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑇 − 𝑒0

𝑗(ω𝑜 − 𝜔)
−

𝑒−𝑗(ω𝑜+𝜔)𝑇 − 𝑒0

𝑗(ω𝑜 + 𝜔)
] =

1

2
[
𝑒𝑗(ω𝑜−𝜔)𝑇 − 1

𝑗(ω𝑜 − 𝜔)
−

𝑒−𝑗(ω𝑜+𝜔)𝑇 − 1

𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
jsin(ω𝑜 − 𝜔)𝑇 + cos(ω𝑜 − 𝜔)𝑇 − 1

𝑗(ω𝑜 − 𝜔)
−

cos(ω𝑜 + 𝜔)𝑇 − 𝑗 cos(ω𝑜 + 𝜔)𝑇 − 1

𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
jsin(ω𝑜 − 𝜔)𝑇 + cos(ω𝑜 − 𝜔)𝑇 − 1

𝑗(ω𝑜 − 𝜔)
] −

1

2
[
cos(ω𝑜 + 𝜔)𝑇 − 𝑗 cos(ω𝑜 + 𝜔)𝑇 − 1

𝑗(ω𝑜 + 𝜔)
] 

=
1

2

𝑗

𝑗
[
jsin(ω𝑜 − 𝜔)𝑇 + cos(ω𝑜 − 𝜔)𝑇 − 1

𝑗(ω𝑜 − 𝜔)
] −

1

2

𝑗

𝑗
[
cos(ω𝑜 + 𝜔)𝑇 − 𝑗 sin(ω𝑜 + 𝜔)𝑇 − 1

𝑗(ω𝑜 + 𝜔)
] 

=
1

2
[
−sin(ω𝑜 − 𝜔)𝑇 + 𝑗 cos(ω𝑜 − 𝜔)𝑇 − 𝑗

−(ω𝑜 − 𝜔)
] −

1

2
[
jcos(ω𝑜 + 𝜔)𝑇 + sin(ω𝑜 + 𝜔)𝑇 − 𝑗

−(ω𝑜 + 𝜔)
] 

=
1

2
[
sin(ω𝑜 − 𝜔)𝑇

(ω𝑜 − 𝜔)
−

𝑗 cos(ω𝑜 − 𝜔)𝑇

(ω𝑜 − 𝜔)
+

𝑗

(ω𝑜 − 𝜔)
] 

−
1

2
[−

sin(ω𝑜 + 𝜔)𝑇

(ω𝑜 + 𝜔)
−

𝑗 cos(ω𝑜 + 𝜔)𝑇

(ω𝑜 + 𝜔)
+

𝑗

(ω𝑜 + 𝜔)
] 

 

cos2 𝜃 + sin2 𝜃 = 1 

cos2 𝜃 = 1 − sin2 𝜃 

cos 𝜃 = √1 − sin2 𝜃 

√
𝑦

𝑥2
=

√𝑦

√𝑥2
=

√𝑦

𝑥
 

 

 

𝐶𝑛 =
1

2
[𝑇𝑠𝑖𝑛𝑐(ω𝑜 − 𝜔)𝑇 −

𝑗√1 − 𝑠𝑖𝑛2(ω𝑜 − 𝜔)𝑇

(ω𝑜 − 𝜔)
+

𝑗

(ω𝑜 − 𝜔)
] 

−
1

2
[−𝑇𝑠𝑖𝑛𝑐(ω𝑜 + 𝜔)𝑇 −

𝑗√1 − 𝑠𝑖𝑛2(ω𝑜 + 𝜔)𝑇

(ω𝑜 + 𝜔)
+

𝑗

(ω𝑜 + 𝜔)
] 

𝐶𝑛 =
1

2
[𝑇𝑠𝑖𝑛𝑐(ω𝑜 − 𝜔)𝑇 − 𝑗√

1 − 𝑠𝑖𝑛2(ω𝑜 − 𝜔)𝑇

(ω𝑜 − 𝜔)2
+

𝑗

(ω𝑜 − 𝜔)
] 



−
1

2
[−𝑇𝑠𝑖𝑛𝑐(ω𝑜 + 𝜔)𝑇 − 𝑗√

1 − 𝑠𝑖𝑛2(ω𝑜 + 𝜔)𝑇

(ω𝑜 + 𝜔)2
+

𝑗

(ω𝑜 + 𝜔)
] 

𝐶𝑛 =
1

2
[𝑇𝑠𝑖𝑛𝑐(ω𝑜 − 𝜔)𝑇 − 𝑗√

1

(ω𝑜 − 𝜔)2
−

𝑠𝑖𝑛2(ω𝑜 − 𝜔)𝑇

(ω𝑜 − 𝜔)2
+

𝑗

(ω𝑜 − 𝜔)
] 

−
1

2
[−𝑇𝑠𝑖𝑛𝑐(ω𝑜 + 𝜔)𝑇 − 𝑗√

1

(ω𝑜 + 𝜔)2
−

𝑠𝑖𝑛2(ω𝑜 + 𝜔)𝑇

(ω𝑜 + 𝜔)2
+

𝑗

(ω𝑜 + 𝜔)
] 

𝐶𝑛 =
1

2
[𝑇𝑠𝑖𝑛𝑐(ω𝑜 − 𝜔)𝑇 − 𝑗√

1

(ω𝑜 − 𝜔)2
− 𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

𝑗

(ω𝑜 − 𝜔)
] 

−
1

2
[−𝑇𝑠𝑖𝑛𝑐(ω𝑜 + 𝜔)𝑇 − 𝑗√

1

(ω𝑜 + 𝜔)2
− 𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 +

𝑗

(ω𝑜 + 𝜔)
] 

𝐶𝑛 =
1

2
[𝑇𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

1

(ω𝑜 − 𝜔)2
− 𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 −

1

(ω𝑜 − 𝜔)
] 

−
1

2
[−𝑇𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 +

1

(ω𝑜 + 𝜔)2
− 𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 −

1

(ω𝑜 + 𝜔)2
] 

𝐶𝑛 =
𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

1

2

1

(ω𝑜 − 𝜔)2
−

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 −

1

2

1

(ω𝑜 − 𝜔)
 

+
𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 −

1

2

1

(ω𝑜 + 𝜔)2
+

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 +

1

2

1

(ω𝑜 + 𝜔)2
 

 

𝐶𝑛 =
𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

1

2

1

(ω𝑜 − 𝜔)2
−

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 −

1

2

1

(ω𝑜 − 𝜔)
 

+
𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 −

1

2

1

(ω𝑜 + 𝜔)2
+

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 +

1

2

1

(ω𝑜 + 𝜔)2
 

𝐶𝑛 =
𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 −

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 +

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 

𝐶𝑛 =
𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

𝑇

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 −

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 +

1

2
𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 

𝐶𝑛 =
𝑇

2
[𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 + 𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇] +

1

2
[𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 − 𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇] 

 

𝐶𝑛 =
𝑇

2
[𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇 + 𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇] +

1

2
[𝑠𝑖𝑛𝑐2(ω𝑜 + 𝜔)𝑇 − 𝑠𝑖𝑛𝑐2(ω𝑜 − 𝜔)𝑇] 

 

 

 

 

 

 

 

 

 

 

 



5. Calculate the Fourier transform of the windowed sine function 

𝑓(𝑡) = sin(2𝑡) [𝑢(𝑡 + 1) − 𝑢(𝑡 − 1)] 
 

𝑓(𝑡) = sin(2𝑡) ,          − 1 < 𝑡 < 1 

∫ sin(2𝑡)
1

−1

𝑒−𝑗𝜔𝑡𝑑𝑡 = ∫ [
𝑒𝑗2𝑡 − 𝑒−𝑗2𝑡

2𝑗
]

1

−1

𝑒−𝑗𝜔𝑡𝑑𝑡 =
1

2𝑗
∫ [𝑒𝑗2𝑡 − 𝑒−𝑗2𝑡]

1

−1

𝑒−𝑗𝜔𝑡𝑑𝑡 

=
1

2𝑗
∫ [𝑒−𝑗𝜔𝑡𝑒𝑗2𝑡 − 𝑒−𝑗𝜔𝑡𝑒−𝑗2𝑡]

1

−1

𝑑𝑡 =
1

2𝑗
∫ [𝑒−𝑗𝜔𝑡+𝑗2𝑡 − 𝑒−𝑗𝜔𝑡−𝑗2𝑡]

1

−1

𝑑𝑡 

=
1

2𝑗
∫ [𝑒(−𝑗𝜔𝑡+𝑗2𝑡) − 𝑒(−𝑗𝜔𝑡−𝑗2𝑡)]

1

−1

𝑑𝑡 =
1

2𝑗
∫ [𝑒𝑗(−𝜔+2)𝑡 − 𝑒−𝑗(𝜔+2)𝑡]

1

−1

𝑑𝑡 

=
1

2𝑗
[
𝑒𝑗(−𝜔+2)𝑡

𝑗(−𝜔 + 2)
−

𝑒−𝑗(𝜔+2)𝑡

−𝑗(𝜔 + 2)
] =

1

2𝑗
[
𝑒𝑗(−𝜔+2)𝑡

𝑗(2 − 𝜔)
+

𝑒−𝑗(𝜔+2)𝑡

𝑗(𝜔 + 2)
] 

=
1

2𝑗
[
𝑒𝑗(2−𝜔) − 𝑒−𝑗(2−𝜔)

𝑗(2 − 𝜔)
+

𝑒−𝑗(𝜔+2) − 𝑒𝑗(𝜔+2)

𝑗(𝜔 + 2)
]

=
1

2𝑗
[
𝑒𝑗(2−𝜔) − 𝑒−𝑗(2−𝜔)

𝑗(2 − 𝜔)
−

𝑒𝑗(𝜔+2) − 𝑒−𝑗(𝜔+2)

𝑗(𝜔 + 2)
] 

=
1

𝑗
[
𝑒𝑗(2−𝜔) − 𝑒−𝑗(2−𝜔)

𝑗2(2 − 𝜔)
−

𝑒𝑗(𝜔+2) − 𝑒−𝑗(𝜔+2)

𝑗2(𝜔 + 2)
] =

1

𝑗
[
sin(2 − 𝜔)

(2 − 𝜔)
−

sin(𝜔 + 2)

(𝜔 + 2)
] 

=
1

𝑗
[sinc(2 − 𝜔) − sinc(𝜔 + 2)] 

𝐶𝑛 = −𝑗[sinc(2 − 𝜔) − sinc(𝜔 + 2)] 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



2.2.7 Z − transform  
1. Using Z
− transform, solve the following difference equation with the given initial conditions:  

y[k] −  3y[k −  1] =  x[k]          with   x[k] =  4u[k], y[−1] =  1. 
y[k] −  3y[k −  1] =  x[k] 

𝑍{y[k] −  3y[k −  1]} = Z{ x[k]} 
 

𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑇𝑎𝑏𝑙𝑒: 
y[k] = y[z] 

y[k −  1] = {z−1y[z] + y[−1]} = {z−1y[z] + 1} 

x[k] = 4u[k] = 4 [
z

𝑧 − 1
] 

 

𝑍{y[k]} − 3𝑍{y[k −  1]} = Z{4u[k]} 
𝑍{y[k]} − 3𝑍{y[k −  1]} = 4Z{u[k]} 

y[z] − 3{z−1y[z] + y[−1]} = 4 [
z

𝑧 − 1
] 

y[z] − 3{z−1y[z] + 1} = 4 [
z

𝑧 − 1
] 

y[z] − 3{z−1y[z]} − 3 = [
4z

𝑧 − 1
] 

y[z] − 3{z−1y[z]} = 3 + [
4z

𝑧 − 1
] 

y[z]{1 − 3[z−1]} = 3 + [
4z

𝑧 − 1
] 

y[z] =
3 + [

4z
𝑧 − 1]

{1 − 3[z−1]}
 

y[z] =
3

{1 − 3[z−1]}
+

[
4z

𝑧 − 1]

{1 − 3[z−1]}
 

y[z] =
3

[1 −
3
𝑧]

+
[

4z
𝑧 − 1]

[1 −
3
𝑧]

 

y[z] =
3

[
z − 3

𝑧 ]
+

[
4z

𝑧 − 1]

[
z − 3

𝑧 ]
 

y[z] =
3

[z − 3]
[𝑧]

+

[4z]
[𝑧 − 1]

[z − 3]
[𝑧]

 

y[z] =
3[𝑧]

[z − 3]
+

[4z][𝑧]

[𝑧 − 1][z − 3]
 

y[z] =
3[𝑧]

[z − 3]
+

[4z2]

[𝑧 − 1][z − 3]
 

y[z] =
3𝑧

[z − 3]
+

4z2

[𝑧 − 1][z − 3]
 

 



𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛: 

y[z] =
4z2

[𝑧 − 1][z − 3]
 

y[z]

𝑧
=

4z

[𝑧 − 1][z − 3]
=

𝐴

[𝑧 − 1]
+

𝐵

[z − 3]
 

4z[𝑧 − 1][z − 3]

[𝑧 − 1][z − 3]
=

𝐴[𝑧 − 1][z − 3]

[𝑧 − 1]
+

𝐵[𝑧 − 1][z − 3]

[z − 3]
 

4z = 𝐴[z − 3] + 𝐵[𝑧 − 1] 
𝑤ℎ𝑒𝑛  𝑧 = 1       𝑤𝑒 𝑔𝑒𝑡       4(1) = 𝐴[(1) − 3] + 𝐵[(1) − 1] 

4 = 𝐴[1 − 3] + 𝐵[1 − 1] 
4 = 𝐴[−2] + 𝐵[0] 

4 = 𝐴[−2] 

𝐴 =
4

−2
= −2 

 

4z = 𝐴[z − 3] + 𝐵[𝑧 − 1] 
𝑤ℎ𝑒𝑛  𝑧 = 3       𝑤𝑒 𝑔𝑒𝑡          4(3) = 𝐴[(3) − 3] + 𝐵[(3) − 1] 

12 = 𝐴[3 − 3] + 𝐵[3 − 1] 
12 = 𝐴[0] + 𝐵[2] 

12 = 𝐵[2] 

𝐵 =
12

2
= 6 

 
y[z]

𝑧
=

4z

[𝑧 − 1][z − 3]
=

𝐴

[𝑧 − 1]
+

𝐵

[z − 3]
 

y[z]

𝑧
=

4z

[𝑧 − 1][z − 3]
=

−2

[𝑧 − 1]
+

6

[z − 3]
= −

2

[𝑧 − 1]
+

6

[z − 3]
 

y[z] =
4z2

[𝑧 − 1][z − 3]
=

𝐴𝑧

[𝑧 − 1]
+

𝐵𝑧

[z − 3]
= −

2𝑧

[𝑧 − 1]
+

6𝑧

[z − 3]
 

