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HOW TO USE THIS GUIDE

1. Start with the original notes

Review the coordinate systems, vector methods and other handwritten material from the original guide.

2. Work through each topic

The added material brings together mathematical foundations, concept explanations and worked test or
exam solutions. Alternative methods are kept where supplied.

3. Practise before reading the solution

Cover the worked steps, identify the known values and required quantity, then choose the formula and
solve independently.

4. Check the diagrams and units

Use the supplied geometry sketches to define directions, limits and coordinates. Check units and signs
at each step.

5. Revise with the formula reference

Use the drawing checklist and formula reference at the end to review the main results.

The two RE-FISA files are overlapping versions. The expanded version supplies the main exam material; selected
earlier derivations are retained. Repeated document covers, old contents pages and production notes are omitted.



This guide is designed to help you navigate through the essential topics
in Physics 5. Each chapter provides a focused understanding of various
types of coordinate conversions, vector fields, and signal analysis
concepts that will be crucial for exam preparation. The notes outline the
key areas, marking their importance based on the percentage they
contribute to the exam.

OVERVIEW

Prepare to dive into the essential topics of Vector Calculus and Dynamic
Systems with this comprehensive guide. Focused on core engineering
areas, this resource covers 3D coordinate transformations (Cartesian,
Cylindrical, and Spherical), differential vector operators (Gradient,
Divergence, and Curl), and signal functions including unit step,
impulse, and ramp functions.

Each chapter is designed to support your learning with targeted insights and
rigorous preparation for your upcoming engineering exams. This guide
outlines critical mathematical operations and their specific weight in the
curriculum, helping you to prioritize your study time effectively for the
Physics 5 module.

Copyright Notice:

This document is protected by copyright. Unauthorized sharing or
distribution is prohibited without prior written permission from the copyright
owner. Thank you for respecting these terms.
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Chapter 1 Calculus, Differentiation, and Integration

Source pages: Document 204159 pp. 1, 2, 6, 8, 10; Document 204511 pp. 18, 20, 22, 23

1.1 Power rule and negative powers

Rule. ;
e (z™) = nz" !
Examples rewritten cleanly:
% (x—z) = (-2)z 1= _2;73 = _%
% ( —1) = (~1)z~1! 2 _%
For a reciprocal function:
% (u™) = (-1)u? —%

Using the chain rule for v = 22 + 1:

2z

1.2 Integration by parts

Formula.

/udvzuv—/vdu

Logarithmic — Inverse trigonometric — Algebraic — Trigonometric — Exponential

Useful selection order from the notes:

Examples of choosing v and dv:

/xez dx, u=x, dv = €e" dz, v=2¢e"

/ln(z) zdz, u = In(z), dv =z dx

sin~!(z) d, u = sin~!(z), dv = dz

/a:2 cos(z) dz, u =z, dv = cos(z) dz

1.3 Integration by parts examples

Example 1: [In(z)dx

/ln(:v) dx = /1 In(x) dzx

1
u = In(x), dv = dz, du = —dux, v=ux
T

Choose

LEARN PHYSICS 5 | CALCULUS AND TRIGONOMETRY



Then
/ln(m) dx = xIn(z) — /m (i) de =xIn(z) —z+C

Example 2: [zsinzdx

/a:sina:d:r

U= x, du = dz, dv = sinx dx, V= —COoSx

Choose

Then
/msinxd:p =z(—cosx) — /(—cosx)(l)d:c = —xcosz +sinx + C

Example 3: [2?Inzdx

/x21n:cd:r

1
u=lInzx, du = —dz, dv = 2?dx, v=—
T

3 3 1 3 1
/:I:zlnmda:—zlnx—/g~xdx—glnm—3/x2d:c

3 3
/xQInxdx:glnx—xg—&—C

Choose

Then

Example 4: [e®sinzdz

Let
I= /ea7 sin x dx
Choose
u = sin x, dv = e*dzx, du = cos zdzx, v=c¢e"
Then

I=¢c"sinx — /e‘”cosxdm
For the second integral, use integration by parts again:
/excosa:dx =e"cosx + /emsinxdx =ce%cosx+ 1

Therefore
I=¢e"sine — (e“cosx + 1)

2] = e*(sinz — cos x)

x
/ezsina;dx = %(sinx —coszx) + C

LEARN PHYSICS 5 | CALCULUS AND TRIGONOMETRY



1.4 Gaussian integrals and normalization

o —bz? T
e dr = \/7
/. ;
/OO em207" Gy — 1/1
o 2a
2

Standard forms:

If a normalized function has the form

b(z) = Ao
then .
/_ (@) de = 1

A2/ 6_2‘”2 dr =1
2 [T _
A 52 1

2 1/4
a=(%)

1.5 Common trigonometric integral identities

1
sin? @ = 5(1 — cos 20)
2 1
cos” 6 = 5(1 + cos 20)

2 . 9
/sinxcos:cdx_/udu_UQ+C_sm2m+c

1.6 Expectation value integral form

For a one-dimensional wavefunction on 0 < z < L:

L L
= “(z)x z)dx = T )| dx
@ = [ @i de = [ alv@Pd

Normalization condition:

JCCIREES
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Chapter 2 Trigonometry and Identities

Source pages: Document 204159 pp. 2, 9; Document 204511 pp. 17-19

2.1 Right-triangle ratios

For a right triangle:

. opposite adjacent opposite

Sln@zi’ 0080:7, tan =

hypotenuse hypotenuse adjacent

Reciprocal identities:
1 1 1
csch = sec = cot =
sin’ cos @’ tan 6
N N

Figure 1: Original right-triangle SOH-CAH-TOA sketch reused from the handwritten notes.
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2.2 Unit-circle sign pattern

~J o T

_S:Uhlﬁﬁ = é’—’ ( q1— (e

m(k:’)% - 2

e \ I 5&109

Figure 2: Original unit-circle sign sketch reused from the handwritten notes.

2.3 Even and odd identities
Odd functions:
sin(—#) = —sind, tan(—60) = —tan 0, csc(—0) = —csc b, cot(—0) = —cot 6

Even functions:
cos(—6) = cos¥, sec(—0) = secl

2.4 Cofunction identities

T 180°
30° =~ =

6 6

T 180°
90° = = =

2 2

cos f = sin(90° — )
cscf = sec(90° — )
cot = tan(90° — )

sin @ = cos(90° — )

2.5 Double-angle identities

sin(260) = 2sin 6 cos 0
cos(26) = cos®> f —sin®f = 2cos’f — 1 =1 — 2sin 0

2tan 6

tan(26) = T 17g

LEARN PHYSICS 5 | CALCULUS AND TRIGONOMETRY



2.6 Half-angle identities

sin Q _ 4 1—cos®
2 2
0 1+ cosf
Z) =/ 2227
cos (2 5

(0> 1—cosf 1—cosé sin @
tan 5 = = =

1+ cos@ sinf 1+ cosf

2.7 Sum and difference identities

sin(A + B) = sin A cos B + cos Asin B
cos(A + B) = cos Acos B F sin Asin B

tan A 4+ tan B

A+BY)= ——

tan(A + B) 1—-tanAtan B
2tan A
tan(A+A)—m

2.8 Product-to-sum identities
. . 1
sin Asin B = 5 [cos(A — B) — cos(A + B)]
cos Acos B = % [cos(A — B) + cos(A + B)]

1
sin Acos B = B [sin(A + B) + sin(A — B)]

2.9 Useful derived identities

From
cos(A+ A) =cos Acos A —sin Asin A,
we get
cos(2A4) = cos® A — sin? A
Using
cos? A+sin®? A =1,
then

cos?A=1-sin? A
cos(24) =1 — 2sin* A

1 — cos(24)

2
A=
sin 5
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How this pack is organized

Chapter What is included

Calculus and trigonometry Differentiation, integration by parts, Gaussian normalization, trigono-
metric identities used in later solutions.

Electrostatics Coulomb law, electric field, charge density, divergence, Gauss law, coax-
ial cable/capacitor, annular disk, potential, dipole.

Magnetostatics Biot-Savart law, straight wire, circular loop, Ampere law, toroid/current
symmetry.

Waves and optics Maxwell wave equation, critical angle, Brewster angle, double-slit spac-

ing, phase/path difference, diffraction grating.
Atomic and quantum Black-body radiation, photoelectric effect, Compton scattering, particle
physics in a box, expectation value, hydrogen radial probability, angular mo-
mentum.

Chapter 1 Calculus and Trigonometry Tools

1.1 Differentiation rules used in Physics 5

d_ n) — nwn—l
5
d —92 _3 2
e (:c ) g = 3
d 1
T @)=t = s
B 7
For a composite reciprocal function:
d 1 2 -1 2 -2 2z
= 1 =— 1 22) = —————
S [E )7 =+ )70 =

1.2 Integration by parts

Concept

/udvzuv—/vdu

/xcos(kx) dx, /xsin(ka:) dz, /:c2 Inzdx.

Example: integral needed for expectation value

Typical Physics 5 use:

Evaluate
/ac cos(kx) dx.
Choose
u=uz, dv = cos(kx) dx.
Then ol
du = dzx, v = sm; x)

LEARN PHYSICS 5 | CALCULUS AND TRIGONOMETRY 31



Therefore
+ C.

zsin(kz) / sin(kx) dp — x sin(kx) n cos(kx)

x cos(kx) dr = - =

B k K2

1.3 Gaussian integral and normalization

o0

If
Y(z) = Ae”**
then - -
1= / [ (x)|? dz = A2/ e~202 dop.
A2/ -1 = A= (2—")1/4
2a ™

1.4 Trigonometric identities

1 1
sin? 9 = 5(1 — cos 20), cos® ) = 5(1 + cos 26)

sin(A £+ B) = sin Acos B + cos Asin B
cos(A £ B) = cos Acos B Fsin Asin B

2tan
1 — tan?6

tan(20) =

-
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Figure 1: Original right-triangle SOH-CAH-TOA sketch reused from the concept notes.

- U
% P -
Sim © = = (i— (e

SnE |
e CEL R PENOL
e . < (e © l\

z_/ D

— e

Figure 2: Original unit-circle sign sketch reused from the concept notes.

Chapter 2 Coulomb Law and Electric Field
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1 Calculus and Trigonometry Tools

1.1 Differentiation rules used in Physics 5

d
. ( n) _ ’I’anil,
T
da:(x ) =2 T
A

1.2 Integration by parts

/udvzuvf/vdu.

Common Physics 5 use:

/xcos(kx) dz, /xsin(kx) dz, /x2 Inz dz.

Example: integral needed for expectation value

Evaluate

/xcos(k:x) dz.
Choose
u=uz, dv = cos(kz) dz.
Then (
du = dzx, v = smgg z)

LEARN PHYSICS 5 | CALCULUS AND TRIGONOMETRY
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Therefore

/xcos(k:x) do — zsin(kz) / sin(kx) de

k k
_ xsin(kz) | cos(kx)
= 2 t—a C.

1.3 Gaussian integral and normalization

9
—bx? ™
do = /2.
[yt

2

Y(x) = Ae™ ™

If

then

1:[MMWM:ﬁ[e%Mw
D W _
a7 =1,
2 1/4
A_<W> .

1.4 Trigonometric identities

1 1
sin?9 = 5(1—00320), cos’f = 5(1+c0320),

sin(A + B) = sin Acos B + cos Asin B,

cos(A + B) = cos A cos B F sin Asin B,
2tan

T 1-tan?0’

tan(26)
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Chapter 3 Electrostatics

Source pages: Document 204159 pp. 3, 7, 19, 23, 26; Document 204511 pp. 2, 3, 8, 9, 21, 24, 25, 27;
Document 205011 pp. 1-9

3.1 Coulomb force in vector form

For charges ¢; and go:

q1492

F:keR?)

R

where
RZI‘Q—I‘l, R:‘R|

If the same magnitude charge is used:
41 =392 =43 =¢q

then )
q192 q
Fi2 = ke—5Ri2 = ke—5R12
R}, R},
2
4342 q
F3o =k.——Rs3s = k.—R
32 e R§2 32 eR§2 32
Ri2 Ra
Foct = F1o + Fao = kog? | == 4+ ===
et 12 32 ed [R:fg R§2

Example component result from the notes:

Foet = 5.43 x 10724, — 3.18 x 1024, N

|Fuet| = \/F + Fi = 6.30 x 107° N

@ g =+1:C

ﬁ:(‘f;()O)@)
—X

(o) Z
= /(.s - X
- 3 (Pp
_ Tas R

Figure 3: Original Coulomb-force vector sketch reused from the handwritten notes.

3.2 Electric field from several point charges

Ri R Rs3 Ry

E,i =k — t+ =+ = + =
net eqd R:I’ R% + R% + Ri
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With the point used in the notes:
R=(1,1,1)

and source-charge positions

R, =(1,1,0), Ry =(-1,1,0), Rs=(-1,-1,0), R4 =(1,-1,0).
Relative position vectors:
Ri=R-R;=(1,1,1)—(1,1,0) = (0,0,1)
R:=R-Ry=(1,1,1) — (-1,1,0) = (2,0,1)
R;=R-R3=(1,1,1)— (-1,-1,0) = (2,2,1)
Ry=R-Ry=(1,1,1) — (1,—-1,0) = (0,2,1)

Magnitudes:

Ry|=vV12=1
Ryl = V22 +12=15
IR3| = V22 +224+12=1/9=3
Ryl =V22+12=15
Constant evaluation shown in the notes:

keq =3 uC x 9 x 10 Nm?/C? = 27 Nm?/C

3.3 Potential of a point charge

Start from )
po L4,
dmeg 2
dl = dra,
1 q
E-dl = -
4deg 2
Potential: .
V(r) = —/ E-dl
o0

T 1 q q T 72
Vir) /Oo (47750 7’2> " dreg /OO roar
1

q
V —
(r) dmegr
The work form is written the same way:
W= / —Fdx
o0
T
W:—q/ e 2dy = 4
ATey Joo dmegr
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2.1 Point-charge vector method
For a source charge @ located at r’ and an observation point r,
R=r-r, R =R/

Electric field:
For many point charges:
\

Example: four identical point charges

Four identical charges ¢ = 3nC are at

(1,1,0), (-1,1,0), (-1,-1,0), (1,-1,0).
Find E at
P(1,1,1).

Observation vector:
r=(1,1,1).

Relative vectors:
Rl = (Oa 07 1)5 R2 = (25 07 1))

R3 = (2727 1)5 R4 = (05 27 1)

Magnitudes:

Ri=1, Ry=+5, R3=3, Ry=+5.
Constant:

keq = (9 x 10%)(3 x 1079) = 27.

Therefore 0,0,1)  (2,0,1) (2.2,1) (0,2,1)

E — 27 M b + 9 M + ) 9 + M )

13 (\/5)3 33 (\/5)3
Final:
E = 6.83a, + 6.83a, + 32.84, V/m
A
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2 Coulomb Law and Electric Field

2.1 Point-charge vector method

For a source charge @Q; located at r; and an observation point r:

R’i =TI —r,
R, = |R4|,
E;, = ke%Ri.

(A

For many point charges:
Q‘
Epet = E keing}
5

Force between two charges:
_ g 0142
F —_— ke ﬁR.

Figure 2.1: Clean machine diagram for the point-charge vector method.
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Example: four identical point charges

Four identical charges ¢ = 3nC are at

(Llao)v (_LlaO)v (_17_170)7 (17_170)'

Find E at
P(1,1,1).
Given
¢=3x107°C, r=(1,1,1),  k.=9x10°Nm?/C%
Formula R, R, R; Ru
Enet = keq R3+R3+R3+R3
Vectors
=(1,1,1) —(1,1,0) = (0,0,1),
=(1,1,1) — (-1,1, ) (2,0,1),
Rg_(l,l,l) (—-1,-1,0) = (2,2,1),
Ry=(1,1,1) — (1,1, O) (0,2,1).
Magnitudes
Ri=1, Ry=+V5 R3=3  Ri=15
Substitution

keq = (9 x 10%)(3 x 107%) = 27,

_ (0,0,1) (2,0,1) (2,2,1) (0,2,1)
E27l 13 TP (V/5)? + 3 T (\/3)31

E = 6.834, + 6.834, + 32.84. V/m|

2.2 Net force on a charge using superposition

Example: three-charge resultant force

Three equal positive charges g are fixed at
Pl(_17070)7 P2(17070)7 P3(07071)

Find the resultant force on the charge at Ps.
Formula

R R
Fnet == k:eq2 ( 3 23)

R, | R,

Vectors
R13 =r3—r; = (070> 1) - (_13070) = (1707 1)7
R23 =Tr3 —TI9 = (0,0, 1) — (1,0, 0) = (—1,0, 1),
Ri3 = Ro3 = V2.
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Substitution

If q=1C,
9 x 109

Fret = 732-

Fe = 6.36 x 10°8,N|
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Q-
=

Figure 4: Original point-charge potential geometry reused from the handwritten notes.

3.4 Electric field from potential

General relation:

E=-VV
In cylindrical coordinates:
ov 10V oV
VV = —a ——a —a,
8pap+p8¢a¢+8za

Therefore

Bo [ Va1 1V, V4|
N op ' pog T 92 “]

FExample from the notes:
E = —-10a, + 17.32a4 + 24a, V/m

3.5 Divergence and enclosed charge

Use
pv=V-D
and
Qenc - (V . D)AV
Given
D =e*sinya, —e “cosya, + 2za,,
then

o . o . 9
V.D:aix(e slny)—}-a—y(—e COSZ/)-’-E(QZ)

= (—e *siny) + (e “siny) + 2
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For

AV =102 m?

Qene =2(1073) =2 x 1072 C

3.6 Charged disk / annular sheet: electric field on the axis

Geometry used:

Differential field magnitude:

Axis component:

Substitute:

dE. — dE cos 0 — k, 32 (i) — ke

dq

dE = ke?