 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚: z−1y[z] = y[k] 

y[z] =
3𝑧

[z − 3]
+

4z2

[𝑧 − 1][z − 3]
=

3𝑧

[z − 3]
−

2𝑧

[𝑧 − 1]
+

6𝑧

[z − 3]
 

y[k] = z−1y[z] = z−1 {
3𝑧

[z − 3]
−

2𝑧

[𝑧 − 1]
+

6𝑧

[z − 3]
} 

y[k] = z−1y[z] = z−1 {
3𝑧

[z − 3]
} − z−1 {

2𝑧

[𝑧 − 1]
} + z−1 {

6𝑧

[z − 3]
} 

 

𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑇𝑎𝑏𝑙𝑒: 

𝛿[𝑘] = 1            𝑢[𝑘] =
𝑧

𝑧 − 1
          𝑏𝑘 =

𝑧

𝑧 − 𝑏
          ℎ𝑘 =

𝑧

𝑧 − 1
          𝑘 =

1

(𝑧 − 1)2
 

𝑘𝑏𝑘−1 =
𝑧

(𝑧 − 𝑏)2
             (𝑘2 − 𝑘) =

𝑧

(𝑧 − 1)3
            𝑘2 =

𝑧(𝑧 + 1)

(𝑧 − 1)3
  

 

y[k] = z−1y[z] = z−1 {
3𝑧

[z − 3]
} − z−1 {

2𝑧

[𝑧 − 1]
} + z−1 {

6𝑧

[z − 3]
} 

y[k] = z−1y[z] = 3z−1 {
𝑧

[z − 3]
} − 2z−1 {

𝑧

[𝑧 − 1]
} + 6z−1 {

𝑧

[z − 3]
} 



y[k] = z−1y[z] = 3(3)𝑘 − 2(ℎ𝑘) + 6(3)𝑘 

y[k] = 3(3)𝑘 − 2(ℎ𝑘) + 6(3)𝑘 

y[k] = [3 + 6](3)𝑘 − 2(ℎ𝑘) 

 

y[k] = 9(3)𝑘 − 2(ℎ𝑘) 

 

 

 2. Determine  x[4]  given         
  2x[k +  2] −  x[k +  1] +  x[k] = −k2       x[0] = 1            x[1] =  3  

2x[k +  2] −  x[k +  1] +  x[k] = −k2 

Z{2x[k +  2] −  x[k +  1] +  x[k]} = Z{−k2} 
 

𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑇𝑎𝑏𝑙𝑒: 
x[k] = x[z] 

x[k +  1] = {𝑍 y[z] − 𝑍x[0]} = {𝑍 x[z] − 𝑍[1]} = { 𝑍 x[z] − Z} 
x[k +  2] = { 𝑍2 x[z] −   𝑍2 x[0] − 𝑍x[1]} = { 𝑍2 x[z] −   𝑍2 [1] − 𝑍[3]}

= {𝑍2 x[z] −   𝑍2  − 3𝑍} 

k2 =
𝑧(𝑧 + 1)

(𝑧 − 1)3
 

 

Z{2x[k +  2] −  x[k +  1] +  x[k]} = Z{−k2} 
2Z{x[k +  2]} − Z{x[k +  1]} + Z{x[k]} = −Z{k2} 

2{𝑍2 x[z] −   𝑍2  − 3𝑍} − { 𝑍 x[z] − Z} + x[z] = − [
𝑧(𝑧 + 1)

(𝑧 − 1)3
] 

2{ 𝑍2 x[z]} − 2{𝑍2} − 2{ 3𝑍} − {𝑍 x[z]} − {−Z} + x[z] = −
(z2 + 𝑧)

(𝑧 − 1)3
 

2 𝑍2 x[z] − 2𝑍2 − 6𝑍 − 𝑍 x[z] + Z + x[z] = −
(z2 + 𝑧)

(𝑧 − 1)3
 

2 𝑍2 x[z] − 𝑍 x[z] + x[z] = 2𝑍2 + 6𝑍 − 𝑍 −
(z2 + 𝑧)

(𝑧 − 1)3
 

x[z][2 𝑍2  − 𝑍 + 1] = 2𝑍2 + 5𝑍 −
(z2 + 𝑧)

(𝑧 − 1)3
 

x[z] =
2𝑍2 + 5𝑍 −

(z2 + 𝑧)
(𝑧 − 1)3

[2 𝑍2  − 𝑍 + 1]
=

2𝑍2 + 5𝑍

[2 𝑍2  − 𝑍 + 1]
−

−
(z2 + 𝑧)
(𝑧 − 1)3

[2 𝑍2  − 𝑍 + 1]
 

x[z] =
2𝑍2 + 5𝑍

[2 𝑍2  − 𝑍 + 1]
+

(z2 + 𝑧)
(𝑧 − 1)3

[2 𝑍2  − 𝑍 + 1]
 

x[z] =
2𝑍2 + 5𝑍

[2 𝑍2  − 𝑍 + 1]
+

[z2 + 𝑧]

[𝑧 − 1]3[2 𝑍2  − 𝑍 + 1]
 

 

𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛: 
 

 

 

[2 𝑍2  − 𝑍 + 1] = 0 



−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−(−1) ± √(−1)2 − 4(2)(1)

2(2)
 →          𝑍 =

1

4
±

√7

4
𝑗 

[2 𝑍2  − 𝑍 + 1] = [𝑍 −
1

4
±

√7

4
𝑗] = [𝑍 −

1

4
−

√7

4
𝑗] [𝑍 −

1

4
+

√7

4
𝑗] 

= [(𝑍 −
1

4
) − (

√7

4
𝑗)] [(𝑍 −

1

4
) + (

√7

4
𝑗)] 

= {(𝑍 −
1

4
) (𝑍 −

1

4
) + (𝑍 −

1

4
)(

√7

4
𝑗) − (𝑍 −

1

4
)(

√7

4
𝑗) − (

√7

4
𝑗) (

√7

4
𝑗)} 

= {(𝑍 −
1

4
) (𝑍 −

1

4
) − (

√7

4
𝑗) (

√7

4
𝑗)} = {(𝑍 −

1

4
)
2

− (
√7

4
𝑗)

2

} = {(𝑍 −
1

4
)
2

+ (
√7

4
)

2

} 

= {(𝑍 −
1

4
)
2

+
7

16
} = {(4𝑍 − 1)2 +

7

16
} = [(4𝑍 − 1)2 + 0.4375] 

 

𝐼 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛: 

x[z] =
2𝑍2 + 5𝑍

[2 𝑍2  − 𝑍 + 1]
=

2𝑍2 + 5𝑍

[𝑍 −
1
4 −

√7
4 𝑗] [𝑍 −

1
4 +

√7
4 𝑗]

=
𝑍[2𝑍 + 5]

[2 𝑍2  − 𝑍 + 1]
 

x[z]

𝑧
=

[2𝑍 + 5]

[2 𝑍2  − 𝑍 + 1]
=

2𝑍 + 5

[𝑍 −
1
4 −

√7
4 𝑗] [𝑍 −

1
4 +

√7
4 𝑗]

=
A

[𝑍 −
1
4 −

√7
4 𝑗]

+
B

[𝑍 −
1
4 +

√7
4 𝑗]

 

 

2𝑍 + 5 = A [𝑍 −
1

4
+

√7

4
𝑗] + 𝐵 [𝑍 −

1

4
−

√7

4
𝑗] 

𝑤ℎ𝑒𝑛  𝑧 =
1

4
+

√7

4
𝑗       𝑤𝑒 𝑔𝑒𝑡     

2 [
1

4
+

√7

4
𝑗] + 5 = A [

1

4
+

√7

4
𝑗 −

1

4
+

√7

4
𝑗] + 𝐵 [

1

4
+

√7

4
𝑗 −

1

4
−

√7

4
𝑗] 

2 [
1

4
+

√7

4
𝑗] + 5 = A [

√7

4
𝑗 +

√7

4
𝑗] + 𝐵[0] 

[
1

2
+

√7

2
𝑗] + 5 = A [

2√7

4
𝑗] 

A [
√7

2
𝑗] = [

1

2
+

√7

2
𝑗] + 5 

A =

[
1
2 +

√7
2 𝑗] + 5

[
√7
2 𝑗]

=

1
2 +

√7
2 𝑗 + 5

[
√7
2 𝑗]

=

11
2 +

√7
2 𝑗

[
√7
2 𝑗]

=

11
2

√7
2 𝑗

+

√7
2 𝑗

√7
2 𝑗

=
11

2
×

2

𝑗√7
+ 1 

=
11

𝑗√7
+ 1 = 1 −

11

7
𝑗√7 = 1 −

11√7

7
𝑗 =

8√14

7
𝑒−1,3348𝑗 = 4.28𝑒−1,35𝑗 



⌊𝑅⌋ = √𝑎2 + 𝑏2 = √(1)2 + (
11√7

7
)

2

=
8√14

7
= 4.27618 

𝜃 = tan−1 [−

11√7
7
1

] = −1,334757034 

A = 1 −
11√7

7
𝑗 = 4.28𝑒−1,35𝑗 

 

 

2𝑍 + 5 = A [𝑍 −
1

4
+

√7

4
𝑗] + 𝐵 [𝑍 −

1

4
−

√7

4
𝑗] 

𝑤ℎ𝑒𝑛  𝑧 =
1

4
−

√7

4
𝑗       𝑤𝑒 𝑔𝑒𝑡     

2 [
1

4
−

√7

4
𝑗] + 5 = A [

1

4
−

√7

4
𝑗 −

1

4
+

√7

4
𝑗] + 𝐵 [

1

4
−

√7

4
𝑗 −

1

4
−

√7

4
𝑗] 

2 [
1

4
−

√7

4
𝑗] + 5 = A[0] + 𝐵 [−

√7

4
𝑗 −

√7

4
𝑗] 

[
1

2
−

√7

2
𝑗] + 5 = B [−

2√7

4
𝑗] 

B [−
√7

2
𝑗] = [

1

2
−

√7

2
𝑗] + 5 

B =

[
1
2 −

√7
2 𝑗] + 5

[−
√7
2 𝑗]

= −

1
2 −

√7
2 𝑗 + 5

[
√7
2 𝑗]

= −

11
2 −

√7
2 𝑗

[
√7
2 𝑗]

= −

11
2

√7
2 𝑗

+

√7
2 𝑗

√7
2 𝑗

= −
11

2
×

2

𝑗√7
+ 1 

= −
11

𝑗√7
+ 1 = 1 +

11

7
𝑗√7 = 1 +

11√7

7
𝑗 

B = 1 +
11√7

7
𝑗 =

8√14

7
𝑒1,3348𝑗 = 4.28𝑒1,35𝑗 

 
x[z]

𝑧
=

[2𝑍 + 5]

[2 𝑍2  − 𝑍 + 1]
=

2𝑍 + 5

[𝑍 −
1
4 −

√7
4 𝑗] [𝑍 −

1
4 +

√7
4 𝑗]

=
A

[𝑍 −
1
4 −

√7
4 𝑗]

+
B

[𝑍 −
1
4 +

√7
4 𝑗]

 

x[z] =
𝑍[2𝑍 + 5]

[2 𝑍2  − 𝑍 + 1]
=

𝑍[2𝑍 + 5]

[𝑍 −
1
4 −

√7
4 𝑗] [𝑍 −

1
4 +

√7
4 𝑗]

=
AZ

[𝑍 −
1
4 −

√7
4 𝑗]

+
BZ

[𝑍 −
1
4 +

√7
4 𝑗]

 



x[z] =
AZ

[𝑍 −
1
4 −

√7
4 𝑗]

+
BZ

[𝑍 −
1
4 +

√7
4 𝑗]

=

[1 −
11√7

7 𝑗] Z

[𝑍 −
1
4 −

√7
4 𝑗]

+

[1 +
11√7

7 𝑗] Z

[𝑍 −
1
4 +

√7
4 𝑗]

 

x[z] =

[1 −
11√7

7 𝑗] Z

[𝑍 −
1
4 −

√7
4 𝑗]

+

[1 +
11√7

7 𝑗] Z

[𝑍 −
1
4 +

√7
4 𝑗]

= [1 −
11√7

7
𝑗]

Z

[𝑍 −
1
4 −

√7
4 𝑗]

+ [1 +
11√7

7
𝑗]

Z

[𝑍 −
1
4 +

√7
4 𝑗]

 

 

x[z] = [
8√14

7
𝑒−1,3348𝑗]

Z

[𝑍 −
1
4 −

√7
4 𝑗]

+ [
8√14

7
𝑒1,3348𝑗]

Z

[𝑍 −
1
4 +

√7
4 𝑗]

 

 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚: z−1x[z] = x[k] 

x[k] = z−1x[z] = z−1

{
 
 

 
 

[
8√14

7
𝑒−1,3348𝑗]

Z

[𝑍 −
1
4 −

√7
4 𝑗]

+ [
8√14

7
𝑒1,3348𝑗]

Z

[𝑍 −
1
4 +

√7
4 𝑗]

}
 
 

 
 

 

x[k] = z−1

{
 
 

 
 

[
8√14

7
𝑒−1,3348𝑗]

Z

[𝑍 −
1
4 −

√7
4 𝑗]

}
 
 

 
 

+ z−1

{
 
 

 
 

[
8√14

7
𝑒1,3348𝑗]

Z

[𝑍 −
1
4 +

√7
4 𝑗]

}
 
 

 
 

 

x[k] = [
8√14

7
𝑒−1,3348𝑗] z−1

{
 
 

 
 

Z

[𝑍 −
1
4 −

√7
4 𝑗]

}
 
 

 
 

+ [
8√14

7
𝑒1,3348𝑗] z−1

{
 
 

 
 

Z

[𝑍 −
1
4 +

√7
4 𝑗]

}
 
 

 
 

 

x[k] = [
8√14

7
𝑒−1,3348𝑗] [e

−(−
1
4
−
√7
4

𝑗)
] + [

8√14

7
𝑒1,3348𝑗] [e

−(−
1
4
+
√7
4

𝑗)
] 

x[k] = [
8√14

7
𝑒−1,3348𝑗] [e

1
4
+
√7
4

𝑗] + [
8√14

7
𝑒1,3348𝑗] [e

1
4
−
√7
4

𝑗] 

x[k] = [
8√14

7
𝑒−1,3348𝑗] [e

1
4e

√7
4

𝑗] + [
8√14

7
𝑒1,3348𝑗] [e

1
4e−

√7
4

𝑗] 

x[k] = e
1
4 {[

8√14

7
𝑒−1,3348𝑗] [e

√7
4

𝑗] + [
8√14

7
𝑒1,3348𝑗] [e−

√7
4

𝑗]} 

x[k] = e
1
4 {[

8√14

7
] [𝑒−1,3348𝑗e

√7
4

𝑗] + [
8√14

7
] [𝑒1,3348𝑗e−

√7
4

𝑗]} 

x[k] = e
1
4 [

8√14

7
] {[𝑒−1,3348𝑗e

√7
4

𝑗] + [𝑒1,3348𝑗e−
√7
4

𝑗]} 



x[k] = e
1
4 [

8√14

7
] {[𝑒−1,3348𝑗+

√7
4

𝑗] + [𝑒1,3348𝑗−
√7
4

𝑗]} 

x[k] = e
1
4 [

8√14

7
] {[𝑒

(−1,3348𝑗+
√7
4

𝑗)
] + [𝑒

(1,3348𝑗−
√7
4

𝑗)
]} 

x[k] = e
1
4 [

8√14

7
] {[𝑒

(−1,3348+
√7
4

)𝑗
] + [𝑒

(1,3348−
√7
4

)𝑗
]} 

x[k] = e
1
4 [

8√14

7
] {𝑒

(−1,3348+
√7
4

)𝑗
+ 𝑒

(1,3348−
√7
4

)𝑗
} 

x[k] = e
1
4 [

8√14

7
] {𝑒

(−1,3348+
√7
4

)𝑗
+ 𝑒

−(−1,3348+
√7
4

)𝑗
} 

x[k] = e
1
4 [

8√14

7
] {2 cos (−1,3348 +

√7

4
)} 

x[k] = e
1
4 [

16√14

7
] {cos (−1,3348 +

√7

4
)} 

x[k] = e
1
4 [

16√14

7
] {cos(−0.6733192062)} 

x[k] = 10.98144728{cos(−0.6733192062)} 
x[k] = 10.98144728 cos(−0.6733192062) 

x[k] = 10.98144728 cos(0.6733192062) 

x[k] = 10.98068901 ≅ 11 

x[k] ≅ 11 

 

 

 

 

 

𝐼𝐼 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 

x[z] =
[z2 + 𝑧]

[𝑧 − 1]3[2 𝑍2  − 𝑍 + 1]
=

𝑧[z + 1]

[𝑧 − 1]3[2 𝑍2  − 𝑍 + 1]

=
𝑧[z + 1]

[𝑧 − 1]3 [𝑍 −
1
4 −

√7
4 𝑗] [𝑍 −

1
4 +

√7
4 𝑗]

 

x[z]

𝑧
=

[z + 1]

[𝑧 − 1]3[2 𝑍2  − 𝑍 + 1]
=

𝐴𝑍 + 𝐵

[2 𝑍2  − 𝑍 + 1]
+

𝐶

[𝑧 − 1]
+

𝐷

[𝑧 − 1]2
+

𝐸

[𝑧 − 1]3
 

x[z]

𝑧
=

𝐴

[𝑍 −
1
4 −

√7
4 𝑗]

+
𝐵

[𝑍 −
1
4 +

√7
4 𝑗]

+
𝐶

[𝑧 − 1]
+

𝐷

[𝑧 − 1]2
+

𝐸

[𝑧 − 1]3

=
[z + 1]

[𝑧 − 1]3[2 𝑍2  − 𝑍 + 1]
 

 

x[z] =
𝐴𝑧

[𝑍 −
1
4 −

√7
4 𝑗]

+
𝐵𝑧

[𝑍 −
1
4 +

√7
4 𝑗]

+
𝐶𝑧

[𝑧 − 1]
+

𝐷𝑧

[𝑧 − 1]2
+

𝐸𝑧

[𝑧 − 1]3
 



 

 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚: z−1x[z] = x[k] 

x[k] = z−1x[z] =

{
 
 

 
 

𝐴𝑧

[𝑍 −
1
4 −

√7
4 𝑗]

+
𝐵𝑧

[𝑍 −
1
4 +

√7
4 𝑗]

+
𝐶𝑧

[𝑧 − 1]
+

𝐷𝑧

[𝑧 − 1]2
+

𝐸𝑧

[𝑧 − 1]3

}
 
 

 
 

 

x[k] = z−1x[z]

= z−1

{
 
 

 
 

𝐴𝑧

[𝑍 −
1
4 −

√7
4 𝑗]

}
 
 

 
 

+ z−1

{
 
 

 
 

𝐵𝑧

[𝑍 −
1
4 +

√7
4 𝑗]

}
 
 

 
 

+ z−1 {
𝐶𝑧

[𝑧 − 1]
}

+ z−1 {
𝐷𝑧

[𝑧 − 1]2
} + z−1 {

𝐸𝑧

[𝑧 − 1]3
} 

x[k] = z−1x[z]

= 𝐴z−1

{
 
 

 
 

𝑧

[𝑍 −
1
4 −

√7
4 𝑗]

}
 
 

 
 

+ 𝐵z−1

{
 
 

 
 

𝑧

[𝑍 −
1
4 +

√7
4 𝑗]

}
 
 

 
 

+ 𝐶z−1 {
𝑧

[𝑧 − 1]
}

+ 𝐷z−1 {
𝑧

[𝑧 − 1]2
} + 𝐸z−1 {

𝑧

[𝑧 − 1]3
} 

x[k] = z−1x[z] = 𝐴𝑒
−(−

1
4
−
√7
4

𝑗)
+ 𝐵𝑒

−(−
1
4
+
√7
4

𝑗)
+ 𝐶𝑒−(−1) + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = 𝐴𝑒
(
1
4
+
√7
4

𝑗)
+ 𝐵𝑒

(
1
4
−
√7
4

𝑗)
+ 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = [𝐴𝑒
(
1
4
+
√7
4

𝑗)
+ 𝐵𝑒

(
1
4
−
√7
4

𝑗)
] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = [𝐴𝑒
1
4
+
√7
4

𝑗 + 𝐵𝑒
1
4
−
√7
4

𝑗] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = [𝐴𝑒
1
4𝑒

√7
4

𝑗 + 𝐵𝑒
1
4𝑒−

√7
4

𝑗] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = 𝑒
1
4 [𝐴𝑒

√7
4

𝑗 + 𝐵𝑒−
√7
4

𝑗] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = 𝑒
1
4[𝐴 ≅ 𝐵] [𝑒

√7
4

𝑗 + 𝑒−
√7
4

𝑗] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

[𝐴 ≅ 𝐵] = 𝑁       𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝑟𝑒𝑎𝑠𝑜𝑛𝑠 𝑡ℎ𝑎𝑡 𝑦𝑜𝑢 𝑑𝑜𝑛′𝑡 𝑛𝑒𝑒𝑑 𝑡𝑜 𝑘𝑛𝑜𝑤 

x[k] = 𝑒
1
4[𝑁] [𝑒

√7
4

𝑗 + 𝑒−
√7
4

𝑗] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = 𝑒
1
4[𝑁] [2 cos

√7

4
] + 𝐶𝑒 + 𝐷𝑘(−1)𝑘(−1)−1 + 𝐸{𝑘2 − 𝑘} 

x[k] = 2𝑒
1
4[𝑁] [cos

√7

4
] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 

x[k] = 2𝑒
1
4[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 

x[k] = 2.568[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 



x[k] = 2.568[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 
 

 

 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝐼 +  𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝐼𝐼  
x[k] = 2.568[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} + 11 

x[k] = [11 + 2.568][𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 
x[k] = 13.568[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 

x[k] = 14[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 
 

x[k] = 14[𝑁] + 𝐶𝑒 − 𝐷𝑘(−1)𝑘 + 𝐸{𝑘2 − 𝑘} 
 

 

3.Write down the first five terms of the sequence defined by f[k] =  4(2)k−1u[k −  1],  
k ≥  0 Find its Z transform directly, and also by using the second shift theorem.  

f[k] =  4(2)k−1u[k −  1],                k ≥  0  

f[k] =  4(2)k−1u[k −  1] = {4(2)k−1 ……………k ≥  0
0……………………k <  0

 

𝑍{𝑎𝑘u[k ]} = 𝑍{4(2)k−1u[k −  1]} = ∑4(2)𝑘−1𝑍1−𝑘 = ∑{4(2)𝑍−1}k−1

∞

𝑘=0

∞

𝑘=0

 

𝑘 = 0,1,2,3… 

𝑍{4(2)k−1u[k −  1]} = {4(2)𝑍−1}0−1 + {4(2)𝑍−1}1−1 + {4(2)𝑍−1}2−1 + {4(2)𝑍−1}3−1 

+⋯+ {4(2)𝑍−1}k 

𝑡ℎ𝑒 𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒 

𝑍{4(2)k−1u[k −  1]} = {4(2)𝑍−1}−1 + {4(2)𝑍−1}0 + {4(2)𝑍−1}1 + {4(2)𝑍−1}2 

+⋯+ {4(2)𝑍−1}k 

 

𝐺𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑆𝑒𝑟𝑖𝑒𝑠:  𝑟 = 𝑎𝑧−1 

𝑆[𝑘] =
1

1 − 4[2]𝑧−1
=

1

1 −
4[2]
𝑧

=
1

𝑧 − 4[2]
𝑧

=
𝑧

𝑧 − 4[2]
 

 

 

 

4. Solve the difference equation y[k +  2] +  3y[k +  1] +  2y[k] =  0  
subject to the condition          y[0] =  0, y[1] =  1  

y[k +  2] +  3y[k +  1] +  2y[k] =  0 

𝑍{y[k +  2] +  3y[k +  1] +  2y[k]} = 𝑍{0} 
 

𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑇𝑎𝑏𝑙𝑒: 
y[k] = y[z] 

y[k +  1] = {𝑍 y[z] − y[0]} = {𝑍 y[z] − 0} = { 𝑍 y[z]} 
y[k +  2] = { 𝑍2 y[z] −   𝑍2 y[0] − 𝑍y[1]} = { 𝑍2 y[z] −  𝑍2 [0] − 𝑍[1]} = {𝑍2 y[z] − 𝑍} 

 

𝑍{y[k +  2] +  3y[k +  1] +  2y[k]} = 𝑍{0} 
𝑍{y[k +  2]} + 𝑍{3y[k +  1]} + 𝑍{2y[k]} = 𝑍{0} 
𝑍{y[k +  2]} + 3𝑍{y[k +  1]} + 2𝑍{y[k]} = 𝑍{0} 

{𝑍2 y[z] − 𝑍} + 3{ 𝑍 y[z]} + 2{y[z]} = {0} 



𝑍2 y[z] − 𝑍 + 3 𝑍 y[z] + 2y[z] = 0 

𝑍2 y[z] + 3 𝑍 y[z] + 2y[z] = 𝑍 

{𝑍2 y[z] + 3 𝑍 y[z] + 2y[z]} = 𝑍 

y[z][𝑍2  + 3 𝑍 + 2] = 𝑍 

y[z] =
𝑍

[𝑍2  + 3 𝑍 + 2]
 

 

𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛: 

y[z] =
𝑍

[𝑍2  + 3 𝑍 + 2]
=

𝑍

[𝑍 + 1][𝑍 + 2]
 

[𝑍2  + 3 𝑍 + 2] = 0 

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−3 ± √(3)2 − 4(1)(2)

2(1)
→               𝑍1 = −1,             𝑍2 = −2 

[𝑍2  + 3 𝑍 + 2] = [𝑍 + 1][𝑍 + 2] 
 

y[z] =
𝑍

[𝑍2  + 3 𝑍 + 2]
=

𝑍

[𝑍 + 1][𝑍 + 2]
=

𝐴𝑍

[𝑍 + 1]
+

𝐵𝑍

[𝑍 + 2]
 

y[z]

𝑍
=

1

[𝑍2  + 3 𝑍 + 2]
=

1

[𝑍 + 1][𝑍 + 2]
=

𝐴

[𝑍 + 1]
+

𝐵

[𝑍 + 2]
 

 

1 = 𝐴[𝑍 + 2] + 𝐵[𝑍 + 1] 
𝑤ℎ𝑒𝑛  𝑧 = −1       𝑤𝑒 𝑔𝑒𝑡         1 = 𝐴[(−1) + 2] + 𝐵[(−1) + 1] 

 1 = 𝐴[−1 + 2] + 𝐵[−1 + 1] 
1 = 𝐴[1] + 𝐵[0] 

𝐴 = 1 

 

1 = 𝐴[𝑍 + 2] + 𝐵[𝑍 + 1] 
𝑤ℎ𝑒𝑛  𝑧 = −2       𝑤𝑒 𝑔𝑒𝑡         1 = 𝐴[(−2) + 2] + 𝐵[(−2) + 1] 

 1 = 𝐴[−2 + 2] + 𝐵[−2 + 1] 
1 = 𝐴[0] + 𝐵[−1] 

1 = 𝐵[−1] 
𝐵 = −1 

 

y[z] =
𝑍

[𝑍 + 1][𝑍 + 2]
=

𝐴𝑍

[𝑍 + 1]
+

𝐵𝑍

[𝑍 + 2]
=

[1]𝑍

[𝑍 + 1]
+

[−1]𝑍

[𝑍 + 2]
=

𝑍

[𝑍 + 1]
−

𝑍

[𝑍 + 2]
 

 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚: z−1y[z] = y[k] 

y[k] = z−1y[z] = z−1 {
𝑍

[𝑍 + 1]
−

𝑍

[𝑍 + 2]
} = z−1 {

𝑍

[𝑍 + 1]
} − z−1 {

𝑍

[𝑍 + 2]
} 

 

y[k] = (−1)𝑘 − (−2)𝑘 

 

5. Find the inverse Z transform of    
𝑧2 + 3𝑧

3𝑧2 + 2𝑧 − 5
 

 

𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛: 

𝐺(𝑧) =
𝑧2 + 3𝑧

3𝑧2 + 2𝑧 − 5
=

𝑧[𝑧 + 3]

3𝑧2 + 2𝑧 − 5
 



3𝑧2 + 2𝑧 − 5 = 0 

−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−2 ± √(2)2 − 4(3)(−5)

2(3)
  →               𝑍1 = 1,          𝑍2 = −

5

3
 

3𝑧2 + 2𝑧 − 5 = [𝑧 − 1] [𝑧 +
5

3
] 

𝐺(𝑧) =
𝑧2 + 3𝑧

3𝑧2 + 2𝑧 − 5
=

𝑧2 + 3𝑧

[𝑧 − 1] [𝑧 +
5
3]

=
𝑧[𝑧 + 3]

3𝑧2 + 2𝑧 − 5
 

𝐺(𝑧)

𝑧
=

[𝑧 + 3]

3𝑧2 + 2𝑧 − 5
=

[𝑧 + 3]

[𝑧 − 1] [𝑧 +
5
3]

=
𝐴

[𝑧 − 1]
+

𝐵

[𝑧 +
5
3]

 

 

[𝑧 + 3] = 𝐴 [𝑧 +
5

3
] + 𝐵[𝑧 − 1] 

𝑤ℎ𝑒𝑛  𝑧 = 1       𝑤𝑒 𝑔𝑒𝑡          [(1) + 3] = 𝐴 [(1) +
5

3
] + 𝐵[(1) − 1] 