R?2\R

ozpdpdeo

dE, = kei(/ﬂ Py

Integrate from p = a to p =b and ¢ = 0 to 2m:

Using

Limit for an infinite sheet:

For the sheet direction:

dg=o0dS, dS = pdpdo, dg=opdpdep

R=+/p?+ 22, 0080:%

zdq
R

3/2

d

—/dE k;az/zw/ M
b (p? + 22)
pdp
(p? + 22)3/2 VP2 +z2
1 1
EZ—QWkeaz[ —
Va2 + 22 V242
1
2 kezia
T 260

oz { 1 1 }A
= — - a
260 [ Va2 +22 VB2 +22]

a— 0, b— o0

oz { 1 1 }A
= — —_ aZ
2e0 [VO+ 22 Voo + 22

g Z
E=_— "3
20 2] ¢
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) lakelled r ‘;%FWA Beckie, Fidd, (z-oout

f(GJOJZ)
R = R& + Z«l

oq = opdpag

Figure 5: Original annular-sheet axis-field geometry reused from the handwritten notes.

3.7 Cylindrical volume charge: total charge

For cylindrical coordinates:
dV = pdpdodz.

Total charge:

QZ/VpudV

Example charge density from the notes:
py = —2 x 10782 C /m?

with limits
0<p<0.01m, 0< ¢ <2m, 0.01 < 2<0.03m.

0.03 p27 ,0.01 9
Q= / / / (—2 x 107657 Z) pdpdodz
001 Jo Jo

Thus
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by e, RAd = ob o P

—

E ‘:--\o&g —‘t—\%.gsﬁ?s +348,

Eagie S e s B
Y =

j\,:—:oqf)‘g? %

3
C/()’Y? e 2= n
N ot

Figure 6: Original cylindrical electron-beam sketch reused from the handwritten notes.

3.8 Cylindrical charge density: Gauss-law setup

Given
py=uap’®,  0<p<b,

Qencz/pvdv / /%/(ap Ypdpdo dz
o ([ 4] 4] [

then

b4
Qenc == L(27T) <a_>
4
wLab*
Qenc = 9 C
For 0 < p < b, Gauss’s law gives
Qenc E(Qﬂ'pL)
3
ap® ..
E=—
460 a
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3.9 Cylindrical capacitor: field, potential, capacitance, energy

Electric field between cylindrical conductors:

Potential difference:
Vap=Vp —Va

B b
oa
VAB:/ |Edp:/ —dp
A a €0p
aga b oa b

1
Vap=— [ —dp=—[In(p)],
€0 Ja P €0

Vi = 7a In <b>
€0 a

A =2mal
Qene = 0A = 0(2mal) = zmaL\

Total charge on the inner conductor:

Capacitance:

_Q
C_V

o(2ral)

oa <b>
(2
€0 a

_ 2mwegL
~ In(b/a)

C:

Energy by field integral:
1
Wg = / o|E|? dV
2 Jv

1 L 2 b 2
WE:/ / /60 (m) pdpdedz
2Jo Jo Ja €0p
2 2 L 27 b
we =2 [ [ [ ao] [ [ 5]
2¢0 LJo 0 a P

Energy using QV:

b
a
27 2
QV:27Ta Lo ln< )
€0 a
1 ’Lo? b
W= Lloy = L ln<>
2 €0 a
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B §=+1nuC

ﬁf-‘ (=(,0,0)

=
R

Figure 3: Original Coulomb/vector sketch reused from the concept notes.

Chapter 3 Charge Density, Divergence, and Total Charge

3.1 Total charge from volume charge density

Concept

In cylindrical coordinates:
dV = pdpdodz.

o na

For charge per unit length, integrate over the cross-section only:

27 rb
= [ [ oo,
o Jo
Example: cylindrical electron beam charge per meter

Given

Total charge:

0.1
Py = — 5 8pC/]nr137 0<p<3x10~*m.

p* + 10~

2T 3x10~4
0.1
/ / [ 2410~ 8]pdpd¢'

3x10~4 P
A =21(—0.1 S SRS
7(~0.1) /0 s

P 1 2
dp==1In .
/p+cp 5 n(p” +¢)

Charge per meter:

Then
3x10~

A= —0.17 [In(p* + 107%)]
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1 —4\2 1 —8
/\=—0.17r1n((3x 010)_8+ 0 )pC/m.

|>\ = —0.722 pC/m|

If electron velocity is
v="5x10"m/s,

beam current is
I=Xv=(-0.722 x 107*2)(5 x 10") = —3.61 x 1077 C/s.

I=-361x10°A
| |

3.2 Divergence method for enclosed charge

pp=V-D
Small-volume approximation:
Qenc ~ (V ° D)AV

Example: divergence at an incremental volume
Given

D =e¢ "sinya, —e “cosya, +2za,.
Then 9 5 9

V-D= %(e_”” siny) + 8_y(_e_m cosy) + 5(22).

V-D=—-e*siny+e “siny+2=2.

For
AV =103 m?,
Qene = (2)(107%) =2 x 1073 C.
Qenc = 2.00 x 1073 C
N

Chapter 4 Gauss Law, Coaxial Conductors, and Capacitors

4.1 Gauss law pattern

Gauss law in terms of D:
$D-d5 = Qunc.
IS}
Since
D= EoE,
then
f E.-dS = %
S €0
For cylindrical symmetry:
dS = pdodza,.
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4.2 Coaxial cable electric field

Fora < p<b:

Gauss law:

Therefore

Regions:

E=0 (p<a),

Inner conductor radius a, outer conductor inner radius b, surface charge density o on the inner conductor.

ao aoc

D=2, |E=%4,
p 7 op "’

E="a, (a<p<b)], [E=0 (p>b)]
€op

Qenc = o(2mal).

D,(2mpL) = 2maLo.

Given

Potential difference:

Total charge:

Capacitance:

Energy by field method:

Also

C— Q 2ralLo
- Vap  (0a/eo)In(b/a)’
_ 2meoL
~ In(b/a)

Wg =

1 L pr27 b oa 2
L ()
a
2.2

o‘a il
We = S (L)(2m) / ~dp.
2 92
WE:mz o Lln<9)
€0 a

1

Q=0A=o0(2mwal).

1
WE:—/// 60E2dV.
2 v
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3 Charge Density, Divergence, and To-
tal Charge

3.1 Divergence method for enclosed charge

Use Gauss’s law in differential form:
pv = V . D.

For a very small volume AV:
Qenc ~ (V ' D)AV

In Cartesian coordinates:

Example: incremental charge from flux density

Given
D =e"sinya, —e “cosya, +2za..

Find the approximate charge enclosed in AV = 1072 m? at the origin.

Formula
Qenc = (V-D)AV.
Divergence
0 0 9
V-D= %(e_é’: siny) + @(—e_w cosy) + &(22)

=—e¢ Tsiny +e Tsiny + 2

= 2.
Substitution

Qenc = (2)(10_3) =2x1073C.

| Qene = 2.00 x 10 C|

Example: electric flux density and tiny-volume charge

Given
D = 3z%4, — 22y2§y + 4xya, C/m?

Find the general volume charge density, its value at P(2,1,5), and the approximate charge in a
tiny volume.
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Formula
oD, oD, dadb,

v = D = :
& v 8x+8y+8z

Part (a): general expression

D, = 3z2, Dy, = —22y°, D, =4xy.

Therefore
0 9 0 9 0
= — 2 (=2 24
p ax(?’xHay( zy)+az( ry)
=6x —4zy + 0.

po = 62 — 42y C/m?

Part (b): value at P(2,1,5)

pv(2a 1, 5) = -8 C/m3

Part (c): approximate enclosed charge

Qenc ~ vaV-

At P(2,1,5):

Qenc ~ (_8)AV
The uploaded image cuts off the full numerical value of AV, so the result is kept in substitution-
ready form.

’Qenc = —-8AVC |

If the missing value is
AV =5x 107" m?,

then
Qene = (—=8)(5 x 107™) = —40 x 107" C.

[ | Qene = —4.0 x 10" C| |
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3.2 Total charge from volume charge density

In cylindrical coordinates:

dV = pdpdedz.

o ff

Total charge:

a=1lcm ‘z—axis

\_/ py=—2 % 107%e=5°°2 C/m3
0= [[lo.pdpdp dz

0=p=<0.01lm
O=s¢=2n
0.01=z=<0.03m

z=1lcmtoz=3cm

d=2cm

Figure 3.1: Clean cylindrical electron-beam geometry with radius, diameter, and z-limits.

Example: cylindrical electron beam

A cylindrical electron beam has diameter 2cm and extends from z = 1cm to z = 3cm. The
charge density is ,
po = —2 x 1078757 C/m3.

Find the total charge.

Given
a=1cm =0.01m, z1 = 0.01m, z9 = 0.03 m.
Formula
z2 27 ra
Q=" [" [ ppdpdoaz.
zZ1 0 0
Substitution
0.03 p2r £0.01 )
Q= / / <—2 x 107 %= Z) pdpdodz.
001 Jo Jo
Because 5p?z is very small over this region,
e P 1.
Thus
0.03 27 0.01
Q~(-2x 10*6)/ / / pdpdedz
001 Jo Jo
? 0.01
- 27 1_70.03
= (-2 x1079) [2} (9157 [2]070t
0
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= (—2x1079) (W) (27)(0.02).