[1 + 3] = 𝐴 [1 +
5

3
] + 𝐵[1 − 1] 

[4] = 𝐴 [
8

3
] + 𝐵[0] 

[4] = 𝐴 [
8

3
] 

𝐴 =
4

8
3

= 4 ×
3

8
=

3

2
= 1.5 

 

[𝑧 + 3] = 𝐴 [𝑧 +
5

3
] + 𝐵[𝑧 − 1] 

𝑤ℎ𝑒𝑛  𝑧 = −
5

3
       𝑤𝑒 𝑔𝑒𝑡          [(−

5

3
) + 3] = 𝐴 [(−

5

3
) +

5

3
] + 𝐵 [(−

5

3
) − 1] 

[−
5

3
+ 3] = 𝐴 [−

5

3
+

5

3
] + 𝐵 [−

5

3
− 1] 

[
4

3
] = 𝐴[0] + 𝐵 [−

8

3
] 

[
4

3
] = 𝐵 [−

8

3
] 

𝐵 = −

4
3
8
3

= −
4

3
×

3

8
= −

4

8
= −

1

2
= −0.5 

 
𝐺(𝑧)

𝑧
=

[𝑧 + 3]

3𝑧2 + 2𝑧 − 5
=

[𝑧 + 3]

[𝑧 − 1] [𝑧 +
5
3]

=
𝐴

[𝑧 − 1]
+

𝐵

[𝑧 +
5
3]

 

𝐺(𝑧)

𝑧
=

𝐴

[𝑧 − 1]
+

𝐵

[𝑧 +
5
3]

 

𝐺(𝑧) =
𝐴𝑧

[𝑧 − 1]
+

𝐵𝑧

[𝑧 +
5
3]

=

3
2 𝑧

[𝑧 − 1]
+

−
1
2 𝑧

[𝑧 +
5
3]

=
3

2

𝑧

[𝑧 − 1]
−

1

2

𝑧

[𝑧 +
5
3]

 



 

𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑍 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚: z−1G[z] = G[k] 

𝐺(𝑧) =
3

2

𝑧

[𝑧 − 1]
−

1

2

𝑧

[𝑧 +
5
3]

 

G[k] = z−1G[z] = z−1 {
3

2

𝑧

[𝑧 − 1]
−

1

2

𝑧

[𝑧 +
5
3]

} =
3

2
z−1 {

𝑧

[𝑧 − 1]
} −

1

2
z−1 {

𝑧

[𝑧 +
5
3]

} 

G[k] =
3

2
(ℎ𝑘) −

1

2
(−

5

3
)
𝑘

 

G[k] = 1.5 (ℎ𝑘) − 0.5 (−
5

3
)
𝑘

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

1. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠 𝑖𝑛 𝑤ℎ𝑖𝑐ℎ 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑎𝑙 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑓(𝑥, 𝑦) =  𝑒𝑥𝑠𝑖𝑛𝑦,   

𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (0,
𝜋

3
)  ℎ𝑎𝑠 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 1. 

𝐷𝑢𝑓 = 1  

𝑓𝑥 = 𝑒𝑥𝑠𝑖𝑛𝑦 

𝑓𝑦 = 𝑒𝑥𝑐𝑜𝑠𝑦 

∇𝑓(𝑥,𝑦) = (𝑒𝑥𝑠𝑖𝑛𝑦)𝑖 + (𝑒𝑥𝑐𝑜𝑠𝑦)𝑗 = 𝑒𝑥(𝑠𝑖𝑛𝑦)𝑖 + (𝑐𝑜𝑠𝑦)𝑗 

𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡 (0,
𝜋

3
) 

𝑥 = 0 

𝑦 =
𝜋

3
 

𝑓𝑥 = 𝑒𝑥𝑠𝑖𝑛𝑦 =  𝑒0𝑠𝑖𝑛
𝜋

3
= 𝑠𝑖𝑛

𝜋

3
=

√3

2
 

𝑓𝑦 = 𝑒𝑥𝑐𝑜𝑠𝑦 = 𝑒0𝑐𝑜𝑠𝑦 = 𝑒0𝑐𝑜𝑠
𝜋

3
= 𝑐𝑜𝑠

𝜋

3
=

1

2
 

∇𝑓(𝑥,𝑦) = (
√3

2
) 𝑖 + (

1

2
) 𝑗 =

1

2
[√3𝑖 + 𝑗] 

𝐷𝑢𝑓 =  ∇𝑓(𝑥,𝑦) × 𝑢⃑  

1 =
1

2
[√3𝑖 + 𝑗] × 𝑢⃑  

2 = [√3𝑖 + 𝑗] × 𝑢⃑  
2

[√3𝑖 + 𝑗]
= 𝑢⃑  

𝑢⃑ =
2

[√3𝑖 + 𝑗]
=

2[√3𝑖 − 𝑗]

[√3𝑖 + 𝑗][√3𝑖 − 𝑗]
=

2[√3𝑖 − 𝑗]

{[√3𝑖]
2
− [𝑗]2}

=  
2[√3𝑖 − 𝑗]

{−3 − [−1]}
=

2[√3𝑖 − 𝑗]

[−3 + 1]

=
2[√3𝑖 − 𝑗]

[−2]
 

𝑢⃑ =
2[√3𝑖 − 𝑗]

[−2]
= −[√3𝑖 − 𝑗] = [−√3𝑖 + 𝑗] 

𝑢⃑ = [−√3i + j] = [−𝑎𝑖 + 𝑏𝑗] = 2 < −
𝜋

6
= 2𝑒−

𝜋
6
𝑖 = 2𝑒−30°𝑖 

|𝑅| = √𝑎2 + 𝑏2 = √(√3)
2
+ (1)2 = √4 = 2 

𝜃 = tan−1
𝑏

𝑎
= tan−1

1

−√3
= −

𝜋

6
= −30° 

𝑜𝑢𝑟 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛𝑠: 
 𝑡ℎ𝑒 𝑎𝑛𝑔𝑙𝑒𝑠 𝑖𝑠 𝜃 =  −30°  𝑎𝑛𝑑 𝑡ℎ𝑒 𝑚𝑎𝑔𝑛𝑖𝑡𝑢𝑑𝑒 𝑖𝑠 2 

 

 

2. 𝑈𝑠𝑒 𝐺𝑟𝑒𝑒𝑛′𝑠 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 𝑡𝑜 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒 

∮ 𝐹 . 𝑑𝑟 
⬚

𝑐

 

FISA 

 



𝑤ℎ𝑒𝑟𝑒 𝐹(𝑥, 𝑦) = (𝑦𝑐𝑜𝑠𝑥 − 𝑥𝑦𝑠𝑖𝑛𝑥)𝑖 + (𝑥𝑦 + 𝑥𝑐𝑜𝑠𝑥)𝑗 ,  
𝐶 𝑖𝑠 𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑓𝑜𝑟𝑚 (0,0) 𝑡𝑜 (0,4) 𝑡𝑜 (2,0)𝑡𝑜 (0,0). 
𝐹(𝑥, 𝑦) = (𝑦𝑐𝑜𝑠𝑥 − 𝑥𝑦𝑠𝑖𝑛𝑥)𝑖 + (𝑥𝑦 + 𝑥𝑐𝑜𝑠𝑥)𝑗  

  ∇= |
(𝑦𝑐𝑜𝑠𝑥 − 𝑥𝑦𝑠𝑖𝑛𝑥) (𝑥𝑦 + 𝑥𝑐𝑜𝑠𝑥)

𝐷𝑋 𝐷𝑌
| 

∇ = −𝐷𝑌(𝑦𝑐𝑜𝑠𝑥 − 𝑥𝑦𝑠𝑖𝑛𝑥) + 𝐷𝑋(𝑥𝑦 + 𝑥𝑐𝑜𝑠𝑥) 

∇ = −(𝑐𝑜𝑠𝑥 − 𝑥𝑠𝑖𝑛𝑥) + [𝑦 + 𝐷𝑋(𝑥𝑐𝑜𝑠𝑥)] 
∇ = −𝑐𝑜𝑠𝑥 + 𝑥𝑠𝑖𝑛𝑥 + 𝑦 + (𝑐𝑜𝑠𝑥 − 𝑥𝑠𝑖𝑛𝑥) 

∇ = −𝑐𝑜𝑠𝑥 + 𝑥𝑠𝑖𝑛𝑥 + 𝑦 + 𝑐𝑜𝑠𝑥 − 𝑥𝑠𝑖𝑛𝑥 

∇ = 𝑦 

𝑡ℎ𝑒 𝑡𝑟𝑖𝑎𝑛𝑔𝑙𝑒 𝑓𝑜𝑟𝑚 (0,0) 𝑡𝑜 (0,4) 𝑡𝑜 (2,0)𝑡𝑜 (0,0) 

𝐴 = 𝐷 = (0,0) 

B = (0,4) 

C = (2,0) 
(2,0) to (0,4) 

𝑚 =
𝑦2 − 𝑦1

𝑥2 − 𝑥1
=

4 − 0

0 − 2
= −2 

(2,0) 

𝑦 − 𝑦1 = 𝑚(𝑥 − 𝑥1) 

𝑦 − 0 = −2(𝑥 − 2) 

𝑦 = −2(𝑥 − 2) = −2𝑥 + 4 
(0,4) 

𝑦 − 𝑦2 = 𝑚(𝑥 − 𝑥2) 

𝑦 − 4 = −2(𝑥 − 0) 

𝑦 = −2𝑥 + 4 

∮ = ∫ ∫ ∇𝑑𝑋𝑑𝑦 = ∫ ∫ y𝑑𝑋𝑑𝑦 = ∫ [
𝑦2

2
]

2

0

(−2𝑥+4)

0

2

0

𝑦2

𝑦1

𝑥2

𝑥1

𝑑𝑋 = ∫ [
(−2𝑥 + 4)2 − (0)2

2
]

2

0

𝑑𝑋

= ∫ [
(−2𝑥 + 4)2

2
]

2

0

𝑑𝑋 = ∫ [
(4𝑥2 − 16𝑥 + 16)

2
]

2

0

𝑑𝑋

=
1

2
∫ [4𝑥2 − 16𝑥 + 16]

2

0

𝑑𝑋 =
1

2
[
4

2
𝑥3 −

16

2
𝑥2 + 16𝑥] =

16

3
 

(−2𝑥 + 4)2 = (−2𝑥 + 4)(−2𝑥 + 4) = 4𝑥2 − 8𝑥 − 8𝑥 + 16 = 4𝑥2 − 16𝑥 + 16 

 

∮ = ∫ ∫ ∇𝑑𝑋𝑑𝑦 = ∫ ∫ y𝑑𝑋𝑑𝑦 =
16

3

(−2𝑥+4)

0

2

0

𝑦2

𝑦1

𝑥2

𝑥1

 

 

 

3. 𝐼𝑛 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 𝑖𝑛 𝑓𝑖𝑔𝑢𝑟𝑒 1, 𝑎 𝑏𝑎𝑡𝑡𝑒𝑟𝑦 𝑠𝑢𝑝𝑝𝑙𝑖𝑒𝑠 𝑎 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 𝑜𝑓 𝐸(𝑡) = 40𝑠𝑖𝑛60𝑡 𝑣𝑜𝑙𝑡𝑠, 
 𝑡ℎ𝑒 𝑖𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒 𝑖𝑠 1𝐻, 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒 𝑖𝑠 20 𝑜ℎ𝑚𝑠 𝑎𝑛𝑑 𝐼(0) = 1𝐴.  
 
(𝑎) 𝐹𝑖𝑛𝑑 𝐼(𝑡). 
(𝑏) 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑓𝑡𝑒𝑟 0.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠. 
 

𝐸 = 𝑉𝑟 + 𝑉𝑙 

𝐸 = 𝐼1𝑅1 + 𝐿
𝑑𝐼1
𝑑𝑥

 

40 sin 60𝑡 = 20𝐼1 +
𝑑𝐼1
𝑑𝑥

 



𝑑𝐼1
𝑑𝑥

+ 20𝐼1 = 40 sin 60𝑡 

𝜇 = 𝑒∫20𝑑𝑡 = 𝑒20𝑡 

𝐼(𝑡) = 𝐼1 

𝑒20𝑡𝐼(𝑡) = ∫(𝑒20𝑡40 sin 60𝑡)𝑑𝑡 = 40∫(𝑒20𝑡 sin 60𝑡)𝑑𝑡 = 40∫𝑒20𝑡(sin 60𝑡)𝑑𝑡 

= 40∫𝑒20𝑡  [
𝑒𝑗60𝑡 − 𝑒−𝑗60𝑡

2𝑗
] 𝑑𝑡 

= 40∫  [
𝑒𝑗60𝑡𝑒20𝑡 − 𝑒−𝑗60𝑡𝑒20𝑡

2𝑗
] 𝑑𝑡 = 40∫  [

𝑒𝑗60𝑡+20𝑡 − 𝑒−𝑗60𝑡+20𝑡

2𝑗
] 𝑑𝑡 

= 40∫  [
𝑒(𝑗60+20)𝑡 − 𝑒(−𝑗60+20)𝑡

2𝑗
] 𝑑𝑡 = 40∫  [

𝑒(𝑗60+20)𝑡 − 𝑒(20−𝑗60)𝑡

2𝑗
] 𝑑𝑡 

= 40∫  [
𝑒(𝑗60+20)𝑡 − 𝑒(20−𝑗60)𝑡

2𝑗
] 𝑑𝑡 =

40

2𝑗
∫  [𝑒(𝑗60+20)𝑡 − 𝑒(20−𝑗60)𝑡]𝑑𝑡 

=
20

𝑗
∫  [𝑒(𝑗60+20)𝑡 − 𝑒(20−𝑗60)𝑡]𝑑𝑡 =

20

𝑗
[
𝑒(𝑗60+20)𝑡

(𝑗60 + 20)
−

𝑒(20−𝑗60)𝑡

(20 − 𝑗60)
] + 𝐶 

=
20

𝑗
[
𝑒(𝑗60+20)𝑡

(𝑗60 + 20)
] −

20

𝑗
[
𝑒(20−𝑗60)𝑡

(20 − 𝑗60)
] + 𝐶 = 20 [

𝑒(𝑗60+20)𝑡

(𝑗20 − 60)
] − 20 [

𝑒(20−𝑗60)𝑡

(𝑗20 + 60)
] + 𝐶 

= [
20

(𝑗20 − 60)
] 𝑒(𝑗60+20)𝑡 − [

20

(𝑗20 + 60)
] 𝑒(20−𝑗60)𝑡 + 𝐶 

= −[
20

(60 − 𝑗20)
] 𝑒(𝑗60+20)𝑡 − [

20

(𝑗20 + 60)
] 𝑒(20−𝑗60)𝑡 + 𝐶 

= −
20

20
[

1

(3 − 𝑗)
] 𝑒(𝑗60+20)𝑡 −

20

20
[

1

(𝑗 + 3)
] 𝑒(20−𝑗60)𝑡 + 𝐶 

= − [
1

(3 − 𝑗)
] 𝑒(𝑗60+20)𝑡 − [

1

(𝑗 + 3)
] 𝑒(20−𝑗60)𝑡 + 𝐶 

= − [
(3 + 𝑗)

10
] 𝑒(𝑗60+20)𝑡 − [

(3 − 𝑗)

10
] 𝑒(20−𝑗60)𝑡 + 𝐶 

 

[
1

(3 − 𝑗)
] = [

1

(3 − 𝑗)
] [

(3 + 𝑗)

(3 + 𝑗)
] = [

(3 + 𝑗)

(3 − 𝑗)(3 + 𝑗)
] = [

(3 + 𝑗)

(3)2 − (𝑗)2
] = [

(3 + 𝑗)

9 − (−1)
]

= [
(3 + 𝑗)

9 + 1
] = [

(3 + 𝑗)

10
] =

(3 + 𝑗)

10
 

[
1

(𝑗 + 3)
] = [

1

(𝑗 + 3)
] [

(3 − 𝑗)

(3 − 𝑗)
] = [

(3 − 𝑗)

(3 − 𝑗)(3 + 𝑗)
] = [

(3 − 𝑗)

(3)2 − (𝑗)2
] = [

(3 − 𝑗)

9 − (−1)
]

= [
(3 − 𝑗)

9 + 1
] = [

(3 − 𝑗)

10
] =

(3 − 𝑗)

10
 

 

𝑒20𝑡𝐼(𝑡) = − [
(3 + 𝑗)

10
] 𝑒(𝑗60+20)𝑡 − [

(3 − 𝑗)

10
] 𝑒(20−𝑗60)𝑡 + 𝐶 

= − [
(3 + 𝑗)

10
] 𝑒(𝑗60)𝑡𝑒(20)𝑡 − [

(3 − 𝑗)

10
] 𝑒(−𝑗60)𝑡𝑒(20)𝑡 + 𝐶 

= −𝑒(20)𝑡 {[
(3 + 𝑗)

10
] 𝑒(𝑗60)𝑡 + [

(3 − 𝑗)

10
] 𝑒(−𝑗60)𝑡} + 𝐶 



𝑒20𝑡𝐼(𝑡) = −𝑒(20)𝑡 [[
(3 + 𝑗)

10
] 𝑒(𝑗60)𝑡 + [

(3 − 𝑗)

10
] 𝑒(−𝑗60)𝑡] + 𝐶 

𝑒20𝑡

𝑒20𝑡
𝐼(𝑡) = −

𝑒(20)𝑡

𝑒20𝑡
[[

(3 + 𝑗)

10
] 𝑒(𝑗60)𝑡 + [

(3 − 𝑗)

10
] 𝑒(−𝑗60)𝑡] +

𝐶

𝑒20𝑡
 

𝐼(𝑡) = − [[
(3 + 𝑗)

10
] 𝑒(𝑗60)𝑡 + [

(3 − 𝑗)

10
] 𝑒(−𝑗60)𝑡] +

𝐶

𝑒20𝑡
 

𝐼(𝑡) = − [[
(3 + 𝑗)

10
] 𝑒(𝑗60)𝑡 + [

(3 − 𝑗)

10
] 𝑒(−𝑗60)𝑡] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [[
3

10
+

𝑗

10
] [cos 60𝑡 + 𝑗 sin 60𝑡] + [

3

10
−

𝑗

10
] [cos 60𝑡 − 𝑗 sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [[
3

10
cos 60𝑡 +

𝑗

10
cos 60𝑡 +

3

10
jsin 60𝑡 −

1

10
sin 60𝑡]

+ [
3

10
cos 60𝑡 −

𝑗

10
cos 60𝑡 −

3

10
jsin 60𝑡 −

1

10
sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [
3

10
cos 60𝑡 +

𝑗

10
cos 60𝑡 +

3

10
jsin 60𝑡 −

1

10
sin 60𝑡 +

3

10
cos 60𝑡

−
𝑗

10
cos 60𝑡 −

3

10
jsin 60𝑡 −

1

10
sin 60𝑡] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [[
3

10
+

𝑗

10
+

3

10
−

𝑗

10
] [cos 60𝑡] + [

3𝑗

10
−

1

10
−

3𝑗

10
−

1

10
] [sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [[
3

10
+

3

10
] [cos 60𝑡] − [

1

10
+

1

10
] [sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [[
6

10
] [cos 60𝑡] − [

2

10
] [sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [[
3

5
] [cos 60𝑡] − [

1

5
] [sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = − [
3

5
[cos 60𝑡] −

1

5
[sin 60𝑡]] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = −
3

5
[cos 60𝑡] +

1

5
[sin 60𝑡] + 𝐶𝑒−20𝑡 

𝐼(𝑡) = −
3

5
cos 60𝑡 +

1

5
sin 60𝑡 + 𝐶𝑒−20𝑡 

(𝑎) 𝐹𝑖𝑛𝑑 𝐼(𝑡): 

𝐼(𝑡) =
1

5
sin(60𝑡) −

3

5
cos(60𝑡) + 𝐶𝑒−20𝑡 

𝐼(0) = 1𝐴 

𝑡 = 0 

𝐼(𝑡) =
1

5
sin(60𝑡) −

3

5
cos(60𝑡) + 𝐶𝑒−20𝑡 

1 =
1

5
sin(60 × 0) −

3

5
cos(60 × 0) + 𝐶𝑒−20×0 

1 =
1

5
sin(0) −

3

5
cos(0) + 𝐶𝑒0 

1 = 0 −
3

5
× 1 + 𝐶 × 1 



1 = −
3

5
+ 𝐶 

𝐶 = 1 +
3

5
=

8

5
 

𝐶 = 
8

5
 

𝐼(𝑡) =
1

5
sin(60𝑡) −

3

5
cos(60𝑡) + 𝐶𝑒−20𝑡 

𝐼(𝑡) =
1

5
sin(60𝑡) −

3

5
cos(60𝑡) +

8

5
𝑒−20𝑡 

(𝑏) 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑎𝑓𝑡𝑒𝑟 0.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠. 
𝑡 = 0.1 𝑠𝑒𝑐𝑜𝑛𝑑𝑠 

𝐼(𝑡) =
1

5
sin(60𝑡) −

3

5
cos(60𝑡) +

8

5
𝑒−20𝑡 

𝐼(0.1) =
1

5
sin(60 × 0.1) −

3

5
cos(60 × 0.1) +

8

5
𝑒−20×0.1 

𝐼(0.1 ) =
1

5
sin(6) −

3

5
cos(6) +

8

5
𝑒−2 

𝐼(0.1 ) = −0.3592709914𝐴 

𝐼(0.1 ) = −0.36𝐴 

 

 

4. 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑡ℎ𝑒 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

𝑡2 + 2𝑡 − 1 − 4𝑦𝑦′ = 0 

𝐴𝑛𝑠𝑤𝑒𝑟 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑞𝑢𝑒𝑠𝑡𝑖𝑜𝑛𝑠. 
(a) What is the order of this equation? 

First Order 

(b) Is this equation linear? 

Non linear 

(c) Is this equation separable? 

𝑡2 + 2𝑡 − 1 − 4𝑦𝑦′ = 0 

𝑡2 + 2𝑡 − 1 − 4𝑦
𝑑𝑦

𝑑𝑡
= 0 

𝑡2𝑑𝑡 + 2𝑡𝑑𝑡 − 1𝑑𝑡 − 4𝑦𝑑𝑦 = 0 

[𝑡2 + 2𝑡 − 1]𝑑𝑡 − 4𝑦𝑑𝑦 = 0 

[𝑡2 + 2𝑡 − 1]𝑑𝑡 = 4𝑦𝑑𝑦 

[𝑡2 + 2𝑡 − 1]𝑑𝑡 = 4𝑦𝑑𝑦 

𝑌𝑒𝑠, 𝑠𝑒𝑝𝑒𝑟𝑎𝑏𝑙𝑒. 
 

(d) Is this equation exact? 

[𝑡2 + 2𝑡 − 1]𝑑𝑡 = 4𝑦𝑑𝑦 

∇= |
[𝑡2 + 2𝑡 − 1] 4𝑦

𝑑𝑡 𝑑𝑦
| 

[𝑡2 + 2𝑡 − 1]′𝑦 − [4𝑦]′𝑡 = 0 

[𝑡2 + 2𝑡 − 1]′𝑦 = [4𝑦]′𝑡 
[0] = [0] 

𝑌𝑒𝑠, 𝐸𝑥𝑎𝑐𝑡. 



(e) Find its general solution. 

𝑡2 + 2𝑡 − 1 − 4𝑦𝑦′ = 0 

[𝑡2 + 2𝑡 − 1]𝑑𝑡 = 4𝑦𝑑𝑦 

∫[𝑡2 + 2𝑡 − 1]𝑑𝑡 = ∫4𝑦𝑑𝑦 

[
𝑡3

3
+

2𝑡2

2
− 𝑡 + 𝐶] =  [

4𝑦2

2
] 

[
𝑡3

3
+ 𝑡2 − 𝑡 + 𝐶] =  [2𝑦2 + 𝐶] 

𝑡3

3
+ 𝑡2 − 𝑡 + 𝐶 = 2𝑦2 + 𝐶 

𝑡3

3
+ 𝑡2 − 𝑡 =  2𝑦2 

𝑦2 =

𝑡3

3 + 𝑡2 − 𝑡

2
 

𝑦 =
√

𝑡3

3 + 𝑡2 − 𝑡

2
 

 

 

 

 

5. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑠𝑒𝑐𝑜𝑛𝑑 𝑜𝑟𝑑𝑒𝑟 𝑛𝑜
− ℎ𝑜𝑚𝑜𝑔𝑒𝑛𝑒𝑜𝑢𝑠 𝑙𝑖𝑛𝑒𝑎𝑟  

𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛: 
𝑦" − 5𝑦′ + 6𝑦 = 𝑒3𝑡 + 𝑡2 − 4 

[𝐷2 − 5𝐷 + 6]𝑦 = 𝑒3𝑡 + 𝑡2 − 4 

[𝐷2 − 5𝐷 + 6]𝑦 = 0 

𝑦 = 0 

[𝐷2 − 5𝐷 + 6] = 0 

𝐷2 − 5𝐷 + 6 = 0 

∇=
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

5 ± √52 − 4 × 6

2
 

[𝐷 − 3][𝐷 − 2] = 0 

𝐷1 = 3       
𝐷2 = 2 

𝑦3 = 𝐴𝑒3𝑡 + 𝐵𝑒2𝑡 

𝑦3 = 𝑒3𝑡 + 𝑡2 − 4  

Y particular Table: 

𝑦1 = 𝑒3𝑡 = 𝐴𝑒3𝑡 

𝑦′1 = 3𝐴𝑒3𝑡 

𝑦"1 = 9𝐴𝑒3𝑡 

 

𝑦" − 5𝑦′ + 6𝑦 = 𝑒3𝑡 + 𝑡2 − 4 

9𝐴𝑒3𝑡 − 5[3𝐴𝑒3𝑡] + 6[𝐴𝑒3𝑡] = 𝑒3𝑡 

9𝐴𝑒3𝑡 − 15 𝐴𝑒3𝑡 + 6𝐴𝑒3𝑡 = 𝑒3𝑡 

[9 − 15 + 6]𝐴𝑒3𝑡 = 𝑒3𝑡 



[0]𝐴𝑒3𝑡 = 𝑒3𝑡 

[0]𝐴 = 1 

𝐴 =
1

0
= ∞ 

A=t 

𝑦1 = 𝐴𝑒3𝑡 = 𝑡𝑒3𝑡 

 

 

𝑦2 = 𝑡2 − 4 = 𝐴𝑡2 + 𝐵𝑡 + 𝐶  

𝑦′2 = 2𝐴𝑡 + 𝐵  

𝑦"2 = 2𝐴 

 

𝑦" − 5𝑦′ + 6𝑦 = 𝑒3𝑡 + 𝑡2 − 4 

2𝐴 − 5[2𝐴𝑡 + 𝐵] + 6[𝐴𝑡2 + 𝐵𝑡 + 𝐶 ] = 𝑡2 − 4 

2𝐴 − 10𝐴𝑡 − 5𝐵 + 6𝐴𝑡2 + 6𝐵𝑡 + 6𝐶 = 𝑡2 − 4  

6𝐴𝑡2 = 𝑡2                6𝐴 = 1             𝐴 =
1

6
 

−10𝐴𝑡 + 6𝐵𝑡 = 0         −10𝐴 + 6𝐵 = 0         − 10 [
1

6
] + 6𝐵 = 0         6𝐵 =  10 [

1

6
] =

5

3
       𝐵 =

5

3

6
=

5

18
    

2𝐴 − 5𝐵 + 6𝐶 = −4            2 [
1

6
] − 5 [ 

5

18
] + 6𝐶 = −4            

1

3
−

25

18
+ 6𝐶 = −4         6𝐶 =

−4 −
1

3
+

25

18
 

6𝐶 = −
53

18
                𝐶 = −

53
18
6

= −
53

108
 

𝐴 =
1

6
                                         𝐵 =

5

18
                                   𝐶 = −

53

108
       

𝑦2 =
1

6
𝑡2 +

5

18
𝑡 −

53

108
 

𝑦 = 𝑦1 + 𝑦2 + 𝑦3 

𝑦 = 𝐴𝑒3𝑡 + 𝐵𝑒2𝑡 + 𝑡𝑒3𝑡 +
1

6
𝑡2 +

5

18
𝑡 −

53

108
 

 

 

 

6. 𝐼𝑛 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑢𝑖𝑡 𝑠ℎ𝑜𝑤𝑛 𝑖𝑛 𝑓𝑖𝑔𝑢𝑟𝑒 2: 𝐸 = 500 sin 10𝑡 , 𝑅1 = 10 𝑂ℎ𝑚𝑠, 𝑅2 = 10 𝑂ℎ𝑚𝑠, 𝐿
= 1𝐻, 

𝐶 = 0.01𝐹.  𝐼𝑓 𝑡ℎ𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡𝑠 𝐼1𝑎𝑛𝑑 𝐼2 𝑎𝑟𝑒 𝑧𝑒𝑟𝑜 𝑎𝑡 𝑡 =
0, 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑜𝑛 

 

𝑡ℎ𝑒 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 𝑡ℎ𝑟𝑜𝑢𝑔ℎ 𝑡ℎ𝑒 𝑖𝑛𝑑𝑢𝑐𝑡𝑜𝑟 𝐿. 
 