Q~-126x 107" C|
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LEARN PHYSICS 5 | POTENTIAL, CHARGE DENSITY AND GAUSS LAW

4 (auss Law, Coaxial Conductors, and
Capacitors

4.1 Gauss law pattern

Gauss law in terms of D:
f D dS = Qene.
S
Since
D= 60E,
then
f E.-dS= Qenc.
S €0
For cylindrical symmetry:
dS = pdedza,.

4.2 Infinitely long cylindrical dielectric

Example: field outside a charged cylinder

An infinitely long cylindrical dielectric of radius b lies along the z-axis. The volume charge

density is
Pv = ap2.

Find the total charge in length L and the electric field outside the dielectric.

Part (a): total charge
L 27 b 5
Que= [ [ [ (aP)pdpdods
o Jo Jo
L

_ VO dz} [/0% dgz&} Vobap?’dp}
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Part (b): electric field for p > b

% E . dS — QGHC
S €0
For cylindrical symmetry:
1 Lb?
E,(2rpL) = — (m
€0
Therefore
- ab
= legp’
ab?
= a >b
450Pap (p )

4.3 Coaxial capacitor method

Coaxial capacitor / cable gegmetsyiyctor

inner conductor

Figure 4.1: Clean coaxial capacitor geometry used for Gauss law and energy storage.

Concept

o on the inner conductor:

Q = o(2mal).
For a < p < b:
oa
E=—a,
gop ’

For a coaxial capacitor with inner radius a, outer radius b, length L, and surface charge density
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Example: coaxial capacitor energy and voltage

Given va
E=—a, a<p<b.
gop
Potential difference
b b
VaB :/ |E[dp:/ —d
a a
aga b
=—11
- Inp],
Vig = “ln <b>
€0 a

Total charge

Capacitance

C— Q 2maLo
- Vap  (0a/eo)In(b/a)’

_ 27T80L
~ In(b/a)

Energy by field method

1
WE:f/// eoE?dV
2 1%
L 27 b 2
2Jo Jo Ja Eop

a2 b1
L 27r/fd.
260()( )ap p

2 2
WE_ﬂ'aaLln<b>

€0 a

Also:

1
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Figure 4: Original cylindrical beam/coaxial-style sketch reused from the concept notes.

Chapter 5 Annular Sheet and Plane Charge
5.1 Electric field on the axis of an annular charged sheet

For a surface charge density o on

z =0, a<p<hb, 0< ¢ <2m,

dS = pdpdg, dg = opdpdp.
For point P(0,0, 2):

R=+/p?+ 22, cosh = 2.

R
Example: derive E, for the annular sheet
dq
Only the z components survive by symmetry:
dq z zd
dE, = dE cos = keR—%E = keR—f.
Substitute dqg = op dp de:
ozpdpde

dE, = k, TR
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Integrate:

27 rb
s [ [} ptit

o (P2
pdp 1
P+ JE a2
Thus ) )
E, =2nk.oz [\/(12 — — N 22} .
Since
21k, = L,
2e0

oz [ 1 1 ]A
= a
e Ve Ry ]

Plane limit:

a— 0, b—
g .

Ezgaz (Z>0)

E=-——a, (2<0)

- =y T U= Y = KL
r\,mSm%a(ad\a/%;dum\B(o a r

Figure 5: Original annular sheet/disk sketch reused from the concept notes.

Chapter 6 Electric Potential and Dipole

6.1 Point-charge potential

Concept
For a point charge Q) at the origin:
g 1 @,
—a
dmeqr2 "
Potential relative to infinity:
.
V(r)=-— / E-dl
o0
Since
dl = dr a,,
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"Q
Vi) = — /Oo e dr

Vi(r)

 Adwegr

Q-
=

Figure 6: Original point-charge potential sketch reused from the concept notes.

6.2 Far-field electric dipole

Example: derive far-field potential and field of a dipole

Two charges:

d d
+Qatz—5, —Qatz——i.

Potential at far point P(r,0, ¢):
1 1 Ry — Ry
V=kQ|=——=)=F .
Q(Rl R2> Q( Ri Ry )

Ry — Ry =~ dcos#, RiRy ~ 2.

For r > d:

Therefore

_ keQdcost

4 2

r
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Let
p=Qd.

Then
v kep (32059‘
r

Use spherical gradient:

E=—VV:—<3—V:§1T+18VA>

or ;%ao
oV 2kepcos@ OV kepsin®
or 3 90~ 2
Thus
E= ke3p (2cosfa, +sinfay)
r
S

Chapter 7 Magnetostatics: Biot-Savart Law and Ampere Law

7.1 Biot-Savart law

Magnetic field intensity form:

IdxR IdlxR
dH = A7R?2 4AnR3

Magnetic flux density:
B = IU,QH.

7.2 Straight wire along the z-axis

Example: derive H of an infinitely long straight wire

For a wire on the z-axis:

dl=dza,.

Observation point:
P(p, ¢, 2).

Use a source point 2’ on the wire:

R =pa, — 7'a,, R=+/p?+ 2.

Then . . .
JE — I(d7'a,) x (pa, — 7'a,)
47T(p2 +z’2)3/2
Because
a, x a, = ay, a, xa, =0,
IpdZ
il = A7 (p? + z/2)3/2&‘15'
Integrate:
Ip [ dz’
H=— ——————a,.
Am /—oo (o2 + 222"
Use

/°° dz' 2
o (p2 +z’2)3/2 - pz‘
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5 Annular Sheet and Point-Charge Po-
tential

5.1 Electric field on the axis of an annular sheet

dE = k. dq/R?
dE, = dEcos6
cos6=z/R

d Annular ring in x-y plane
s S0~ b

Figure 5.1: Clean annular sheet geometry for deriving the electric field on the z-axis.

For a uniform surface charge density ¢ on

z =0, a<p<hb, 0<¢<2m,
dS = pdpde, dg = opdpde.

z

R = 2 2 0= —.

\/ pT + 24, cos i
Example: annular sheet axial field

Differential field

For point P(0,0, 2):

dq

dE: keﬁ’
dg [ z zdq
dEZ = dFE cosf = keﬁ <R> = keﬁ.
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Substitute dg = opdpde:

- ozpdpde
dE; = €(p2 +Z2)3/2'
Integrate
E, —kaz/%/ pdpd¢
(p? + 22 3/2
Use
/ pdp _ 1
R E N )
Thus
1 1
E, =2nk.oz [ — } .
‘ ¢ VaZ 422 Vb2 4 22
Since 1
2k, = —
TRe 2807

oz { 1 1 }A
= — - a
20 Va2 +22 V2422 7

Plane limit:

E= "4 (:>0] |E=-Za, (2<0)

5.2 Point-charge potential

For a point charge ) at the origin:
1 @,
47TE() P2
Potential relative to infinity:
T
=— / E- dlL
[e.e]
Since
dl = dra,,
then e
E-dl= —d
4deg T2 "
Example: derive point-charge potential
T 1 Q
V(r)=— —
(r) oo 4meg 7’2
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= ¢ /Tr72d7".

Use 1
/r‘er:—f.
T
Therefore
o).
Vir)=— ——
() dmeg | Tl
~res |+ )
 Ameg T
V p—
(r) dmegr

5.3 Electric field from a potential in cylindrical coordinates

Example: potential field at point P

Given o 5
p COS o o _
V:W, Pp—3rn, ¢—60, Z—2m.
Potential
100(3) cos 60°
P)=—F
V(P) 22+1
150
=—=30V.
5
V(P)=30V

Field formula a7 a7 a7
E=-V=—(2la +-2"a,+Z a,
<8pap+ p s B0 )

Components:
10)% 100 cos ¢
Ep = —_—— = —27’
ap 2441
19V 100sin¢
°T a9 241
B OV 200pzcos ¢
£ 0 (2241)2 7
At P:
100 60°
R LS
100 sin 60°
E,= s% —17.32,
2 2 -
B - 00(3)(2;(:05 60° Sl
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E = —104, + 17.324, + 244, V/m|
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Chapter 4 Magnetostatics

Source pages: Document 204159 pp. 21, 24; Document 204315 pp. 15, 18; Document 204511 pp. 5, 7

4.1 Biot-Savart law for a straight filament

The handwritten notes use H form:

Idl xR
dH(r) = ———
(x) A7 R?
Equivalent form:
IdlxR
M) = "
For a wire along the z-axis:
dl=dza,

R =pa, —za,
R=+/p*+ 22

Cross products:

a, xa, =0, a, x a, = ay,
Then
JEL — I(dza,) x (pa, — za,)
A (p? + 22)3/2
Ipdzay
dH=—7F—F—+
4m(p? + 22)3/2
Integrate:
H:/de:I®¢/w dz
. i | o (22
Using
/ dz B z
RN )
we obtain -
H— Ipfid, z
A | p2./p? + 22 .
o s (1 1
A p2 p2
1
H=_—a4
2mp

The notes also write the equivalent current relation:
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11 ¢ eg8,2

b

Figure 7: Original Biot—Savart straight-filament geometry reused from the handwritten notes.
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Final:
1
H-— 3
27rpa¢
_ tol
B_27rp
H’\\.:\I\?“q!_ =5 By :SU\?‘L U\Z

dﬁ > Idﬁ\ XﬁK\ \
B L ‘
dil = - S AN
4P R>

> =Y

_T_I \%f e5%,2

W

Figure 7: Original Biot-Savart straight-wire sketch reused from the concept notes.

7.3 Ampere law for a long wire

Example: use Ampere law for the same wire

Ampere law:
}{ H-dl = I
C

dl = pdpay.

Choose circular path of radius p:

Since H = Hga, is constant on the circular path:

27

Hy(2mp) = 1.
1
H=_—a,
2mp
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7.4 Circular current loop on the axis

Example: circular loop of radius a in the xy-plane

At point P(0,0, z) on the axis:
R=+a?+ 22.

Use

dl = adgay, R = —aa, + za..
Then A

X
dH = ———.
AT R3

dl xR =adpay x (—aa, + za,).
Use

ay X a, = —a,, ay X a, = a,.
Thus

dH = (a*dg &, + azdpa,).

47 R3
By symmetry, the a, components cancel around the loop. Therefore

2m Ia2
H-= ———————-doa,.
/0 47 (a2 —I—z2)3/2 $a,

Ia? .
2(a? + 22)3/2 az

H=

_ pweld®
-~ 2(a? + 22)3/2az

7.5 Line integral of a given magnetic field

Example: evaluate §,B - dl

Given -
= ?pa 0
Circle C' in the xy-plane with radius p = 0.1 m:
dl = pdpay.

Then

Ho . . Uo
B-dl=""a,-(pdo =2 a6.
2mp ¢ (p a¢) 2

2 Lo
me:/ 04 = o.
o} 0 2

mezw
C

Chapter 8 Waves and Optics
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6 Magnetostatics: Biot-Savart Law and
Ampere Law

6.1 Biot-Savart law

Magnetic field intensity form:

_IdIxR IdIxR

dH = =
41 R? 4w R3
Magnetic flux density:
B = /LQH.
z
A
Biot-Savart law
dH — Idl xR
4nR3
Final result:
H=_1 4
2mp°?
Plp, ¢,2)
pap Y

Figure 6.1: Clean Biot-Savart straight-wire geometry.

Example: straight wire along the z-axis

For an infinitely long wire on the z-axis:
dl = d'a,.

Observation point:
P(p, ¢,2).

R = pa, — 2'a,, R=\/p?+ 22

Use
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Then

I(dz'a;) x (pa, — #'a,)

dH =
AT (p? + 22)3/2
Because
a, x a, = ay, a, xa, =0,
we get
Ipd? R
dlil= An(p? + 22)32 0%
Integrate:
Ip [ dz’
H= a
i oo (02 + 22)32°¢
Use

/°° dz’ _ 2
oo (PP 2232 T P2

H-_La
2mp

B Foly
2mp

6.2 Ampere law for the same wire

Example: long wire by Ampere law

Ampere law:
]{ H. dl = I
C

dl = pdoay.

Choose a circular path of radius p:

Since H = Hyay is constant along the circular path:

27
j{H~d1:H¢/ pdo
C 0

= Hy(2mp) = 1.
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6.3 Line integral of a given magnetic field

Example: magnetic line integral

Given L
B=_"a,
27rpa¢
For a circle in the xy-plane:
dl = pdoa,.
Then
Ho A
B.-dl=-—a&,"(pd
2mp? (pdoay)
Ho
= —d¢.
27 ¢
Thus
2T pao
7{ B-dl= —d¢
e} 0o 2m
_ @ 21
j{ B dl=pug
C
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Chapter 6 Waves, Optics, and Radiation

Source pages: Document 204159 pp. 14, 15, 22, 25; Document 204315 pp. 8, 9, 16, 19; Document 204511
pp- 4, 6, 10, 13, 14

6.1 Double-slit small-angle relations

For small angles:
sinf ~ tan 0 ~ ¥
x

Bright fringes:
dsinf = mA

() =m

TmA

ym:T

Next bright fringe:
z(m+ 1)\
Ym+1 = —a
Fringe spacing;:
AY = Ym+1 = Um
x(m+ 1A xmA

Ay = —
Y d d
Ay — TmA + A — TmA
d
TA
Ay = —
Y=

I A S

Figure 9: Original double-slit geometry sketch reused from the handwritten notes.
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6.2 Double-slit intensity, phase, and path difference

Given

For double slit:

Therefore

as(¢)::v640
g — cos™! (v/0.40)

¢ = 2cos 1(1/0.40) = 1.772154 rad

Phase-path relation:

For A = 400 nm:

6.3 Compton scattering

Compton shift:

Compton wavelength of the electron:

h

2T

=05

_ A
5_27r

B (1.772154)(400 nm)
- 2

4]

h
1—
mec( cos 0)

AN =

6.626070 x 10734 J - s

MeC

Scattered wavelength:

Example result from the notes:

Energy of the scattered photon:

LEARN PHYSICS 5 | WAVES, OPTICS AND RADIATION

(9.11 x 1031 kg)(3.00 x 108 m/s)

= 0.00243 nm
mec
Ax=XN =)
h
N =)= (1 —cosf)
meC
p h
N=A+ (1 —cosf)
MeC

A =0.271 nm

he
EI:Y
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Using the convenient constant:
_ 1240eV - nm

E =
0.271 nm

E' = 4.57 keV

Kinetic energy of the scattered electron:

where

hc
E, =—.
D\
6.4 Brewster angle and critical angle
Brewster angle:
tanfp = 2
ni
For air to glass:
Nair = 1, Nglass = L5

n 1.5
tanfp = Delass _ 29
Nair 1

_ Ngl
05 = tan™! (gass
Nair

- n2
0, = sin~!
ni

Critical angle:

This applies when light travels from the higher-index medium to the lower-index medium.

Figure 10: Original Brewster-angle and refraction sketch reused from the handwritten notes.
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6.5 Stefan-Boltzmann law and Wien’s law

A = 47 R?

Stefan-Boltzmann law:

For a spherical star:

Thus

Solve for temperature:

Wien’s displacement law:

P =o(4rRY)T*

P

T = ——
o(47R?)

(

P

o(4mR?)

>1/4

AmaxT = 2.898 x 107 m - K|

Example notes:

)\max =

2.898 x

T

1073

P=45x10"W,R=82x10"m
T=1.75x10* K

Amax = 2.898 x 1072 x

1
1.75 x 104

! S

Figure 11: Original star-luminosity sketch reused from the handwritten notes.
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8.1 Maxwell wave equation in free space

Free space Maxwell equations:

0B JE
VXEZ—E, VXB:MOEOE'

Also

V-E=0.

Example: derive V?E = ;1,050%7{3

Start with Faraday law:

0B
E=——.
V x T
Take curl of both sides: 5
VX(VXE):—a(VxB)

Substitute Ampere-Maxwell law:

OE
B= —.
V x Hogo .
O’E
V x (V X E) = _NOEOW.
Use vector identity:

Vx(VxE)=V(V-E)-V2E.

Since V- E = 0: o
E
2@
—V°E = —/,L()é“ow.
O’E
2@
V7E = NOEOW

-

8.2 Ciritical angle and Brewster angle

Critical angle for light going from high index n; to low index ns:

Brewster angle:

(&

Example: air and glass

For air to glass:

N\

Nair = 1, Nglass = 1.5.

Critical angle exists when the ray travels from glass to air:
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Brewster angle for incidence from air onto glass:

fp = tan~! (M) = tan"1(1.5).

Nair

Figure 8: Original Brewster-angle/refraction sketch reused from the concept notes.

8.3 Double-slit fringe spacing

Bright fringes:

dsinf = m.
Small angle:
sinf ~ tan 0 ~ 2_
T
Therefore
_xmA
Ym = _d .
U

Example: derive fringe spacing

For next bright fringe:
z(m+ 1)A
Ym+1 = T

Spacing between adjacent bright fringes:

AY = Ym+1 — Ym-

_z(m+ 1A amA

A
y d d

Ay =2 {(m+1)~m).
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e e S S YRS B (

Figure 9: Original double-slit geometry sketch reused from the concept notes.

8.4 Double-slit intensity, phase, and path difference

Intensity formula:
I = Iy cos® (iﬁ)
2
Phase-path relation:
27
¢ = TA'
\
Example: intensity is 40% of maximum
Given ;
— = 0.40.
Imax
¢
40 =cos? | = ).
0.40 = cos (2
cos (g) = v/0.40.
%5 = cos 1(1/0.40).
¢ = 2cos }(v/0.40) = 1.77rad
For A = 400 nm:
A oA (1.772)(400 nm)
o 27 '
A =113nm
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8.5 Diffraction grating

Principal maxima occur when
hsin€ = nA.
Resolving power:
A
P=—=Nn.
R A n

Example: sodium D lines

|

Resolve
)\1 = 589.0 nm, )\2 = 589.6 nm.

Mean wavelength:
__ 589.0 + 589.6

A~ — 5 = 589.3nm.
Difference:
AX = 0.6 nm.
First order:
n=1
A
P=—=N
R AN n
A 589.3
= —— = —— =982.2.
nAX  1(0.6) o

| N ~ 983 slits/rulings |

G

Chapter 9 Black-Body Radiation and Photoelectric Effect

9.1 Stefan-Boltzmann and Wien laws

Concept

Stefan-Boltzmann law:

P =cAT*
For a star:
A = 4wR%.
Therefore
p 1/4
B (0‘47TR2)

Wien displacement law:

AT = 2.898 x 102 m - K|

Example: surface temperature and peak wavelength of the Sun

Given
R =6.96 x 10% m, P =3.85x10%W,

o = 5.670390 x 10~8 W/m?K*.