𝐼1 − 𝐼2 = 𝐼𝐿 

𝐸 = 𝑉𝑟1 + 𝑉𝑐1 + 𝑉𝐿1
 

0 = 𝑉𝑟2 − 𝑉𝐿1
 

 

𝐸 = 𝑉𝑟1 + 𝑉𝑐1 + 𝑉𝐿1
 

𝐸 = 𝐼1(𝑡)𝑟1 +
1

𝐶
∫𝐼1(𝑡) 𝑑𝑡 + 𝐿1

𝑑𝐼𝐿
𝑑𝑥

 



𝐸 = 𝐼1(𝑡)𝑟1 +
1

𝐶
∫ 𝐼1(𝑡) 𝑑𝑡 + 𝐿1

𝑑[𝐼1(𝑡) − 𝐼2(𝑡)]

𝑑𝑥
 

500 sin 10𝑡 = 10𝐼1(𝑡) +
1

0.01
∫ 𝐼1(𝑡) 𝑑𝑡 + 1

𝑑[𝐼1(𝑡) − 𝐼2(𝑡)]

𝑑𝑥
 

500 sin 10𝑡 = 10𝐼1(𝑡) + 100∫ 𝐼1(𝑡) 𝑑𝑡 +
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)] 

𝐿{500 sin 10𝑡} = 𝐿 {10𝐼1(𝑡) + 100∫ 𝐼1(𝑡) 𝑑𝑡 +
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)]} 

500𝐿{sin 10𝑡} = 10𝐿{𝐼1(𝑡)} + 100𝐿 {∫ 𝐼1(𝑡) 𝑑𝑡} + 𝐿 {
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)]} 

500 [
10

𝑠2 + 100
] = 10𝐼1(𝑠) +

100

𝑠
𝐼1(𝑠) + 𝑠[𝐼1(𝑠) − 𝐼2(𝑠)] 

500 [
10

𝑠2 + 100
] = 10𝐼1(𝑠) +

100

𝑠
𝐼1(𝑠) + 𝑠[𝐼1(𝑠) − 𝐼2(𝑠)] 

500 [
10𝑠

𝑠2 + 100
] = 10𝑠𝐼1(𝑠) + 100𝐼1(𝑠) + 𝑠2[𝐼1(𝑠) − 𝐼2(𝑠)] 

500 [
10𝑠

𝑠2 + 100
] = 10𝑠𝐼1(𝑠) + 100𝐼1(𝑠) + 𝑠2𝐼1(𝑠) − 𝑠2𝐼2(𝑠) 

500 [
10𝑠

𝑠2 + 100
] = [10𝑠 + 100 + 𝑠2]𝐼1(𝑠) − 𝑠2𝐼2(𝑠) 

[
5000𝑠

𝑠2 + 100
] = [ 𝑠2 + 100 + 10𝑠]𝐼1(𝑠) − 𝑠2𝐼2(𝑠) 

 

 

0 = 𝑉𝑟2 − 𝑉𝐿1
 

0 = 𝐼2(𝑡)𝑟2 − 𝐿1

𝑑𝐼𝐿
𝑑𝑥

 

0 = 𝐼2(𝑡)𝑟2 − 𝐿1

𝑑[𝐼1(𝑡) − 𝐼2(𝑡)]

𝑑𝑥
 

0 = 10𝐼2(𝑡) − 1
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)] 

0 = 10𝐼2(𝑡) −
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)] 

𝐿{0} = 𝐿 {10𝐼2(𝑡) −
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)]} 

𝐿{0} = 10𝐿{𝐼2(𝑡)} − 𝐿 {
𝑑

𝑑𝑥
[𝐼1(𝑡) − 𝐼2(𝑡)]} 

0 = 10𝐼2(𝑠) − 𝑠[𝐼1(𝑠) − 𝐼2(𝑠)] 
0 = 10𝐼2(𝑠) − 𝑠𝐼1(𝑠) + 𝑠𝐼2(𝑠) 

0 = [10 + 𝑠]𝐼2(𝑠) − 𝑠𝐼1(𝑠) 

0 = 𝑠𝐼1(𝑠) − [10 + 𝑠]𝐼2(𝑠) 

 

{
[

5000𝑠

𝑠2 + 100
] = [ 𝑠2 + 100 + 10𝑠]𝐼1(𝑠) − 𝑠2𝐼2(𝑠)

0 = 𝑠𝐼1(𝑠) − [10 + 𝑠]𝐼2(𝑠)
 

∇= |
[ 𝑠2 + 100 + 10𝑠] −𝑠2

𝑠 −[10 + 𝑠]
| 

∇= {−[ 𝑠2 + 100 + 10𝑠] × [10 + 𝑠]} − {[𝑠] × [−𝑠2]} 
∇= −[10 𝑠2 + 𝑠3 + 1000 + 100𝑠 + 100𝑠 + 10 𝑠2] − [−𝑠3] 



∇= −[20 𝑠2 + 𝑠3 + 1000 + 200𝑠] + 𝑠3 

= −20 𝑠2 − 𝑠3 − 1000 − 200𝑠 + 𝑠3 

= −20 𝑠2 − 1000 − 200𝑠 

∇= −20 × [𝑠2 + 10𝑠 + 50] 
 

 

∇𝑖1= |
[

5000𝑠

𝑠2 + 100
] −𝑠2

0 −[10 + 𝑠]
| 

∇𝑖1= {− [
5000𝑠

𝑠2 + 100
] × [10 + 𝑠]} − {[0] × [−𝑠2]} = {− [

5000𝑠

𝑠2 + 100
] × [10 + 𝑠]} 

= − [
5000𝑠[10 + 𝑠]

𝑠2 + 100
] = −20 × [

250𝑠[10 + 𝑠]

𝑠2 + 100
] 

∇𝑖1= −20 × [
250𝑠[10 + 𝑠]

𝑠2 + 100
] 

 

∇𝑖2= |[ 𝑠
2 + 100 + 10𝑠] [

5000𝑠

𝑠2 + 100
]

𝑠 0

| 

∇𝑖2= {[ 𝑠2 + 100 + 10𝑠] × [0]} − {[𝑠] × [
5000𝑠

𝑠2 + 100
]} = − {[𝑠] × [

5000𝑠

𝑠2 + 100
]} 

= −20 × [
250𝑠2

𝑠2 + 100
] 

∇𝑖2= −20 × [
250𝑠2

𝑠2 + 100
] 

 

𝐼1(𝑠) =
∇𝑖1

∇
=

−20 × [
250𝑠[10 + 𝑠]

𝑠2 + 100
]

−20 × [𝑠2 + 10𝑠 + 50]
=

[
250𝑠[10 + 𝑠]

𝑠2 + 100
]

[𝑠2 + 10𝑠 + 50]
=

250𝑠[10 + 𝑠]

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

𝐼2(𝑠) =
∇𝑖2

∇
=

−20 × [
250𝑠2

𝑠2 + 100
]

−20 × [𝑠2 + 10𝑠 + 50]
=

[
250𝑠2

𝑠2 + 100
]

[𝑠2 + 10𝑠 + 50]
=

250𝑠2

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

 

 

𝐼1(𝑠) =
250𝑠[10 + 𝑠]

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
=

250𝑠2 + 2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

𝐼1(𝑠) =
250𝑠2

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
+

2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

𝐼2(𝑠) =
250𝑠2

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

 

𝐼𝐿(𝑠) = 𝐼1(𝑠)−𝐼2(𝑠) 

𝐼𝐿(𝑠) =
250𝑠2

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
+

2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]

−
250𝑠2

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 



𝐼𝐿(𝑠) =
2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐼𝐿(𝑠) 

𝐼𝐿(𝑠) =
2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
 

 

 

[𝑠2 + 10𝑠 + 50] = 0          
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

−10 ± √102 − 4 × 50

2
= −5 ± 5𝑗 

𝑎2 + 𝑏2 = (𝑎 + 𝑏𝑗)(𝑎 − 𝑏𝑗)           𝑎2 + 𝑏2 = (𝑎 + 𝑏)2 − 2𝑎𝑏              𝑎2 + 𝑏2

= (𝑎 − 𝑏)2 + 2𝑎𝑏 

[𝑠 + 5 ± 5𝑗] = [𝑠 + 5(1 ± 𝑗)] = [(𝑠 + 5) ± 5𝑗] = [𝑠2 + 10𝑠 + 50] = [𝑠2 + 10(𝑠 + 5)] 
= [(𝑠 + 10)𝑠 + 50] = [𝑠 + 5 − 5𝑗][𝑠 + 5 + 5𝑗] = [𝑠 + 5(1 − 𝑗)][𝑠 + 5(1 + 𝑗)] 

= [(𝑠 + 5) − (5𝑗)][(𝑠 + 5) + (5𝑗)]
= [(𝑠 + 5)(𝑠 + 5) + (𝑠 + 5)(5𝑗) − (𝑠 + 5)(5𝑗) − (5𝑗)(5𝑗)] 

= [(𝑠 + 5)2 − (5𝑗)2] = [(𝑠 + 5)2 + 25] = [(𝑠 + 5)2 + (5)2] 
 

[𝑠2 + 100] = [𝑠2 + 0𝑠 + 100] = 0                    
−𝑏 ± √𝑏2 − 4𝑎𝑐

2𝑎
=

0 ± √0 − 4 × 100

2
= ±10𝑗 

𝑎2 + 𝑏2 = (𝑎 + 𝑏𝑗)(𝑎 − 𝑏𝑗)           𝑎2 + 𝑏2 = (𝑎 + 𝑏)2 − 2𝑎𝑏              𝑎2 + 𝑏2

= (𝑎 − 𝑏)2 + 2𝑎𝑏 

[𝑠 ± 10𝑗] = [𝑠2 + 100] = [𝑠2 + 0𝑠 + 100] = [𝑠 + 10𝑗][𝑠 − 10𝑗]
= [(𝑠) + (10𝑗)][(𝑠) − (10𝑗)] 

= [(𝑠)(𝑠) + (𝑠)(10𝑗) − (𝑠)(10𝑗) − (10𝑗)(10𝑗)] = [(𝑠)2 − (10𝑗)2] = [𝑠2 + 100]
= [𝑠2 + 102]                 

 

𝐼𝐿(𝑠) =
2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
=

𝐴𝑠 + 𝐵

[𝑠2 + 10𝑠 + 50]
+

𝐶𝑠 + 𝐷

[𝑠2 + 100]
= 𝑃1 + 𝑃2 

=
𝐴𝑠 + 𝐵

[(𝑠 + 5)2 + (5)2]
+

𝐶𝑠 + 𝐷

[𝑠2 + 102]
=

𝐴𝑠 + 𝐵

[𝑠 + 5 − 5𝑗][𝑠 + 5 + 5𝑗]
+

𝐶𝑠 + 𝐷

[𝑠 + 10𝑗][𝑠 − 10𝑗]
 

=
𝐴

[𝑠 + 5 − 5𝑗]
+

𝐵

[𝑠 + 5 + 5𝑗]
+

𝐶

[𝑠 + 10𝑗]
+

𝐷

[𝑠 − 10𝑗]
 

 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑠2 + 10𝑠 + 50] 

𝑃1 =
2500𝑠

[𝑠2 + 10𝑠 + 50]
=

𝐴𝑠 + 𝐵

[(𝑠 + 5)2 + (5)2]
=

𝐴𝑠 + 𝐵

[𝑠 + 5 − 5𝑗][𝑠 + 5 + 5𝑗]

=
𝐴

[𝑠 + 5 − 5𝑗]
+

𝐵

[𝑠 + 5 + 5𝑗]
 

2500𝑠 = 𝐴[𝑠 + 5 + 5𝑗] +  𝐵[𝑠 + 5 − 5𝑗] 
𝑠 = −5 − 5𝑗         𝑤𝑒 𝑔𝑒𝑡           2500[−5 − 5𝑗 ]

= 𝐴[(−5 − 5𝑗 ) + 5 + 5𝑗] +  𝐵[(−5 − 5𝑗 ) + 5 − 5𝑗] 
𝑠 = −5 − 5𝑗         𝑤𝑒 𝑔𝑒𝑡           2500[−5 − 5𝑗 ]

= 𝐴[(−5 − 5𝑗 ) + 5 + 5𝑗] +  𝐵[(−5 − 5𝑗 ) + 5 − 5𝑗] 
2500[−5 − 5𝑗 ] = 𝐴[0] +  𝐵[−5 − 5𝑗 + 5 − 5𝑗] 

2500[−5 − 5𝑗 ] = 𝐵[−5𝑗 − 5𝑗] 
2500[−5 − 5𝑗 ] = 𝐵[−10𝑗] 



−12500[1 + 𝑗 ] = 𝐵[−10𝑗] 
1250[1 + 𝑗 ] = 𝐵[𝑗] 

𝐵 = 1250 ×
[1 + 𝑗 ]

[𝑗]
= 1250 ×

𝑗[1 + 𝑗 ]

[𝑗]2
= −1250 × 𝑗[1 + 𝑗 ] = −1250 × [𝑗 − 1 ] 

𝐵 = −1250[𝑗 − 1 ] 
 

 

𝑠 = −5 + 5𝑗         𝑤𝑒 𝑔𝑒𝑡           2500[−5 + 5𝑗 ]
= 𝐴[(−5 + 5𝑗 ) + 5 + 5𝑗] +  𝐵[(−5 + 5𝑗 ) + 5 − 5𝑗] 

2500[−5 + 5𝑗 ] = 𝐴[−5 + 5𝑗 + 5 + 5𝑗] +  𝐵[−5 + 5𝑗 + 5 − 5𝑗] 
2500[−5 + 5𝑗 ] = 𝐴[5𝑗 + 5𝑗] +  𝐵[0] 

12500[−1 + 𝑗 ] = 𝐴[10𝑗] 
1250[−1 + 𝑗 ] = 𝐴[𝑗] 

𝐴 = 1250 ×
[−1 + 𝑗 ]

[𝑗]
= 1250 ×

𝑗[−1 + 𝑗  ]

[𝑗]2
= −1250 × 𝑗[−1 + 𝑗  ] = −1250 × [−1 − 𝑗  ]

= 1250 × [𝑗 + 1 ] 
𝐴 = 1250[𝑗 + 1 ] 

 

𝐴 = 1250[𝑗 + 1 ]                                 𝐵 = −1250[𝑗 − 1 ] 

𝑃1 =
2500𝑠

[𝑠2 + 10𝑠 + 50]
=

𝐴𝑠 + 𝐵

[(𝑠 + 5)2 + (5)2]
=

𝐴𝑠 + 𝐵

[𝑠 + 5 − 5𝑗][𝑠 + 5 + 5𝑗]

=
𝐴

[𝑠 + 5 − 5𝑗]
+

𝐵

[𝑠 + 5 + 5𝑗]
 

𝑃1 =
1250[𝑗 + 1 ]

[𝑠 + 5 − 5𝑗]
−

1250[𝑗 − 1 ]

[𝑠 + 5 + 5𝑗]
 

 

 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 [𝑠2 + 100] 