B 3.85 x 102 o
~ \(5.670390 x 10-8)(47)(6.96 x 108)2 '
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|7 =578 x 13K |

2.898 x 1073
5.779 x 103

)\max =

| Amax = 5.01 x 10~ m = 501 nm |

-

—_—

A= U\VR;\

=

ﬁSbw}\@oWMa@%

' Lo

e N -

DY 2\ P .

Figure 10: Original star luminosity / black-body sketch reused from the concept notes.

9.2 Photoelectric effect

Concept
Photon energy:
he
Ephoton = hf = 7
In electron-volts using hc = 1240V - nm:
1240

Ephoton = m eV.

Einstein photoelectric equation:
Kma,x = Lphoton — ¢

Example: two metals illuminated by the same light

Metal A:

o4 =4.7€V, K4 =0.8¢eV.

Photon energy:
Ephoton = KA + ¢A =0.84+4.7=5.5¢eV.

Wavelength:
\— 1240eV - nm
~ 5.5eV
A = 225nm
Metal B:

Kp =3.2eV.
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7 Waves and Optics

7.1 Critical angle and Brewster angle

Concept

Critical angle, for light going from high refractive index n; to low refractive index no:

.1 (M2
0, =sin" ' —=).
ny

Brewster angle:

na
tanfp = —.
ni
ormal
nérma
incident gay i reflected ray
65
. 7
air n=1.0

tan 6g =ny/ny
glass n=1.5
6. =sin* (ny/ny)

refracted ray

1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
1
]
1
1
1
1
1
1
1
1
1

Figure 7.1: Clean ray diagram for critical angle and Brewster angle.

Example: air and glass

For air and glass:
Nair — 1.0, nglass = 1.5.

Critical angle exists for glass to air:
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|

Brewster angle for air to glass:

Op = tan~! (nglass>

Najr
= tan"'(1.5).

| |

7.2 Double-slit fringe spacing

Bright fringes:
dsin @ = mA.

Small-angle approximation:
sinf ~ tan 0 ~ g
x

Therefore:
_ TmA
Ym = 7d .

Double-slit geometry

Small angle: sin@ =tanf = y/x
Bright fringes: dsin 6 = mA Ay =xA/d

Figure 7.2: Clean double-slit geometry for deriving fringe spacing.

Example: derive fringe spacing

For the next bright fringe:
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Spacing between adjacent bright fringes:

AY = Ymt1 = Ym
_x(m+1)A zmA

d d
TA
= F[(er 1) —m].

7.3 Double-slit intensity, phase, and path difference

Intensity relation:

Phase-path relation:

Given

max

Then

¢ = 2cos 1(1/0.40).

| |

For A = 400 nm:

A @A _ (L772)(400nm)

o 2T
l A =113nm |
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8 Black-Body Radiation and Photoelec-
tric Effect

8.1 Stefan-Boltzmann law and Wien law

Concept
Stefan-Boltzmann law:

P =cAT".
For a spherical star:

A = 47 R?.

Therefore: "
T — <P> .
odr R?

AmaxT = 2.898 x 102 m K.

Wien displacement law:

LA

~ 7
—(_ P \1/4
<« N - (04HR2)
o N AmaxT=2.898x107°m-K
/ | \
A = 4nR?

Figure 8.1: Clean star luminosity diagram for black-body radiation.

Example: blue giant star

Given
P=45x10"W, R =8.2x10m, o =5.67 x 1078 W/m2K*.
Temperature
4.5 x 1030 1/
(5.67 x 10-8)(47)(8.2 x 109)2

T:
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T=1.75x 10*K ]

Peak wavelength

N 2898 103
P75 x 104

[ Amax = 1.66 x 10”7 m = 166 nm j

8.2 Photoelectric effect

Photon energy:
he
Ephoton = hf = 7
Using hc = 1240 eV nm:
1240
E m V
phOtO )\( nm) €
Einstein photoelectric equation:
Kmax = Lphoton — ¢
S
Example: two metals illuminated by the same light
Metal A:

pa=4.2€V, Kyq=1.2¢eV.

Photon energy:

Ephoton = KA + ¢A
=12+4.2=>54¢eV.

Wavelength:
\ 1240 eV nm
~ 54eV
A = 230nm
For Metal B:

Kp =2.8¢€V.

Work function:

¢B = Ephoton - Kp
=54—-28.

|
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¢B = Ephoton — Kp=5.5—-3.2.

Chapter 10 Compton Scattering

10.1 Compton wavelength shift

h
N=X+ (1 —cosf)
MeC
where
= 0.00243 nm.
eC

Photon energy: h 1240 eV
o eV -nm

A A(nm)

Kinetic energy transferred to electron:

K.=E —F.

Example: A = 0.2700nm and 6 = 65.0°

N = 0.2700 + 0.00243(1 — cos 65°) nm.

A =0.271 nm

1240
E = oo eV = 4.57 x 103eV.

E' = 457keV

1240
‘7 0.2700

Scattered photon energy:

Incident photon energy:

eV = 4.59keV.

Electron kinetic energy:
K.=E; — E' =4.593 — 4569 = 0.024keV.

K.~ 24eV

Chapter 11 Quantum Mechanics: Particle in a Box

11.1 Infinite square well

For

Schrodinger equation becomes

h? d%
- = Ev.
2m dz? v
Rearrange:
2
d¢+k2¢:, k2:2mE

LEARN PHYSICS 5 | COMPTON SCATTERING 86



9 Compton Scattering

9.1 Compton wavelength shift

Compton shift:

h
N =X+ (1 —cosb).
MeC
where
= 0.00243 nm.
e
Photon energy:
hc  1240eV nm
E = —=
A A(nm)
Kinetic energy transferred to electron:
K.=E;—-F.

Example: Compton scattering calculation

Scattered wavelength

N = 0.2700 + 0.00243(1 — cos 65°) nm.

l A =0.271nm |

Scattered photon energy

, 1240 .
C0.2714

l E' = 4.57keV |

Kinetic energy of electron

1240
' 0.2700
K,=FE; — F' = 4.593 — 4.569keV.

eV = 4.59keV,

[ K, ~24eV ]
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Chapter 5 Quantum Mechanics

Source pages: Document 204159 pp. 6, 12, 13, 16, 17, 27; Document 204315 pp. 6, 7, 10, 11, 21;
Document 204511 pp. 1, 11, 12, 15, 16, 22

5.1 Time-dependent Schrodinger equation

General form:

WP 9*p(a,t)
om  Ox2

Oy (x, )
ot

+V(@)(z,t) = ik

For the free region where V(x) = 0:
hz " . !
o [, )], = ih [P(z, )]

Use the trial wavefunction:

(. t) = Asin(kz) exp <_z§t>

Spatial derivative:
2

0 . 1Bt 9 . . 1Et
922 [A sin(kx) exp <_h>] = —k*Asin(kz) exp (_h)

2 Lt enn (2] = st (25 o (1)

Rk it , iEt
%A sin(kz) exp (_h> = EAsin(kx) exp <—)

Time derivative:

Substitution gives

Therefore

h2k2
E=—
2m

5.2 Particle in an infinite square well

Boundary conditions:

V( ) 0, 0<x<a,
€Tr) =
o0, elsewhere.

Inside the well: 20
27 k2 =
72 + k% =0
General solution:

(z) = Asin(kx) + B cos(kx)

Boundary at x = 0:
1 (0) = Asin(0) + Bcos(0) = B

Boundary at = = a:
(a) = Asin(ka) =0

For non-zero A:
sin(ka) =0 = ka = nm
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Energy:

Equivalent form using h = 27h:

5.3 Energy transition in a box

For a transition:

The notes use

n; =1, ny =4, ng—n;=4-1=

Energy difference:

AE= T
8mL? 8mlL2
AL (n?—n?)hz
SmL2

Example substitution shown:

AR — (42 —12)(6.626070 x 10734 J - 5)?

8(9.11 x 10~3T kg)(5 nm)?

|AE =361 x 102 J

5.4 Particle-in-a-box normalization

Wavefunction: i
wn(x):Asin(T), 0<z<L
Normalization: .
JRCICIREE
[ s (U5 =1
A? /Lsin2 (@) dr=1
0 L
Using
sin?(A) = 1_#8(214),

Il
—_

L
A2/ % {l—cos (2n£rx>] dx
0
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The standard result is

Thus

Guariwm  Posioldy,
kl)h = HSun (%) =S¢ Cont

T 0L X<l emd Y ) =0

() Nmﬂm%@m Gerebont A

Smcij
meval

~

Sm (§hT=0

A

Figure 8: Original particle-in-a-box sketch reused from the handwritten notes.

5.5 Expectation value for the particle in a box

For n = 2:

Expectation value:

Use

Let

() = \/Esin (22@")

L L
(x) = % /0 xdw—/o x cos (i) dx]
4m
=T
xsin(kz)  cos(kx)
/xcos(kx)dw = ’ + 12

LEARN PHYSICS 5 | QUANTUM MECHANICS AND ATOMIC PHYSICS 90



Then

Therefore
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General solution:
Y(x) = Asin(kz) + B cos(kx).
Boundary conditions:
Y(0)=0= B =0, (L) =0 = sin(kL) = 0.