𝑃2 =
2500𝑠

[𝑠2 + 100]
=

𝐶𝑠 + 𝐷

[𝑠2 + 102]
=

𝐶𝑠 + 𝐷

[𝑠 + 10𝑗][𝑠 − 10𝑗]
=

𝐶

[𝑠 + 10𝑗]
+

𝐷

[𝑠 − 10𝑗]
 

2500𝑠 =  𝐶[𝑠 − 10𝑗] +  𝐷[𝑠 + 10𝑗] 
𝑠 = −10𝑗         𝑤𝑒 𝑔𝑒𝑡           2500𝑠 =  𝐶[(−10𝑗) − 10𝑗] +  𝐷[(−10𝑗) + 10𝑗] 

2500𝑠 =  𝐶[−10𝑗 − 10𝑗] +  𝐷[−10𝑗 + 10𝑗] 
2500𝑠 =  𝐶[−20𝑗] +  𝐷[0] 

2500𝑠 =  𝐶[−20𝑗] 
−125𝑠 =  𝐶[𝑗] 

𝐶 =
−125

[𝑗]
==

−125[𝑗]

[𝑗]2
= 125𝑗 

𝐶 = 125𝑗 
 

𝑠 = 10𝑗         𝑤𝑒 𝑔𝑒𝑡           2500𝑠 =  𝐶[(10𝑗) − 10𝑗] +  𝐷[(10𝑗) + 10𝑗] 
2500𝑠 =  𝐶[10𝑗 − 10𝑗] +  𝐷[10𝑗 + 10𝑗] 

2500𝑠 =  𝐶[0] +  𝐷[20𝑗] 
2500𝑠 =  𝐷[20𝑗] 

125𝑠 = 𝐷[𝑗] 

𝐷 =
125

[𝑗]
==

125[𝑗]

[𝑗]2
= −125𝑗 

𝐷 = −125𝑗 



 

𝐶 = 125𝑗                              𝐷 = −125𝑗 

𝑃2 =
2500𝑠

[𝑠2 + 100]
=

𝐶𝑠 + 𝐷

[𝑠2 + 102]
=

𝐶𝑠 + 𝐷

[𝑠 + 10𝑗][𝑠 − 10𝑗]
=

𝐶

[𝑠 + 10𝑗]
+

𝐷

[𝑠 − 10𝑗]
 

𝑃2 =
125𝑗

[𝑠 + 10𝑗]
−

125𝑗

[𝑠 − 10𝑗]
 

 

 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝐼𝐿(𝑠) 

𝐼𝐿(𝑠) =
2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
= 𝑃1 + 𝑃2 

𝐼𝐿(𝑠) =
1250[𝑗 + 1 ]

[𝑠 + 5 − 5𝑗]
−

1250[𝑗 − 1 ]

[𝑠 + 5 + 5𝑗]
+

125𝑗

[𝑠 + 10𝑗]
−

125𝑗

[𝑠 − 10𝑗]
 

𝑒𝑏𝑡 =
1

𝑠 − 𝑏
                    𝑒𝑏𝑡 sin 𝑎𝑡 =

𝑎

(𝑠 − 𝑏)2 + 𝑎2
                     𝑒𝑏𝑡 cos 𝑎𝑡 =

𝑠 − 𝑏

(𝑠 − 𝑏)2 + 𝑎2
 

 

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 𝐼𝐿(𝑠)  

𝐼𝐿(𝑡) = 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 {
1250[𝑗 + 1 ]

[𝑠 + (5 − 5𝑗)]
−

1250[𝑗 − 1 ]

[𝑠 + (5 + 5𝑗)]
+

125𝑗

[𝑠 + (10𝑗)]
−

125𝑗

[𝑠 − (10𝑗)]
} 

 

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓
1250[𝑗 + 1 ]

[𝑠 + (5 − 5𝑗)]
= 1250[𝑗 + 1 ]𝑒−(5−5𝑗)𝑡   

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 −
1250[𝑗 − 1 ]

[𝑠 + (5 + 5𝑗)]
=  −1250[𝑗 − 1 ]𝑒−(5+5𝑗)𝑡 

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓
125𝑗

[𝑠 + (10𝑗)]
= 125𝑗 𝑒−(10𝑗)𝑡 

𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑙𝑎𝑝𝑙𝑎𝑐𝑒 𝑜𝑓 −
125𝑗

[𝑠 − (10𝑗)]
=  −125𝑗 𝑒(10𝑗)𝑡 

 

𝐼𝐿(𝑡) = 1250[𝑗 + 1 ]𝑒−(5−5𝑗)𝑡  − 1250[𝑗 − 1 ]𝑒−(5+5𝑗)𝑡 + 125𝑗 𝑒−(10𝑗)𝑡 − 125𝑗 𝑒(10𝑗)𝑡 

𝐼𝐿(𝑡) = 1250[𝑗 + 1 ][𝑒−(5−5𝑗)𝑡]  − 1250[𝑗 − 1 ][𝑒−(5+5𝑗)𝑡] + 125𝑗 [𝑒−(10𝑗)𝑡]

− 125𝑗[ 𝑒(10𝑗)𝑡] 

𝐼𝐿(𝑡) = 1250[𝑗 + 1 ][𝑒−5𝑡+5𝑗𝑡]  − 1250[𝑗 − 1 ][𝑒−5𝑡−5𝑗𝑡] + 125𝑗 [𝑒−10𝑗𝑡] − 125𝑗[ 𝑒10𝑗𝑡] 

𝐼𝐿(𝑡) = 1250[𝑗 + 1 ][𝑒−5𝑡𝑒5𝑗𝑡]  − 1250[𝑗 − 1 ][𝑒−5𝑡𝑒−5𝑗𝑡] + 125𝑗 [𝑒−10𝑗𝑡] − 125𝑗[ 𝑒10𝑗𝑡] 

 

[𝑗 + 1 ] = 2 < 45° = 2 <
𝜋

4
= 2𝑒𝑗45°𝑡 = 2𝑒𝑗

𝜋
4
𝑡                        

 𝑎 = √𝑎2 + 𝑏2 = √12 + 12 = 2       𝜃 = tan−1 [
1

1
] = 45° 

𝜋 → 180°               1° →
𝜋

180°
                 45° → 45° × 

𝜋

180°
=

𝜋

4
 

[𝑗 − 1 ] = 2 < 45° = 2 < −
𝜋

4
= 2𝑒−𝑗45°𝑡 = 2𝑒−𝑗

𝜋
4
𝑡                        

125𝑗 = 0 + 125𝑗 = 125 < 90° = 125 <
𝜋

2
= 125𝑒𝑗90°𝑡 = 125𝑒𝑗

𝜋
2
𝑡
 



𝑎 = √𝑎2 + 𝑏2 = √02 + 1252 = 125                                 𝜃 = tan−1 [
125

0
] = tan−1[∞] =90°

=
𝜋

2
 

𝜋 → 90°               1° →
𝜋

180°
                 90° → 90° × 

𝜋

180°
=

𝜋

2
 

−125𝑗 = 0 − 125𝑗 = 125 < −90° = 125 < −
𝜋

2
= 125𝑒−𝑗90°𝑡 = 125𝑒−𝑗

𝜋
2
𝑡
 

 

𝐼𝐿(𝑡) = 1250[𝑗 + 1 ][𝑒−5𝑡𝑒5𝑗𝑡]  − 1250[𝑗 − 1 ][𝑒−5𝑡𝑒−5𝑗𝑡] + 125𝑗 [𝑒−10𝑗𝑡] − 125𝑗[ 𝑒10𝑗𝑡] 

𝐼𝐿(𝑡) = 1250 [2𝑒𝑗
𝜋
4
𝑡] [𝑒−5𝑡𝑒5𝑗𝑡]  − 1250 [2𝑒−𝑗

𝜋
4
𝑡] [𝑒−5𝑡𝑒−5𝑗𝑡] + 125𝑒𝑗

𝜋
2
𝑡 [𝑒−10𝑗𝑡]

− 125𝑒−𝑗
𝜋
2
𝑡[ 𝑒10𝑗𝑡] 

𝐼𝐿(𝑡) = 2500 [𝑒𝑗
𝜋
4
𝑡] [𝑒−5𝑡𝑒5𝑗𝑡]  − 2500 [𝑒−𝑗

𝜋
4
𝑡] [𝑒−5𝑡𝑒−5𝑗𝑡] + 125𝑒𝑗

𝜋
2
𝑡 [𝑒−10𝑗𝑡]

− 125𝑒−𝑗
𝜋
2
𝑡[ 𝑒10𝑗𝑡] 

𝐼𝐿(𝑡) = 2500[𝑒−5𝑡] [𝑒𝑗
𝜋
4
𝑡𝑒5𝑗𝑡]  − 2500[𝑒−5𝑡] [𝑒−𝑗

𝜋
4
𝑡𝑒−5𝑗𝑡] + 125 [𝑒𝑗

𝜋
2
𝑡𝑒−10𝑗𝑡]

− 125 [ 𝑒−𝑗
𝜋
2
𝑡𝑒10𝑗𝑡] 

𝐼𝐿(𝑡) = 2500[𝑒−5𝑡] [𝑒𝑗
𝜋
4
𝑡𝑒5𝑗𝑡]  − 2500[𝑒−5𝑡] [𝑒−𝑗

𝜋
4
𝑡𝑒−5𝑗𝑡] + 125 [𝑒𝑗

𝜋
2
𝑡𝑒−10𝑗𝑡]

− 125 [ 𝑒−𝑗
𝜋
2
𝑡𝑒10𝑗𝑡] 

𝐼𝐿(𝑡) = 2500[𝑒−5𝑡] [𝑒5𝑗𝑡+𝑗
𝜋
4
𝑡]  − 2500[𝑒−5𝑡] [𝑒−5𝑗𝑡−𝑗

𝜋
4
𝑡] + 125 [𝑒−10𝑗𝑡+𝑗

𝜋
2
𝑡]

− 125 [ 𝑒10𝑗𝑡−𝑗
𝜋
2
𝑡] 

= 2500[𝑒−5𝑡] [𝑒
(5𝑗𝑡+𝑗

𝜋
4
𝑡)
]  − 2500[𝑒−5𝑡] [𝑒

(−5𝑗𝑡−𝑗
𝜋
4
𝑡)
] + 125 [𝑒

(−10𝑗𝑡+𝑗
𝜋
2
𝑡)
]

− 125 [ 𝑒(10𝑗𝑡−𝑗
𝜋
2
𝑡)] 

= 2500[𝑒−5𝑡] [𝑒𝑗(5+
𝜋
4
)𝑡]  − 2500[𝑒−5𝑡] [𝑒−𝑗(5+

𝜋
4
)𝑡] + 125 [𝑒−𝑗(10−

𝜋
2
)𝑡] − 125 [ 𝑒𝑗(10−

𝜋
2
)𝑡] 

= 2500[𝑒−5𝑡] {[𝑒𝑗(5+
𝜋
4
)𝑡]  − [𝑒−𝑗(5+

𝜋
4
)𝑡]} + 125 {[𝑒−𝑗(10−

𝜋
2
)𝑡] − [ 𝑒𝑗(10−

𝜋
2
)𝑡]} 

= 2500[𝑒−5𝑡] [𝑒𝑗(5+
𝜋
4
)𝑡 − 𝑒−𝑗(5+

𝜋
4
)𝑡] + 125 [𝑒−𝑗(10−

𝜋
2
)𝑡 − 𝑒𝑗(10−

𝜋
2
)𝑡] 

= 2500[𝑒−5𝑡] [𝑒𝑗(5+
𝜋
4
)𝑡 − 𝑒−𝑗(5+

𝜋
4
)𝑡] − 125 [𝑒𝑗(10−

𝜋
2
)𝑡 − 𝑒−𝑗(10−

𝜋
2
)𝑡] 

 

𝐸𝑢𝑟𝑙𝑒𝑟 𝑓𝑜𝑟𝑚𝑢𝑙𝑎: 

{
𝑒𝑗𝛼𝑡 = cos𝛼𝑡 + 𝑗 sin 𝛼𝑡        [1]

𝑒−𝑗𝛼𝑡 = cos 𝛼𝑡 − 𝑗 sin 𝛼𝑡      [2]
 

𝑒𝑗𝛼𝑡 − 𝑒−𝑗𝛼𝑡 = cos 𝛼𝑡 + 𝑗 sin 𝛼𝑡 − cos 𝛼𝑡 + 𝑗 sin 𝛼𝑡             [1] − [2] 
𝑒𝑗𝛼𝑡 − 𝑒−𝑗𝛼𝑡 = 𝑗 sin 𝛼𝑡 + 𝑗 sin 𝛼𝑡 

𝑒𝑗𝛼𝑡 − 𝑒−𝑗𝛼𝑡 = 𝑗2 sin 𝛼𝑡 

𝑗2 sin 𝛼𝑡 = 𝑒𝑗𝛼𝑡 − 𝑒−𝑗𝛼𝑡 

sin 𝛼𝑡 =
𝑒𝑗𝛼𝑡 − 𝑒−𝑗𝛼𝑡

𝑗2
 

[𝑒𝑗(5+
𝜋
4
)𝑡 − 𝑒−𝑗(5+

𝜋
4
)𝑡] = 𝑗2 sin (5 +

𝜋

4
) 𝑡 



[𝑒
𝑗(10−

𝜋
2
)𝑡

− 𝑒
−𝑗(10−

𝜋
2
)𝑡
] = 𝑗2 sin (10 −

𝜋

2
) 𝑡 

 

𝐼𝐿(𝑡) = 2500[𝑒−5𝑡] [𝑒𝑗(5+
𝜋
4
)𝑡 − 𝑒−𝑗(5+

𝜋
4
)𝑡] − 125 [𝑒𝑗(10−

𝜋
2
)𝑡 − 𝑒−𝑗(10−

𝜋
2
)𝑡] 

𝐼𝐿(𝑡) = 2500[𝑒−5𝑡] [𝑗2 sin (5 +
𝜋

4
) 𝑡] − 125 [𝑗2 sin (10 −

𝜋

2
) 𝑡] 

𝐼𝐿(𝑡) = 𝑗5000[𝑒−5𝑡] [sin (5 +
𝜋

4
) 𝑡] − 𝑗250 [sin (10 −

𝜋

2
) 𝑡] 

 

𝑇𝑟𝑖𝑔𝑜𝑛𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑖𝑑𝑒𝑛𝑡𝑖𝑡𝑖𝑒𝑠 

[sin (5 +
𝜋

4
) 𝑡] = [sin(5° + 45°)𝑡] = [sin(50°)𝑡] = sin(50°)𝑡 

[sin (10 −
𝜋

2
) 𝑡] = [sin(10° − 90°)𝑡] = [sin(−80°)𝑡] = −[sin(80°)𝑡] = − sin(80°)𝑡 

 