Thus o

kL = k= —.
nm, 17
n2n2h2 n2h?

" 9mL?  8mlL?

onte = [ n ()

Guarim Bosbleh,

( SmE =L
&Pn TS, (h([_l) | — 8 +\0®
——1

T 0L X< L) omd Y (x) =0

{ ~

(u)Ngmy@QEkaw\&w£bw¢:A Sim (§pTM=0

A

Figure 11: Original particle-in-a-box sketch reused from the concept notes.

11.2 Normalization of v,

Example: normalize 1), = Asin(nnz/L)

L
/0 (@) daz = 1.

A? /L sin? (?) de =1.
0

2

Use

1
u= 5(1 — cos 2u).

L
Az/ % [1 — Cos (2n£rx)] dr = 1.
0

The cosine integral is zero over 0 to L, so

sin

ii
A= =1
2

2
2
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11.3 Expectation value of position
Example: first excited state n = 2
2 2
o(z) = \/Zsin <%) .

L
(z) = /0 2lopa () ? de.

Use ;
sin? A = 5(1 — cos24).

(z) = %/OLx [1—003 (“Tx)} da.
(@) =% [/()L:rdx—/oL:vcos (‘“TT“’) dx] .

_471'
=

Let
k

zsin(kz)  cos(kx)
/:L'cos(kx)d:c = ’ 4 2

Over 0 to L:

Thus

11.4 Energy transition and emitted photon

Example: transition from n =4 ton=1, L =5nm

(42 — 12)p2
SmL?

_ 15(6.626 x 10734)2

©8(9.11 x 10731)(5 x 1079)2°

AE=FE;—FE =

AE

|AE=361x10"27]|

Example: wavelength for transition from n =5 ton =2, L = 5nm

2 _ 92V\32 2
AE=E5—E2=(5 22)h2 _ 21h

8mL2  8mlIL?’
Photon relation: 5
c
AFE = —.
A
\— ﬁ _ 8mecL?
~ AE  21h
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~8(9.11 x 10731)(3.00 x 108)(5 x 1079)?

A 21(6.626 x 10-34)

A=393x10"%m = 3.93 um

11.5 Probability in a region

Example: probability for 0 < 2 < L/4 in the first excited state

For n = 2:
Pa(z) = \/%sin (%Tx) .
L L/4
P (0 <r< —) = / |42 (2)|? dx.
4 0
2 [L/4 . o [ 27z
P— EA Sin (T) dl‘

Use

1
sin® u = 5(1 — cos 2u).

| P =0.250 = 25.0% |

Example: probability near L/2 for 1

Find
P(0.490L < z < 0.510L).
Let "
U = I dxr = Ldu.
0.510
P = 2/ sin?(27u) du.
0.490
p_ [u 3 sin(47ru)] 0-510 ‘
d 0.490

|P=526x10")

This is very small because z = L/2 is a node for n = 2.

Chapter 12 Hydrogen Atom and Angular Momentum
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12.1 Hydrogen ground-state radial probability

For hydrogen ground state:
e/,

1/)100 =

1
NET

P(r) = dmr?|ib1oo|*.

Radial probability density:

Thus

4 2
P(r) = —e i
Qg

J

Example: most probable radius and probability from 0 to ag

Most probable radius occurs when

dP
— =0.
dr
Since 4
P(r)= —37"26_2”/“0,
ap
2
ar = ie_z’"/a0 2r — Ll =0.
dr  a} ag

o (1 - i) —0.
ag

r=0 or r=agp.

The most probable nonzero radius is

Probability from 0 to ag:

ao 4 2
PO<r<ag) = / 2 e r/ao gy
0o Qo
Let 5
_=r _ o _ %
m—ao, P = 5 dr 2dx.
Limits:
r=0=x=0, r=ayg=>x=2.
1 [2
P= —/ z?e % du.
2.Jo
Using
/xQe ®dy = —e (2% + 22 + 2),
1 —z( .2 2
Pzi [—e (= —1—23:—1—2)]0.
1
P = [-10e7%+2] =1—5¢7°
P =0.323
\
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12.2 Angular momentum for [ =2

Total orbital angular momentum:
L=/l(l+1)h.

Allowed z components:

L, =mh, m=—-l,—-l+1,...,0,..., 0 —1,L

.

Example: [ =2
L=+/2(2+1)h=V6h.
L=6h

Allowed magnetic quantum numbers:
m=-2,—-1,0,1,2.

Therefore

L, = —2h,—h,0, h,2h

Final Formula Index

Topic Formula
Coulomb field E = ke%R
Total charge Q= [[[ppdV
Divergence pv=V-D
Gauss law $D-dS = Qenc
Coaxial electric field E= ﬂép
€op
. . 2071' EQL
Coaxial capacitance =
In(b/a
Potential V(r)=
L 47r505
Dipole potential v = e :QOS
Biot-Savart dH = M
I47TR3
Straight wire H=_—a4
2mp
Circular 1 i S A
ircular loop axis = S 2 a,
. 9 0’E
Maxwell wave equation V°E = uoeow
Critical angle 6, =sin™! (ﬁ)
ni
Brewster angle tanfp = el
ni
A
Double-slit spacing Ay = %
Double-slit intensity I = Lpax cos?(¢/2)
h
Compton shift N =X+ (1 —cosh)
mecC
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10 Quantum Mechanics: Particle in a
Box

10.1 Infinite square well

For
0<z<L, V(z)=0,

Schrodinger equation becomes

R? d%y
———— = Ev.
2m dx? v
Rearrange:
d?yp 9 9 2mE
di2 P ’ h?

General solution:
Y(x) = Asin(kz) + B cos(kx).

Boundary conditions:

$(0)=0=B=0, (L) =0= sin(kL) = 0.

Therefore: nr
kL = nm, = T
Energy:
B n?m2h? _ n?h?
" 2mL?  8mL?’
Normalized wavefunction:
2 . nmwT
Yn(x) = 7 sin (L) :
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Il
N| ™~

X=L

x=0
Wn(x) = \/Zsin (I)  E, =07

Figure 10.1: Clean particle-in-a-box sketch used for normalization and expectation values

10.2 Symmetric infinite well about the origin

V(x)

Symmetric infinite potential well: -5 <x <=
V=0

bl
‘ “~ odd: wesin(kx)

/_\ even: y « cos(kx)

—=L/2 0 L/2

w(=L/2)=0, w(L/2)=0

Figure 10.2: Clean symmetric infinite-well diagram showing the boundaries —L/2 and L/2, with
even and odd states.

Example: symmetric infinite potential well

An electron is confined in the one-dimensional infinite potential well

0 L< < L
e e
V(z)=<S" 2 2’

o0, otherwise.

Find the normalized wavefunctions for both odd and even states and derive the quantized energy

levels.
Inside the well

V(z) = 0.
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Rearrange:

General solution:

Boundary conditions:

Odd states
For odd states:

The time-independent Schrodinger equation becomes

R a2y
- Y _ py.
2m, dx? ¥
d%y 5  2m.E
— + k%Y = I = .
da? +EY =0, h2

Y(z) = Asin(kz) + B cos(kz).
(G (-

todd(z) = Asin(kz).

Apply the boundary condition at x = L/2:

YPodd (5) =

kL
Asin| — ) =0.
sm(2> 0

For A # 0:
()0
sin | — | =
2
Therefore - )
e, k=T =123
2
So )
Q,ZJOdd,n(:l?) = Asm < nﬂ-x)
Normalize:
L/2 )
[ oaan(@)P dz =1
—L/2
/2
A2/ sin? <2n7rx> dr =1
—L/2 L
Using
L/2
/ sin? (er:c) dr = £,
~L/2 2
we get
L 2
= =1l A==
2 ’ I
2 2
u}odd,n(‘r) = E Sin ( TLLTFJJ)

Even states
For even states:

¢even(l') = BCOS(k:U).
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Apply the boundary condition at x = L/2:

¢@m(§>—o

kL
Beos| — ) =0.
cor:<2)

L 2
BXZ— =1 B_\f.
2 L

For B # 0:
(%)=
cos| — | =
2
Therefore
kL (2n—Dm J— (2n—1)m
2 2 ’ - L )
* 2 1
77/}even,n(w) = Bcos ((’I”L—)?Tl‘)
L
Normalize:
L/2
/ |weven,n($)|2dx =1.
-L/2
L2 on —1
Bg/ m§<<nﬁm>dx:L

—L/2 L

Using
L/2 _
/ COS2 <<2nl)ﬂ.x) dil',' — £7
—L/2 L 2

we get

wmmmg—¢zm%@m;mm>

Energy levels

From om. E
p __ e
k= SR
we get
h2k?
E= .
2mee
For the combined sequence,
kn = % n=1,2,3,...
Therefore
Bt <m)2
2me \ L
n?n2h? n2h?

En

- 2m, L? - 8meL?
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Combined final form
%COS (nzx), n=135 ...,
1,Zzn(a:) - 2 nmwx
LSin<L>, n:2,4,6,....
2 nmwT
\/ZCOS <L>, ’I’L:].,?),E),..., 27T2h,2
Un(z) = Ey=——5
\/7 . (mrx) 946 2meL
Lsm 7 ) n=24,60,...,

10.3 Normalization of 1,

Example: normalize the wavefunction

L
| Wn@Pdz =1

Substitute:
L
AQ/ sin® <n2x) dz =1.
0
Use ]
sin?u = 5(1 — cos2u).
Then

2nmx

o [F1
A/ ilfcos
0

The cosine integral is zero over 0 to L, so

)] dz=1.

L
A Z =1
2

2
i

10.4 Expectation value of position

Example: first excited state
2 2
Po(z) = \/Zsin <7Lm> :

@ = [ aln(@) da

Expectation value:
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2 (L, (2nx
= z/o  sin (L) dx.
Use 1
sin? A = 5(1 — cos24).
Then
1 (L dnx
(x) = Z/o x{l—cos(Lﬂ d
L L
= % [/ xdm—/ T CcoS <47rx) dx]
0 0
Let 4
T
k= —.
L
Use (k .
/xcos(kx) de = ISH;( z) + cosk(2 x)
Over 0 to L: . A
/ T CcoS <Zx) dx = 0.
0
Therefore:
w21
YTL2), 12
L
(z) = 9

10.5 Energy transition

Example: energy transition in the box

Formula ( ) 2) )
44 —1%)h
AE=F—F =~—+—
1o 8SmL2
Substitution

15(6.626 x 10734)2

AE = .
8(9.11 x 10-31)(5 x 10-9)2

|AE =361 x 102 ]
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10.6 Expectation value of momentum

Example: momentum expectation value

Momentum operator:

2 d
P, = —ih—.
v ! dx
For n = 2:
2 2
Po(x) = T sin <7er>

Expectation value:

Since )5 is real:

Compute derivative:

Thus
2\ [/2r\ (L 2nx 2nx
Py =—ih( =) (L i (| 2 cme
B ==t (1) (F) [ om (F) eos (F
Use
sin A cos A = —sin(2A4).
Then
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3 Charge Density, Divergence, and To-
tal Charge

3.1 Divergence method for enclosed charge

Use Gauss’s law in differential form:
pv = V . D.

For a very small volume AV:
Qenc ~ (V ' D)AV

In Cartesian coordinates:
oD, 0D, i oD,

Ox Oy 0z

Example: incremental charge from flux density

Given

D =e"sinya, —e “cosya, +2za..

Find the approximate charge enclosed in AV = 1072 m? at the origin.

Formula
Qenc = (V-D)AV.
Divergence
0 0 9
V-D= %(e_é’: siny) + @(—e_w cosy) + @(22)

=—e¢ Tsiny +e Tsiny + 2

= 2.
Substitution

Qenc = (2)(10_3) =2x1073C.

| Qene = 2.00 x 10 C|
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X X=L

Lo
Wn(x) = \/Zsin (I)  E, =07

Figure 10.1: Clean particle-in-a-box sketch used for normalization and expectation values.

10.2 Normalization of 1,

Example: normalize the wavefunction

L
/0 [t (@) dz = 1.

Substitute:
I
AQ/ sin? <n7£$> de =1.
0
Use 1
sin?u = 5(1 — cos2u).
Then

dxr =1.

L
A2/ 1 {1 — cos <2n7m:>
0o 2 L

The cosine integral is zero over 0 to L, so

kg,
2

2
e

10.3 Expectation value of position

Example: first excited state
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Expectation value:
L 2
@ = [ ahp@)d

2 L 2
= Z/o x sin? (T) dzx.

Use 1
sin? A = 5(1 — cos24).
Then
1 (L dmx
(:L')—Z/O x{l—cos(Lﬂ d
L L
:l / xdx—/ xcos<m> dx
L |Jo 0
Let 4
T
k= —.
L
Use ol .
/accos(k:x) dr = xsn;g( 2) cosk(z x)
Over 0 to L: . A
T
) de =
/0 xcos( T > 0
Therefore:
@ = L 21" 112
== |—| ==—
L2 0 L 2

10.4 Energy transition

Example: energy transition in the box

Formula ( ) 2) )
4% —1%)h
AE=F,—F =~—+—
1 SmL2
Substitution

15(6.626 x 10734)2

AFE = .
8(9.11 x 10-31)(5 x 1079)2

|AE =3.61 x 1072 ]
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Chapter 7 Compact Formula Index

Source pages: All uploaded note sets; duplicates combined

Category Formula / Result
d
Differentiation —(2") = na" !
dz
o . d 9
Derivative of reciprocal d—(u )=—u
u

Integration by parts
Gaussian integral
Trig identity

Trig identity
Coulomb force

Point potential
Field from potential

Divergence charge density

Cylindrical capacitor
capacitance

Cylindrical capacitor energy

Biot-Savart law

Infinite straight wire

Schrodinger equation

Particle in box energy

Particle in box wavefunction

Expectation value
Double slit bright fringes
Fringe spacing

Compton shift

Photon energy

/udv:uv/vdu

/ e dy = /b
—0o0

sin2f — 1 — cos 26
2
cos? 0 — 1+ cos 26
2
q192
F = ke?R
q
V p—
(r dmegr
E=-VV
pp=V-D
_ 2mgol
~ In(b/a)
W — ralo?L N <b>
€0 a
IdlxR
dH = ————
AT R3
_ 1.
- 2mp
h? 0%y o
T LV = ih—2
2m Oz2 VY =i Ot
_ n2h?
" 8mlL?

_ TMA
Ym 7d
T
Ay = —
Y=
h
AN = (1 —cosh)
MeC
he
FE=—
A
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Stefan-Boltzmann law P=cAT*

Wien’s law AmaxT = 2.898 x 10> m - K
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FORMULA REFERENCE - CONTINUED

Black body P =cAT*
Wien law Amax] = 2.898 x 1073 m - K
h
Photoelectric effect Koax = TC — ¢
n2h?
Particle in a box energy E, = Py
2
Particle in a box wavefunction ), = 7 sin (?)
Expectation value (x) = [z|(z)]? dx
4 2
Hydrogen radial probability — P(r) = %e’Qr/ a0

Qa

0
Orbital angular momentum L=./l(l+1)h, L, =mh

Source Selection Notes

The examples were selected from the uploaded Physics 5 assessments, tests, tutorials, formula sheets, and
the previously prepared concept documentation. Questions outside the already documented topics were not
expanded into full chapters.

LEARN PHYSICS 5 | DRAWING CHECKLIST AND FORMULA REFERENCE 109



11 Drawing Checklist

Question type

Drawing required

Coulomb force / electric field su-
perposition

Cylindrical beam / total charge
Cylindrical dielectric / coaxial ca-
pacitor

Annular sheet

Point-charge potential

Biot-Savart straight wire
Critical /Brewster angle
Double-slit

Particle in a box

Symmetric infinite well

3D coordinate sketch showing charges, observation
point, and relative vectors R;.

Cylinder with radius/diameter, z-limits, and cylindri-
cal coordinates (p, ¢, z).

Gaussian cylinder, inner/outer radii, and field direc-
tion a,,.

Ring/disk in the zy-plane and point P(0,0, z) on the
axis.

Radial path from infinity to r, with dl = dra,.

Wire along z-axis, current direction, observation

point, and vector R.

Interface, normal, incident, reflected, and refracted
rays.

Slit separation d, screen distance x, fringe position y,
and angle 6.

Box from x = 0 to x = L, wave pattern, and symmetry
point L/2.

Box from x = —L/2 to x = L/2, origin at the center,
even/odd wave shapes, and boundary conditions.
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12 Final Formula Index

Topic Formula
Coulomb electric field E= ke%R
Coulomb force F = ke%R
Total charge Q= [[[,podV
Cylindrical volume element dV = pdpd¢dz
Divergence pp=V-D
Gauss law $sD - dS = Qenc
Coaxial electric field E="%4,
Eop
. . 27’[’80L
Coaxial capacitance =
In(b/a)
2 2
L
Coaxial energy Wg = Wa: In(b/a)
0
Annular sheet field =2 { N S Y
2e0 C\2/a2 +22 Vb2 + 22
Point-charge potential V(r)=
(AR
Biot-Savart law dH = xR
I 4ArR3
Straight wire field H=_—a
2mp
Critical angle 0, = sin! (712)
ny
Brewster angle tanfp = el
ny
Double-slit spacing Ay = %
Double-slit intensity I = Ipax cos?(¢/2)
2
Phase-path relation o= %A
Black-body radiation P =0AT*
Wien law AmaxT = 2.898 x 1073 mK
h
Photoelectric effect Koax = TC — ¢
Compton shift N =X+ h (1 —cosb)
n2h?
Particle-in-box energy E, = S L22
Particle-in-box  wavefunc- ¢, (z) = T sin (nz:v)
tion
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FINAL FORMULA INDEX - CONTINUED

Symmetric well even states

Symmetric well odd states

Expectation value

Momentum operator

L L

wodd,n =/ %Sin <2nL7m:>
(z) = [al(a) dx

. . d

P, = _Zha

2 2n — 1)mx
szjevemn =4/ 7 COs (()>
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