𝐼𝐿(𝑡) = 𝑗5000[𝑒−5𝑡][sin(50°)𝑡] − 𝑗250 [sin(−80°)𝑡] 
𝐼𝐿(𝑡) = 𝑗5000[𝑒−5𝑡] sin(50°)𝑡 + 𝑗250 sin(80°)𝑡 

 

𝐼𝐿(𝑡) = 𝑗250{20[𝑒−5𝑡] sin(50°)𝑡 + sin(80°)𝑡} 

𝑗250 = 0 + 𝑗250 = 250 < 90° = 250 <
𝜋

2
= 250𝑒𝑖90°𝑡 = 250𝑒𝑖

𝜋
2
𝑡
 

 

𝐼𝐿(𝑡) = 𝑗250{20[𝑒−5𝑡] sin(50°)𝑡 + sin(80°)𝑡} 
𝐼𝐿(𝑡) = 250[𝑒𝑖90°𝑡]{20[𝑒−5𝑡] sin(50°)𝑡 + sin(80°)𝑡} 

𝒂𝒏𝒐𝒕𝒉𝒆𝒓 𝒘𝒂𝒚 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒂𝒓𝒕𝒊𝒂𝒍 𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏 

 

𝐼𝐿(𝑠) =
2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
=

𝐴𝑠 + 𝐵

[𝑠2 + 10𝑠 + 50]
+

𝐶𝑠 + 𝐷

[𝑠2 + 100]
= 𝑃1 + 𝑃2 

=
𝐴𝑠 + 𝐵

[(𝑠 + 5)2 + (5)2]
+

𝐶𝑠 + 𝐷

[𝑠2 + 102]
=

𝐴𝑠 + 𝐵

[𝑠 + 5 − 5𝑗][𝑠 + 5 + 5𝑗]
+

𝐶𝑠 + 𝐷

[𝑠 + 10𝑗][𝑠 − 10𝑗]
 

=
𝐴

[𝑠 + 5 − 5𝑗]
+

𝐵

[𝑠 + 5 + 5𝑗]
+

𝐶

[𝑠 + 10𝑗]
+

𝐷

[𝑠 − 10𝑗]
 

𝐴 = 1250[𝑗 + 1 ]                                 𝐵 = −1250[𝑗 − 1 ] 
𝐶 = 125𝑗                              𝐷 = −125𝑗 

𝐴𝑠 + 𝐵 = 1250[𝑗 + 1 ]𝑠 − 1250[𝑗 − 1 ] 
𝐶𝑠 + 𝐷 = 125𝑗𝑠 − 125𝑗 

 

𝑝(𝑡)1 =
𝐴𝑠 + 𝐵

[(𝑠 + 5)2 + (5)2]
=

1250[𝑗 + 1 ]𝑠 − 1250[𝑗 − 1 ]

[(𝑠 + 5)2 + (5)2]

=
1250𝑗𝑠 + 1250𝑠 − 1250𝑗 + 1250

[(𝑠 + 5)2 + (5)2]
 

=
1250[𝑗 + 1 ]𝑠

[(𝑠 + 5)2 + (5)2]
−

1250[𝑗 − 1 ]

[(𝑠 + 5)2 + (5)2]
=

1250[𝑗 + 1 ]𝑠

[(𝑠 + 5)2 + (5)2]
−

250[𝑗 − 1 ][5]

[(𝑠 + 5)2 + (5)2]
 

=
1250𝑗𝑠

[(𝑠 + 5)2 + (5)2]
+

1250𝑠

[(𝑠 + 5)2 + (5)2]
−

1250𝑗

[(𝑠 + 5)2 + (5)2]
+

1250

[(𝑠 + 5)2 + (5)2]
 

𝑜𝑛𝑒 𝑝𝑎𝑟𝑡𝑖𝑎𝑙 𝑡𝑒𝑟𝑚 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑚𝑎𝑡𝑐ℎ 𝑐𝑜𝑟𝑟𝑒𝑐𝑡𝑙𝑦 

𝑝(𝑠)1 = 1250[𝑗 + 1 ]cos 5𝑡 − 250[𝑗 − 1 ]𝑒−5𝑡 sin 5𝑡 

 

 



𝐶𝑠 + 𝐷 = 125𝑗𝑠 − 125𝑗 

𝑝(𝑠)2 =
𝐶𝑠 + 𝐷

[𝑠2 + 102]
=

125𝑗𝑠 − 125𝑗

[𝑠2 + 102]
=

125𝑗𝑠

[𝑠2 + 102]
−

125𝑗

[𝑠2 + 102]

=
125𝑗𝑠

[𝑠2 + 102]
−

10 × 12,5𝑗

[𝑠2 + 102]
 

𝑝(𝑡)1 = 125𝑗 cos 10𝑡 − 12,5𝑗 sin 10𝑡 

𝐼𝐿(𝑠) =
2500𝑠

[𝑠2 + 10𝑠 + 50][𝑠2 + 100]
=

𝐴𝑠 + 𝐵

[(𝑠 + 5)2 + (5)2]
+

𝐶𝑠 + 𝐷

[𝑠2 + 102]
 

𝐼𝐿(𝑠) = 𝑝(𝑡)1 + 𝑝(𝑠)2 

𝐼𝐿(𝑠) = 1250[𝑗 + 1 ]cos 5𝑡 − 250[𝑗 − 1 ]𝑒−5𝑡 sin 5𝑡 + 125𝑗 cos 10𝑡 − 12,5𝑗 sin 10𝑡 

𝐼𝐿(𝑠) = 1250[2𝑒𝑗45°𝑡  ]cos 5𝑡 − 250[2𝑒−𝑗45°𝑡 ]𝑒−5𝑡 sin 5𝑡 + 125𝑒𝑗90°𝑡  cos 10𝑡

− 12,5𝑒𝑗90°𝑡 sin 10𝑡 

𝐼𝐿(𝑠) = 2500[𝑒𝑗45°𝑡 ]cos 5𝑡 − 500[𝑒−𝑗45°𝑡 ]𝑒−5𝑡 sin 5𝑡 + 125𝑒𝑗90°𝑡  cos 10𝑡

− 12,5𝑒𝑗90°𝑡 sin 10𝑡 

 

 

7. 𝐿𝑒𝑡 𝑓(𝑡) =  𝑡3,                0 < 𝑡 < 2 

(a) Consider the odd periodic extension, of period T=4, of f(t). Sketch 3 periods, on the 

interval  

[-6,6], of this function. 

(b) Find the average value of the periodic function described in (a). 

𝑎𝑣𝑔 =
𝑎0

2
             𝑎0 = 0             𝑎𝑣𝑔 =

0

2
= 0 

𝑎0 =
2

4
∫  𝑡3

2

−2

𝑑𝑡 =
2

4
∫  𝑡3

2

0

𝑑𝑡 +
2

4
∫  𝑡3

0

−2

𝑑𝑡 =
1

2
∫  𝑡3

2

0

𝑑𝑡 +
1

2
∫  𝑡3

0

−2

𝑑𝑡 =
1

2
[4] +

1

2
[−4] 

= 2 − 2 = 0 

 

(c) Consider the Even periodic extension, of periodic T=4, of f(t). Sketch 3 periods, on 

the interval  

[-6,6], of this function. 

 

(d) Find the average value of the periodic function described in (c). 

𝑎𝑣𝑔 =
𝑎0

2
 

𝑎0 =
2

4
∫  𝑡3

2

−2

𝑑𝑡 =
2

4
∫  𝑡3

2

0

𝑑𝑡 −
2

4
∫  𝑡3

0

−2

𝑑𝑡 =
1

2
∫  𝑡3

2

0

𝑑𝑡 −
1

2
∫  𝑡3

0

−2

𝑑𝑡 =
1

2
[4] −

1

2
[−4] 

= 2 + 2 = 4 

𝑎𝑣𝑔 =
𝑎0

2
=

4

2
= 2 

 

(e) State True/False with reason. For the same even periodic extension mentioned in (c), 

the Fourier sine coefficients are given by 

 

𝑏𝑛 = ∫ 𝑓(𝑡) sin [
𝑛𝜋𝑡

𝑝
] 𝑑𝑡

𝑝

0

= ∫ 𝑡3 sin [
𝑛𝜋𝑡

2
] 𝑑𝑡

2

0

 

𝑏𝑛 =
2

𝑝
∫ 𝑓(𝑡) sin [

2𝑛𝜋𝑡

𝑝
] 𝑑𝑡

𝑝

−𝑝

=
2

4
∫ 𝑡3 sin [

2𝑛𝜋𝑡

4
] 𝑑𝑡

2

−2

=
1

2
∫ 𝑡3 sin [

𝑛𝜋𝑡

2
] 𝑑𝑡

2

−2

 



False: 

 

8. 𝐺𝑖𝑣𝑒𝑛 

3(𝑥[𝑘 + 1])2 − 2𝑥[𝑘] = 𝑘2                           𝑥[0] = 2 

𝐹𝑖𝑛𝑑 𝑥[1], 𝑥[2], 𝑥[3]. 
𝑥[𝑘] = 2 

𝑥[0] = 2 

𝑘 = 0 

3(𝑥[𝑘 + 1])2 − 2𝑥[𝑘] = 𝑘2 

3(𝑥[0 + 1])2 − 2𝑥[0] = [0]2 

3(𝑥[1])2 − 2𝑥[0] = 0 

3(𝑥[1])2 = 2𝑥[0] 

(𝑥[1])2 =
2𝑥[0]

3
=

2 × 2

3
=

4

3
 

𝑥[1] = √
4

3
= 1.1547 

 

 

𝑥[𝑘] = 2 

𝑥[1] = √
4

3
= 1.1547 

𝑥[1] =? 

𝑘 = 1 

3(𝑥[𝑘 + 1])2 − 2𝑥[𝑘] = 𝑘2 

3(𝑥[1 + 1])2 − 2𝑥[1] = [1]2 

3(𝑥[2])2 − 2𝑥[1] = 0 

3(𝑥[2])2 = 2𝑥[1] =
2 × √4

3

3
=

3 + 4√3

3
 

(𝑥[2])2 =
2𝑥[1]

3
=

3 + 4√3
3
3

=
3 + 4√3

9
 

𝑥[2] = √
3 + 4√3

9
= 1.050301 

 

 

𝑥[𝑘] = 2 

𝑥[2] = √
3 + 4√3

9
= 1.050301 

𝑥[2] =? 

𝑘 = 2 

3(𝑥[𝑘 + 1])2 − 2𝑥[𝑘] = 𝑘2 

3(𝑥[2 + 1])2 − 2𝑥[2] = [2]2 

3(𝑥[3])2 − 2𝑥[2] = 4 



3(𝑥[3])2 = 2𝑥[2] + 4 = 2 [√
3 + 4√3

9
] + 4 

(𝑥[3])2 =

2 [√
3 + 4√3

9 ] + 4

3
= 2.03353 

𝑥[3] = √2.03353 = 1.42602 

 

 

𝑥[𝑘] = 2 

𝑥[2] = 1.42602 

𝑥[3] =? 

𝑘 = 3 

3(𝑥[𝑘 + 1])2 − 2𝑥[𝑘] = 𝑘2 

3(𝑥[3 + 1])2 − 2𝑥[3] = [3]2 

3(𝑥[4])2 − 2𝑥[3] = 9 

3(𝑥[4])2 = 2𝑥[3] + 9 = 2[1.42602] + 9 

(𝑥[4])2 =
2[1.42602] + 9

3
 

𝑥[4] = √
2[1.42602] + 9

3
= 1.987631841 

 

9. 𝐶𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑓𝑜𝑢𝑟𝑖𝑒𝑟 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑤𝑖𝑛𝑑𝑜𝑤𝑒𝑑 𝑠𝑖𝑛𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛: 
𝑓(𝑡) = sin 2𝑡 [𝑢(𝑡 + 1) − 𝑢(𝑡 − 1)] 

 

sin 2𝑡 ,           − 1 < 𝑡 < 1 

∫ sin(2𝑡)
1

−1

𝑒−𝑗𝜔𝑡𝑑𝑡 = ∫ [
𝑒𝑗2𝑡 − 𝑒−𝑗2𝑡

2𝑗
]

1

−1

𝑒−𝑗𝜔𝑡𝑑𝑡 =
1

2𝑗
∫ [𝑒𝑗2𝑡 − 𝑒−𝑗2𝑡]

1

−1

𝑒−𝑗𝜔𝑡𝑑𝑡 

=
1

2𝑗
∫ [𝑒−𝑗𝜔𝑡𝑒𝑗2𝑡 − 𝑒−𝑗𝜔𝑡𝑒−𝑗2𝑡]

1

−1

𝑑𝑡 =
1

2𝑗
∫ [𝑒−𝑗𝜔𝑡+𝑗2𝑡 − 𝑒−𝑗𝜔𝑡−𝑗2𝑡]

1

−1

𝑑𝑡 

=
1

2𝑗
∫ [𝑒(−𝑗𝜔𝑡+𝑗2𝑡) − 𝑒(−𝑗𝜔𝑡−𝑗2𝑡)]

1

−1

𝑑𝑡 =
1

2𝑗
∫ [𝑒𝑗(−𝜔+2)𝑡 − 𝑒−𝑗(𝜔+2)𝑡]

1

−1

𝑑𝑡 

=
1

2𝑗
[
𝑒𝑗(−𝜔+2)𝑡

𝑗(−𝜔 + 2)
−

𝑒−𝑗(𝜔+2)𝑡

−𝑗(𝜔 + 2)
] =

1

2𝑗
[
𝑒𝑗(−𝜔+2)𝑡

𝑗(2 − 𝜔)
+

𝑒−𝑗(𝜔+2)𝑡

𝑗(𝜔 + 2)
] 

=
1

2𝑗
[
𝑒𝑗(2−𝜔) − 𝑒−𝑗(2−𝜔)

𝑗(2 − 𝜔)
+

𝑒−𝑗(𝜔+2) − 𝑒𝑗(𝜔+2)

𝑗(𝜔 + 2)
]

=
1

2𝑗
[
𝑒𝑗(2−𝜔) − 𝑒−𝑗(2−𝜔)

𝑗(2 − 𝜔)
−

𝑒𝑗(𝜔+2) − 𝑒−𝑗(𝜔+2)

𝑗(𝜔 + 2)
] 

=
1

𝑗
[
𝑒𝑗(2−𝜔) − 𝑒−𝑗(2−𝜔)

𝑗2(2 − 𝜔)
−

𝑒𝑗(𝜔+2) − 𝑒−𝑗(𝜔+2)

𝑗2(𝜔 + 2)
] =

1

𝑗
[
sin(2 − 𝜔)

(2 − 𝜔)
−

sin(𝜔 + 2)

(𝜔 + 2)
] 

=
1

𝑗
[sinc(2 − 𝜔) − sinc(𝜔 + 2)] 

𝐶𝑛 = −𝑗[sinc(2 − 𝜔) − sinc(𝜔 + 2)] 
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